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Abstract. Multilevel structural equation modeling is a statistical framework of major
relevance for research concerned with people’s interpersonal dynamics. The purpose
of this study is to determine the asymptotic distribution of score test statistics for hy-
pothesis tests in a multilevel regression. We estimate the model parameters using the
EM algorithm. Then, we derive the asymptotic distribution of score test statistics for
regression tests. Through simulation studies, the performance of the EM algorithm is
evaluated. Additionally, the relative frequency of the regression test is examined. A
real data analysis carried out to illustrate the theoretically obtained procedures. The
proposed method is then applied to predict the logarithm of the total positive tax lia-
bility from individual characteristics and economic characteristics, to demonstrate the
practical application of the theoretical findings.
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1 Introduction
The simple linear regression model is defined as

y:B0+B1x+R
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where, By represents intercept, B; is the slope of the line and the random term R
is assumed to follow a normal distribution with mean 0 and constant variance 2.
Suppose we observe n data pairs and call them {(x;, y;),i =1,2,--- ,n}. We can describe

the underlying relationship between y; and x; involving this error term R; by
Yi = Bo+ B1x; + R;,

(Bo, B1) = argmin(Q(Bo, B1)),

where Q(Bo, B1) is an objective function. If the same variables y and x are measured
for m groups and for each group regression line is fitted then we have m regression
lines. The simple linear regression model describing a simple linear relation between
the response variable y and the explanatory variable x is

y,‘]‘ :B0j+Bljxij+Rij/i: 1,2--- ,n j: 1,2,--- ,m (1.1)

by fitting such m regression models we estimate 2m + 1 parameters, (Boj, B;j),j =
1,2,---,mand o2

There exist a natural hierarchy in all multilevel problems and for the proper explo-
ration, specialized analytical tools are required. Multilevel analytical tools provide the
proper estimation of such type of problems. The variance components models (Aitkin
and Longford, 1986), the hierarchical linear models (Raudenbush and Bryk, 1986) and
the random coefficient models (Longford, 1987) are known as multilevel regression. A
crucial issue in the specification of these models is the choice of a random-effects struc-
ture (i.e., random intercept and slopes), which can have important consequences both
for the precision of parameter estimates (Heisig et al., 2017) and for statistical inference
(Berkhof and Kampen, 2004; Barr, 2013; Bryan and Jenkins, 2016; Schmidt-Catran and
Fairbrother, 2016).

Let y;; be the i " observation of a response variable y measured at level 1 and the corre-
sponding explanatory variable x observation x;; (j refers to level 2 unit and i represents
level 1 unit), then the simple linear regression model is model (1.1). Let By; and By; be
the random variables as their magnitude varies in m linear regression lines and assume
that

Boj = yoo + uoj,
B1j = y10 + u1j, (1.2)

where, 1y; and u;; are the unexplained parts of (Byj, B1;) with parameters E(uo;) = 0,
E(u1j) = 0, Var(up;) = T%, Var(uyj) = T% and Coou(upj, u1j) = To1 and follow normal
distribution, up; ~ N(0, T(Z)) and uyj ~ N(O, "L'%).

The model (1.1) can be written as

Yij = yoo + uoj + (Y10 + u1))xij + Rjj
=7%o00 t+ Y10Xij + Upj + Uy jXij + Ri]'.
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It can also be expressed in matrix form as follows:

Y=XI+¢,
where
Y11 1 xny Ryq
21 1 xx; Ry
v=| | x=|° ,r:[VOO],e:R+xu,R: : ,u:[”o].
: : Y10 : Uy
Ynm 1 xum Rum

Note that € follows normal distribution with
E€)=0

V = Var(e) = 0°1, + XE, X

T 0 T01
T10 T%
The Generalized Least Square (GLS) estimates of I' can be obtained by using the relation:

where I, is an (1 X n) identity matrix and X, =

I= (x’V—lx)_1 X'v1ly

with variance-covariance matrix (X'V‘1X) g

Frees (2004) extended the Mundlak approach to handle random slopes. Wooldridge
(2005) showed that under seemingly benign conditions that traditional fixed-effects
estimation of random-intercept models is robust against correlations between unit-
level covariates and random slopes. Kim and Frees (2007) used generalized method
of moments estimation to extend the Hausman-Taylor approach to multilevel models
with random slopes. However, their method is difficult to implement, making the
fixed-effects approach more feasible in practice. Bates et al. (2014) investigated estima-
tion of the coefficients of unit-level and cluster-level covariates in multilevel models in
the presence of two sources of endogeneity; (nonzero) correlations between unit-level
covariates and both the random intercept and random slopes. Grund et al. (2016) dis-
cussed applications of multiple imputation in multilevel random-coefficient models,
theoretical challenges posed by slope variation, and the current limitations of standard
multiple imputation software.

Zhao and Edland (2021) derived power calculation formulas for cohort studies and
clinical trials using the longitudinal mixed effects model with random slopes and in-
tercepts to compare rate of change across groups and demonstrated how differences
in variance parameters across groups, typically overlooked in power calculations, can
have a dramatic effect on statistical power. For frequentist mixed models, excluding
random slopes (differences between individuals in the direction and size of an effect)
from a model when they are in the data can lead to a substantial increase in false-
positive conclusions in null-hypothesis tests. Oberpriller et al. (2022) demonstrated
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through five simulations that the same is true for Bayesian hypothesis testing with
mixed models, which often yield Bayes factors reflecting very strong evidence for a
mean effect on the population level even if there was no such effect. Barendse and
Rosseel (2023) investigated the pairwise maximum likelihood estimation method with
computationally intensive multilevel random intercept and random slope structural
equation models in discrete data. Humberg et al. (2024) evaluated the nonlinear mul-
tilevel structural equation modeling approach for the three classes of nonlinear effects
(U-shaped, moderation, congruence) and compared it with three simpler approaches:
a simple two-step approach, a single-indicator approach, and a plausible values ap-
proach.

The rest of the paper is structured as follows: in Section 2, we consider random inter-
cepts and slopes model and propose EM algorithm. In Section 3 the statistical behavior
of the score test statistic for the regression test is derived. In Section 4, we study the
obtained theoretical results by simulation. Also, we illustrate our theoretical results
with the analysis of a real dataset in Section 5.

2 Estimation and model selection

The expectation-maximization (EM) algorithm is a well-established likelihood-based
approach for parameter estimation in models involving latent or unobserved vari-
ables, originally formalized by Dempster et al. (1977). It has also been widely used
for estimation in linear mixed-effects models, including models with random effects
for longitudinal data (Laird and Ware, 1982). In this study, we employ the EM frame-
work for the proposed linear mixed-effects regression model with random intercepts
and random slopes. For the specific model structure considered here, we derive the
corresponding likelihood components, estimation equations, and EM steps. These
derivations provide the basis for developing and theoretically establishing the pro-
posed inferential procedure for testing Hy : T = 0.

We consider the problem of estimation in a random-intercept and random-slope. Let
yijfori=1,...,nand j=1,...,m be the observed data and follow random intercepts
and slopes model as:

Level 1:

Yij = BOj + B1]-x1-]- + Rij/ (2.1)

where R;;’s are normally distributed with zero mean and variance 02, i.e. iid N(0, o).
Level 2:

Boj = Y00 + uoj,
Bij = y10 + w1j,

U = upj N, 0 ’c% To1
J ulj 0l’ T10 T% !

where
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and is independent of R;;. Model (2.1) can be rewritten as:

Yij =Yoo + Y10%Xij + Upj + Uy jXij + Rij . (2.2)

fixed Random

Also, the model (2.2) can be rewritten in matrix terms as:

Y, =XI'+Z,U+R,, i=1,...,n, (2.3)
where fori=1,...,n,
Yi U; Ri 1 xp
Y'z U2 . R'2 1 Xin
yi=| |, r=[V°°],U= y Uj:[uoj],Ri: SLox=|
: Y10 : Uyj : Do
Yim U Rim 1 xp

Here, I is a common 2 X 1 fixed-effects vector for all levels j = 1,...,m. Thus, Yo and
Y10 are common fixed effects, whereas 1; and u;; represent the level-specific random
effects.  The matrix Z; is an m X 2m design matrix for the random effects. Its jth row
contains 1 and x;; in columns 2j — 1 and 2j, respectively, and zeros elsewhere.

Note that the elements of Z; are not the z;’s in the level 2 models. Z; is a sub-matrix
of X i

Note that model (2.2) follows a normal distribution with

E(Yij) = yoo + Y10%ij
and variance

_ 2 2.2 2
Var(Yij) = 15 + 27013 + Ty + o

In terms of matrix notation, foreachi=1,...,n,

Yi ~ Nm(yy/ Zy)/

where
and
Ly, = Var(Y)) = ZEuZ] + Eg,
such that
Tu=1,®% g, =|7% T
u-—41im s u — 10 T% 7
and

ZR = 021m

and I, is the identity matrix of order m. Here, ¥, is the 2 X 2 covariance matrix of the
random intercept and random slope for each level j, while L is the corresponding
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2m X 2m covariance matrix of the complete random-effects vector U. For the complete
sample, define

Y1 X1 Z,

Y> Xz Z)
Y= , X = 1, Z =

Y]’l Xn Z]’l

Thus, Y is an nm X 1 vector, X is an nm X 2 matrix, and Z is an nm X 2m matrix.
The expectation-maximization, EM, algorithm is an efficient iterative procedure to
compute the maximum likelihood, ML, estimate in the presence of missing or hidden
data. The EM algorithm consists of two processes: In the expectation-step, E-step, the
missing data are estimated given the observed data and current estimate of the model
parameters. In the maximization-step, M-step, the likelihood function is maximized
under the assumption that the missing data are known.

Let y. = (y,u)” be complete-data vector, where y is the observed data and u be the
vector of unobserved or missing data. From model (2.3), we have

(Y ). My L, Ly
o= )l 2 B )

uy = E(Y) = XT,

where

Ly = Var(Y) = ZEyZ" + 0% Ly,

and
Ty = Cov(Y,U) =ZLy, Ty =ZyZ’.

Then, the distribution of U conditional on Y is
UY =y ~ Now (ZuyZ; (Y = py), Zu = Zoy 2 B )

We employ the EM framework for the proposed linear mixed-effects regression model
with random intercepts and random slopes. For the specific model structure consid-
ered here, we derive the corresponding likelihood components, estimation equations,
and EM steps. These derivations subsequently provide the basis for developing and
theoretically establishing the proposed inferential procedure for testing Hy : T’ = 0.
The complete log-likelihood function can be expressed as

16;yc) = 1(6; ylu) + 1(6; u)

n 1y _
=C- 5 log |Zr| — 5 ; (yi = xT — zu)" 23! (yi — xT - zu)

m

Ty-1
Zu]-):u u;.
=1

N =

m
- Elog DI
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where C is a constant that is independent of Xz and X,,. Since the random effects are
defined for j = 1,...,m, their contribution to the complete log-likelihood is expressed
as a sum over j. The covariance matrix ¥, is the covariance matrix for each U;. Let

00 = (1“<0>,):§§),):§,°’) be starting values of 8 = (I', 2, Z,,), so

=E(l6; v | , e<0>))

=C-= log IZR] - E{(yi - xT - zU)" L3 (yi - xT - z:U) | y, 6}

=1

MS I\JIH

m 1 Ty—1 ©)
- 5 log[Zul - 5 E{U].Zu Uily6 } (2.4)

Il
—_

j

The third term of Equation (2.4) is equal to

E[RIZZ'R] = E[(yi - xT - zU)" Zg! (yi - xT - zU) | y, 09
=E [tr {21_21 (yi —xiI' = z;U) (y; —xiI’ — in)T ly, 6(0)}]
=tr {Z‘.ElE [(Yi - xI' = z;U) (yi —xI' — in)T ly, 6(0)]}
=(yi—xI — z,-ﬁl)T lel (yi —xiI' — z;i11)
+tr{Ex'zib1z] |, (2.5)

where tr denotes trace,

=E(U17,69) =z (=) (y-4)
and

-1
by = Var(U|y,00) =) —-z) (") =0

The last term of Equation (2.4) is equal to

E(UTZ;'U 1y, 00) = tr{Z'E(U; |y, 69) E(U] |y, 09))
+ tr {Z War (U ly, 6O )}
=@ L, a; + tr{Z;'Bj}, (2.6)
where
w;=E(U;j|y,00)
and



Asymptotic Score Test Statistic in Multilevel Models 33

By substituting Equations (2.5) and (2.6) in Equation (2.4), we have

n
Q=C-Zlog|Erl

n

— % [(Yi -x;I - Ziﬁl)T ZI_Ql (vi —xiI' — zitiy) + tr {Zl_glzif)lziT}]
i=1
m
—% log |Z.,| - % Z [ﬁlT].):jﬁl i+ tr{Z'Bj}]. 2.7)
=1

We obtain estimators by solving the estimating equations as:

20 19 |v N -
= ﬁ = _Eﬁ ;(yz —xl-l"—zl-ul) ZRl (YZ —xi]."—ziul)
+tr {Zlglziﬁlzf}]

n
= Z XiTZI_Ql (vi —xiI' — zii1y),
i=1

SO
n -1/
= [Z xleglxi] [Z x Ll (yi - ziﬁl)] : (2.8)
i=1 i=1
Also,

0Q _ 9Q (9Ey
TR IL ! | LR

1Y et (2) (57 o 27)
i=1

l n
-5 Z (yi —xI' — ziiiy)' ® (yi —xiI —z;11)
i1
+tr{zibiz] | (Ex @ Z3') =0,

where ® denotes Kronecker product and Vec(A) denotes vectorization of matrix A. So
we have

n

N 1 -
Yr = - Z [(yi —x I —ziay) (y; — xiT - ziﬁl)T + ziblziT] ) (2.9)
i=1

Similarly,

£, = E(UjU]T 1y, 69). (2.10)

SN

m
=1
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The corresponding covariance matrix of the complete random-effects vector is
iu = Im ® 214.

Thus the EM algorithm is described as follows:
Step 0: Set r = 0 and choose starting value 00,
Step 1: For r > 0, calculate

W= E(Uly,0%) =z (=) (v - o)
and foreach j=1,...,m calculate

W = E(U;17,6")
and _
B§r+l) = Var (U] | y, 6(7’)) .

Moreover,

T
T (r) r+1) ~(r+1) - (r+1)
E(UU] 1y,67) =B +af, (ulj ) .

A (r+1) (r+1)

Step 2: For r > 0, compute I ZR and ZA'.SH) based on Equations (2.8), (2.9) and
(2.10). The covariance matrix of the complete random-effects vector is then updated
as

z,‘(Lr[+1 _ m®2§lr+1).

Step 3: Iterate Steps 1 and 2 from r = 1 until reaching convergence.

3 Limiting behavior of the score test

Several established inferential procedures are available for testing hypotheses on fixed
effects in linear mixed-effects models, including Wald-type tests (Wald, 1943) and likeli-
hood ratio tests (Wilks, 1938). For finite-sample inference, degrees-of-freedom approxi-
mations such as the Satterthwaite method (Satterthwaite, 1946) and the Kenward—-Roger
method (Kenward and Roger, 1997) have also been widely used. In contrast to these
existing approaches, the present study develops a score-based test specifically for the
proposed linear mixed-effects regression model with random intercepts and random
slopes. The score statistic and its asymptotic distribution are derived from the likeli-
hood structure of the proposed model.

In this section, following Cox and Hinkley (1974) and Zamani Mehreyan et al. (2024),
the limiting behavior of the score test statistic for regression test is derived. We assume
that model (2.3) holds and define the score vector as

T
5(6)—8Q (9Q 9Q 3Q) ,

Jar’ 9zR’ IL,
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and the Hessian matrix as

2’0
F =
n(6) 00007’
where 8 = (T, Zg, X,)T. According to the model specification in Section 2,T" = [ 7;00 ] is
10

a common 2 X 1 fixed-effects vector for all levels j = 1,...,m. The level-specific effects
are represented by the random-effects vectors U;j = (uoj,u1j)". Therefore, although
the complete random-effects vector U has dimension 2m, the fixed-effects vector I' has
dimension two. The components of F,,(6) corresponding to the fixed-effects vector are

PQ g
F]T(e) = —W = Z Xi Z'R Xl'.
i=1

Here, X; is the m X 2 fixed-effects design matrix defined in Section 2. The remaining
blocks of the Hessian matrix involve the covariance parameters X and X£,. For the
derivation below, we partition the Hessian matrix as

_| Frr(6) Frz(6) _
Fn(e) - [ F;(e) 1:)1;;(6) ]/ r= (ZRrZu)T-

This block representation avoids assigning an incorrect dimension to the fixed-effects
block. In particular, Frr is a 2 X 2 matrix. We derive the limiting distribution of the
score test statistic for the regression test.

Theorem 3.1. (Regression test). Suppose Hy : T = 0 holds. Then
SC = {STOFT©)Sr0)], , > 1%2),  asn— oo,
=vo

where FTT(6) denotes the 2x2 block of F;; ' (6) corresponding to the two-dimensional fixed-effects
vector T

N . T R
Proof. Suppose that 6 = (1", ZR,ZU) is the EM algorithm estimator of 6, and 6y =
A -~ T
(I'o, xR0, Zu,O) is the EM algorithm estimator of 8 under Hy. We define

N

AO=0-6,

and
2Q

5.(6) = 55 = (51(6),55,(0),55,(6)) = (5r(6),556))",

where
L= (Zp, Zu)".
Using the Taylor expansion of S,,(8) around 8y, and the definition

220

Pn(e) = _W’
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we have . X . .
51(0) = 5,(60) — F(60)AB + Oy(1).

Since $,,(0) = 0 and S5 (0y) = 0, we obtain

Sr@o) | [ Frr(Bo) Frz(Bo) |[ AT
[ 0 ] [ PZI‘(QO) PZZ(éO) :||: AZ"-‘ ]+ Op(l)

Thus, we have . X X
Sr (00) = PIT (60) Af' + Frz (60) Ai'. + Op(l),

and X X
0= F):r (90) Af + F}:,): (90) Ai + Op(l).

From the second relation, we obtain
AL = —Fg; (Bo) Fer (Bo) AL + O, (n™1/2).
Substituting this expression into the first relation gives
Sr(80) = [Frr (Bo) - Frz (B0) Fzs. (B0) Fsr (80)| AL + 0,(1).

Define
Frx(6) = Frr(6) — Frz(0)F55.(0)Fzr(6),

which is the efficient information matrix for the fixed-effects vector I after accounting
for the covariance parameters. By the block inverse formula,

F'T(9) = [Frx(0)]".

Therefore,
. A\l A
Sr(60) = [F'T (60)| AL+ 0,(1).
Because T is a two-dimensional parameter vector, the difference Al is also two-
dimensional. Under Hy, the asymptotic distribution of the estimator is therefore
& d —
VAL S N (0,1py),
where ,
Ir.): = lim —Fr.z(éo)
n—oo 1

denotes the limiting efficient information matrix for the two fixed effects. Therefore,
the score test statistic is

SC = {SLO)FT (6)Sr(6)] o,

-1

- [t [FrO] " af] <o o
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Using
A -1 A
[F"(60)] = Fr=(60),

Equation (3.1) can be written as

SC = AP Fr.5(Bo)AT + 0,(1)
= VA" [%Fr-z(éo)] VAT + 0,(1)
4 20). (3.2)
Equation (3.2) is valid under Ho and follows from the asymptotic normality of the two-
dimensional estimator I' and the convergence of the normalized efficient information

matrix. Thus, the score test for
H() :I'=0

has an asymptotic chi-square distribution with two degrees of freedom. m]

4 Simulation study

In this section, we examine by simulation the relative performance of the material
presented so far in the paper. In particular, we examine more closely the performance
of the proposed algorithm for estimation and also the performance of the proposed
score test.

4.1 Partone

We consider
Yij = BOj + B]jxi]‘ + Rl‘j,i =1,---,200, ] =1,---,4 (4..1)
where R;;’s are independent and identically distributed and are generated from the

standard normal distribution N(0, 1). Also,

Boj = yoo + uoj,
B1j = y10 + u1j

_ (v} _ [ 2 _ |moi| A (1O ([ 1 06
where I’ = ( Y10 ) = ( 0.9 ), U; = [“1]‘] N> ([O]’Z”) and X, = ( 06 1 [ The

observations are generated from model (4.1), where x;;’s are generated from U(0, 1). We
generate R = 10* independent samples {yg);i =1,---,200, j=1,---,4, r=1,-- ,R}.
For each iteration, we first consider (y;, x;) as a dataset with sample size of 800 and fit

a simple linear regression model

Vi :Bo+lei+Ri,i: 1,---,800, (42)
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where R;’s follow N(y, 02). The unknown parameters of the model have been estimated
using the maximum likelihood method. The mean of the estimated values, coefficient
of determination (R?), adjusted coefficient of determination (Ri d].), p-value of Shapiro-
Wilk test (P — value), Akaike information criterion (AIC) and mean squared error of
prediction (MSE) obtained from all iterations are presented in Table 1. It shows that,
the value of the adjusted coefficient of determination of the estimated model is too low,
and the value of MSE of the model is also large. In other words, this model is not
suitable for fitting this type of data. The scatter plot of the data and the fitted regression
line are given in Figure 1, which confirms the obtained results.

Table 1: The maximum likelihood estimators of simple linear regression model (4.2).

By B, I ol R? Rid], AIC MSE P —value

19717 0.8988 -1.62e-16 3.5039 0.1022 0.1011 3170.6710 3.4995  0.0823

Figure 1: The scatter plot of the data and the fitted regression line.
We consider model
Yij = Boj + Byjxij + Rjj,i=1,---,200, j=1,--- ,4 (4.3)

where R;j’s follow N(u,0?). The previous statistics are also calculated and the results
are presented in Table 2. The results of Table 2 show that the values of MSE and AIC of
the estimated model (4.3) are lower than the estimated model (4.2). Also, the p-value
of Shapiro-Wilk test for model (4.3) is larger than that for model (4.2). Although the
model (4.3) is more reliable when models (4.2) and (4.3) are proposed as competing
models, the values of the R and Rﬁ 4j of the model are also small. Also, we consider the
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Table 2: The maximum likelihood estimators of model (4.3).

By B, n o’ R? Rid] AIC MSE P —value
2.0110 0.8829 3.27e-18 09979 0.2753 02717 571.1497 0.9929  0.5117
2.0194 09114 4.25e-19 1.0040 0.2828 0.2792 572.3661 0.9990 0.5084
1.9883 0.8944 -9.12e-19 0.9982 0.2724 0.2687 571.2709 0.9932  0.4980

1.8836 0.8882 3.02e-18 0.9911 0.2611 0.2574 569.7010 0.9862  0.5052

= WN -

random intercept and slope model
Yij = BOj + Bl]-xi]- + Rij,i = 1,--- ,40, ] = 1,' = ,4 (44)

as competing model, where R;;’s are independent and identically distributed as normal
distribution N(u, 0?) and

Boj = Y00 + uoj,
B1j = y10 + uyj

where U; = [Z(l)] ] ~N» ([8] ,Zu). The model is estimated based on the proposed EM
algorithm. F(;r the EM algorithm, the random initialization was employed. The
maximum number of iterations was set to 500 (for 10* replications), with an absolute
convergence tolerance of 107, For each simulation setting, 10* replications were per-
formed. The number of iterations varied across replications, while the EM procedure
successfully produced parameter estimates in all replications, resulting in an empirical
convergence failure rate of 0%. As an illustration, one representative run converged
at iteration 161, substantially below the maximum allowed number of iterations. The
same initialization and convergence settings were maintained across all simulation
scenarios.

The results of parameter estimation are given in Table 3. The results of Table 3 show
that, the estimated random intercept and slope model based on the proposed algorithm
is selected as optimal model based on the R?, RLZI " MSE and AIC. The scatter plot of

the data and the estimated model (4.4) are given in Figure 2.

Table 3: The results of parameter estimation of model (4.4).

Yoo Yo1 u o Ly Xy Rr? Rg dj AIC MSE P — value
—-0.0187 0.9642  0.5705

1 1.9940 0.9076 3.71e-17 0.9981 0.9193 0.9189 571.1422 0.9904 0.5118

—0.0089 0.5705  0.9271
0.9642  0.5705

05705  0.9271 0.9190 0.9186 572.3486 0.9988 0.5080

2 2.0020 0.8912 2.21e-16 1.0041

3 1.9864 0.9104 1.36e-17 0.9985 0.9194 0.9190 571.2634 0.9926 0.4981

-0.0187
—0.0089

09642  0.5705
0.5705  0.9271

e————  ——

) |
)

~0. 0089) (0,5705 0.9271
) |

( -0.0187 0.9642  0.5705

4 1.9948 0.9034 5.03e-18 0.9912 0.9199 0.9195 569.7005 0.9860 0.5053

For theoretical results of score test, using obtained data and proposed algorithm, the
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2

Figure 2: The scatter plot of the data and the estimated model (4.4).

values of score test statistic are computed and compared with x2,,-(2). The relative
frequency of proposed test for each of rejection-acceptance regions is computed and the
results are summarized in Table 4. It shows that, based on the proposed test, hypothesis
Hy : T = 01is rejected, in other words, the estimated model (4.4) is significant. Also, the
result shows that the value of the relative frequency is 1.0000 which confirms that the
proposed test correctly detects the significance of the model.

Table 4: The relative frequency of score test.

Accept Hy Reject Hy
0.0000 1.0000

4.2 Parttwo

Similar to the simulation of part 1, the data are generated from model (4.1) where

Upi 0
0= io] 2 (3] -=)
9 2 . .
) 4 We consider models (4.3) and (4.4) as competing models and
estimate competing models based on the maximum likelihood method and proposed

EM algorithm, respectively. The statistics presented in Part One are also calculated and
the results are presented in Table 5. The results of Table 5 show that, the estimated

and X, = (
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Table 5: The results of parameter estimation of models (4.3) and (4.4).

By B u o2 Hhu Tu RZ Rgdj AIC MSE P — value
model (4.3)

1 0.5653 1.8889 3.12e-17 0.9971 - - 0.5434 0.5411 571.7503 0.9921 0.3731

2 21194 2.0721 1.96e-17 0.9306 - - 04419  0.4391 556.9993  0.9259 0.4523

3 1.0887 0.6233 1.57e-17 1.0215 - - 0.2897 0.2861 576.4454 1.0164 0.6048

4 07968  -0.3404 1.78e-19 0.9725 - - 04029 03999  566.1941 0.9677 0.4465

P00 P01 u a2 Ly Zy R? Ridf AIC MSE P —value
model (4.4)

-0.8372 8.9583  2.2343

1 1.9620 0.9264 1.20e-16 0.9971 ( 0.1330 ) ( 20343 44379 ) 09729 09727  570.4928 04124 0.6801
-0.8372 89583 22343

2 1.9697 0.9402 -7.83e-16  0.9306 ( 0.1330 ) ( 20343 44379 ) 09743 09742 556.3019  0.4765 0.6539
-0.8372 8.9583  2.2343

3 20663 0.8906 -1.79e-16 1.0215 ( 0.1330 ) ( 20343 44379 ) 09726 09725  574.8249 04185 0.7240
-0.8372 89583  2.2343

4 1.9212 0.9545 8.85e-16 0.9725 ( 01330 ) ( 20343 4.4379 ) 0.9726 0.9724 565.0766 0.3801 0.6458

Figure 3: The scatter plot of the data and the estimated competing models.

random intercept and slope model base on the proposed algorithm is selected as the
optimal model based on the R?, Rﬁ 47 MSE and AIC. It can also be seen that for
large values of X, model (4.3) does not perform well in model estimation. Figure 3
confirms these results. The relative frequency of proposed test for each of rejection-
acceptance regions is computed. Similar to the simulation of part 1, the value of the
relative frequency is 1.0000 which confirms that the proposed test correctly detects the
significance of the model.

4.3 Part three

The observations are generated from model (4.1), where R;;’s follow the standard
normal distribution N(0,1), T = ( Qg ) _ ( 0960016 ), U = [Z(l)j] ~Nj3 ([8]’2“) and
X, = 2 i ) We consider model (4.3) and (4.4) as competing models and estimate
competing models based on the maximum likelihood method and proposed EM al-
gorithm, respectively. The previous statistics are also calculated and the results are
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Table 6: The results of parameter estimation of competing models.

By By U o2 ™ i RZ R2 i AIC MSE P — value
model (4.3)
1 00905 01786  217e-18  1.0035 = = 04196 04166 5725800  0.9985 0.5281
2 01130  0.1648  -447¢-18  0.9875 - - 03807 03776  569.1881  0.9825 0.5478
3 01542 02003  273e-18  0.9865 - - 03791 03760 5689382  0.9816 0.4975
4 00284 -00110 587e-19  1.0017 - - 04195 04166 5719121  0.9967 0.4965
P00 Po1 u o2 ™ Ty R? R2 i AIC MSE P —value
model (4.4)
—0.0888 82771 21220
1 00147 00612  480e-16  1.0035 ( Z0.0325 ) ( 21220 42768 ) 09726 09724 5725825  0.9985 0.5281
—0.0888 82771 21220
2 00066  0.0689  -2.00e-16  0.9875 ( 0,035 ) ( 21220 12768 ) 09730 09728  569.1906  0.9825 0.5478
—0.0888 82771 21220
3 -00154 00816  -40le-17  0.9865 ( Z0.0325 ) ( 21220 42768 ) 09734 09732 5689407 09816 0.4975
—0.0888 82771 21220
4 00200  0.0501 1.09-16  1.0017 ( 0,035 ) ( 21220 12768 ) 09727 09726  571.9146  0.9967 0.4965

Table 7: The relative frequency of score test.

Accept Hy Reject Hy
0.9917 0.0083

presented in Table 6. The results of Table 6 show that, the estimated random intercept
and slope model based on the proposed algorithm is selected as optimal model based
on the R?, Ri 4 MSE and AIC. The relative frequency of proposed test for each of
rejection-acceptance regions is computed and the results are summarized in Table 7. It
shows that, based on the proposed test, Hypothesis Hy : I' = 0 is accepted. The value
of the relative frequency is 0.9917 which confirms the proposed test correctly identified
that the model is not significant.

4.4 Part four: type I error analysis

To further investigate the finite-sample performance of the proposed score test, an
additional simulation study is conducted to evaluate its empirical type I error rate
under the true null hypothesis. Similar to the simulation settings considered in the
previous parts, the data are generated from model (4.1). Under the null hypothesis, the
common fixed-effects vector is specified as

oor=[rz]- [

The random-effects vectors are generated according to

o)

9 2
z=(; 3)

where
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Table 8: The relative frequency of score test.

Accept Hy Reject Hy Empirical Type I Error
0.9845 0.0155 0.0155

The remaining model parameters and simulation settings are kept the same as those
used in the previous simulation study. For each simulated data set, the proposed score
test is performed for testing

Hy:T=0 versus H;:T #0.

The test is conducted at the nominal significance level of a = 0.05.

The empirical type I error rate is calculated as the relative frequency with which the
null hypothesis is rejected over the simulation replications. Specifically, if R denotes
the total number of simulation replications, the empirical type I error rate is calculated

as .
Z I(SCS > X%,o.%) ,
s=1

where SC; denotes the score test statistic obtained from the sth simulated data set.
The results are reported in Table 8. These results show that the null hypothesis is
accepted in 98.45% of the simulation replications, whereas it is rejected in 1.55% of
the replications. Since the data are generated under the true null hypothesis, the
empirical type I error rate of the proposed score test is 0.0155. Thus, for this simulation
configuration, the empirical type I error rate is below the nominal significance level
of 0.05, indicating that the proposed test does not exhibit an inflated type I error rate
under the null hypothesis.

| =

a=

5 Real data analysis

We consider the income tax payments data consisting of information on 258 taxpay-
ers in the United States, collected during 1982 and 1986-1987. These data have been
previously analyzed to investigate the effects of individual and economic characteris-
tics on tax payments (Frees, 2004; Rabe-Hesketh and Skrondal, 2008). Each taxpayer
contributes five repeated observations, resulting in a total of 1290 observations. Thus,
the data have a natural two-level structure, with the five observations nested within
each of the 258 taxpayers. The dataset includes one response variable, four explana-
tory variables of individual characteristics and four explanatory variables of economic
characteristics. The response variable is LNTAX, the logarithm of the total positive tax
liability as stated on the tax return in 1983 dollars. The eight candidate explanatory
variables considered in the variable-selection stage are MS, HH, DEPEND, AGE, MR,
EMP, PREP, and LNTPI. The variables MS, HH, AGE, EMP, and PREP are binary indi-
cator variables, while DEPEND represents the number of dependents. The economic
variables LNTPI and MR represent the logarithm of total positive income and the
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marginal tax rate measure, respectively. The data were analyzed in their original form
and were organized according to taxpayer and time. No missing observations were
present in the dataset, and no observations were removed or modified because of out-
lying values. No additional standardization or rescaling of the explanatory variables
was performed. The logarithmic variables LNTAX and LNTPI were used as provided
in the original dataset. The analysis was conducted in two stages. In the first stage, all
eight candidate explanatory variables were considered in the variable-selection proce-
dures. In the second stage, the variables selected by the variable-selection procedures
were used to specify the multilevel model. In particular, LNTPI and MR were retained
as explanatory variables in the final random-intercept and random-slope model. Frees
(2004) and Rabe-Hesketh and Skrondal (2008) considered model

yij = ‘30 + ﬁlMSi]’ + ‘BzHHl']' + ‘33DEPEND1']' + ﬁ4AGE1’]’ + ﬁ5MRl']'
+ ﬁéEMPi]' + ﬁ7PREPi]' + ‘BSLNTPL']' + €ij, (51)

where j = 1,2,---,258,i = 1,2,---,5 and €ij’S follow normal distribution. In this
section, the data were analyzed in two steps. First, suitable variables are selected
using different methods and we compare the performance of these methods in variable
selection. In the second step, we fit the random intercept and slope model using the
proposed algorithm and compare the performance of this model with the models of
the first step.

5.1 Variable selection

We consider multiple linear regression model
Y1 = ﬁo +,le1,l + - +ﬁkxk,l + elrl = 1,2’... ’N,

where N = n xXm = 258 X 5 = 1290, ¢’s are independent and identically distributed
as normal distribution, N(y, 0%). The correlation between Y and X and the p-value of
their correlation test,

Ho p= 0

are presented in Table 9, where X = (MS, HH, DEPEND, AGE, MR, EMP, PREP, LNTPI )T.
These results show that all p-values are less than 0.05, indicating that the response vari-
able Y is significantly associated with all explanatory variables in X. Also, variable Y
has the highest correlation with variables MR and LNTPI.

Table 9: The correlation between Y and X and the p-value of correlation test.

MS HH DEPEND AGE MR EMP PREP LNTPI
p 0.2621 -0.1602 0.0851 -0.0604 0.7466 -0.0908  0.0991 0.7176
p-value <22e-16 7.131e-09 0.0021 0.0298 <22—-16 0.0010 0.0003 <22e-16

The results of the estimated full model using the likelihood method and presented
statistics in Section 4 are given in Table 10. These results show that the estimated
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Table 10: The results of the estimated full model.

Estimate  Std. Error  t-value  Pr(> |t])

Bo -3.4303 0.5647 -6.074  1.64e-09
B1 0.0417 0.1546 0.270 0.7873
B2 -0.6969 0.1924 -3.621 0.0003
B3 -0.1395 0.0496 -2.809 0.0050
B 0.0121 0.1562 0.078 0.9379
Bs 0.1077 0.0069 15502 <2e-16
Bs -0.6216 0.1351 -4600  4.65e-06
B7 -0.0004 0.0976 -0.004 0.9966
Bs 0.8332 0.0715 11651 <2e-16
u -1.15e-16
a2 2.7926

RZ =0.6155

R? 4 = 06131
AIC=5004.681
MSE= 2.7904

Table 11: The results of the estimated reduced model.

Estimate  Std. Error  t-value Pr(> |t])

Bo -3.4675 0.5491 -6.315 3.72¢-10
B2 -0.7239 0.1675 -4320  1.68¢-05
B3 -0.1319 0.0370 -3.557 0.0003
Bs 0.1076 0.0068 15735 <2e-16
Bs -0.6165 0.1325 -4653  3.61e-06
Bs 0.8384 0.0693 12081 <2e-16
u 1.5%-16
o? 2.7928
RZ = 0.6155
R2 =0.614
adj
AIC=4998.774
MSE= 2.7906

parameters f1, B4 and fy are not significant, so we removed variables MS, AGE and
PREP from the model and estimated the reduced model using the maximum likelihood
method, Table 11. The results of Tables 10 and 11 show that the reduced model has
lower Akaike information criterion and higher adjusted coefficient of determination
than the full model. The results of variable selection based on the stepwise method are
given in Table 12. Variables MR, LNTPI, EMP, HH and DEPEND were selected using
a step-by-step method. The results obtained from the step-by-step method confirm
the results of Table 11. The variable importance scores obtained from the boosting
algorithm are reported in Table 13. The results indicate that MS and HH have the
largest importance scores, followed by DEPEND and AGE. These scores quantify the
relative importance assigned to the candidate predictors by the boosting algorithm.
The fitted model using the boosting algorithm has the lowest AIC and MSE and the
highest R? and Ra2 4j compared to the full model and the reduced model.
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Table 12: The results of variable selection based on the step-by-step method.

Estimate  Std. Error  Lower 2.5%  Upper97.5%

Bo -3.4676 0.5825 -4.6103 -2.3248
Bs 0.1076 0.0073 0.0934 0.1218
Bs 0.8384 0.0736 0.6940 0.9828
Bs -0.6165 0.1406 -0.8923 -0.3408
B2 -0.7239 0.1778 -1.0727 -0.3752
B3 -0.1319 0.0393 -0.2091 -0.0547
u 3.72e-17
o? 2.7928
R? = 0.6155
R? =0.614
adj
AIC=4998.774
MSE= 2.7906

Table 13: The results of variable importance scores obtained from the boosting algo-
rithm.

1 B2 B3 Ba Bs Be Br Bs u o’
46.1550 40.0279 48867 29273 2.6902 19939 1.0526 02660 -0.0004 04116
RZ =0.9433

R? 4 = 0.9429
AIC=2530.907
MSE= 0.4113

5.2 Random intercept and slope model analysis

We first considered the multiple linear regression model (5.1) for variable selection. Al-
though variables MS, HH, DEPEND, AGE, MR, EMP, PREP and LNTPI were selected
based on the boosting algorithm and variables MR, LNTPI, EMP, HH and DEPEND
were selected based on the step-by-step method for the multiple linear regression
model, but only variables LNTPI and MR were selected for all j = 1,2,---,258 ex-
cept j = 12,28,92,148,185,190 based on the boosting algorithm and the step-by-step
method for the model (5.1). So, six taxpayers (IDs 12, 28, 92, 148, 185, and 190) were
excluded from the final analysis. Consequently, the final multilevel analysis included
252 taxpayers, each with five repeated observations, resulting in a total of 1260 obser-
vations. Following the variable-selection stage, a multilevel linear regression model
with a random intercept and random slopes for LNTPI and MR was considered.

Let y;; denote the logarithm of the tax liability for taxpayer j at observation time i,
where j = 1,...,252 and i = 1,...,5. The explanatory variables are LNTPI;j, repre-
senting the logarithm of total positive income, and MR;;, representing the marginal tax
rate measure. We considered the following multilevel linear regression model with a
random intercept and random slopes:

Yij = BOj + B1]'LNTPL']' + szMRi]' + Ri]'/ (5.2)

where By, denotes the taxpayer-specific random intercept, and B; j and sz denote the
taxpayer-specific random slopes associated with LNTPI and MR, respectively. These
subject-specific coefficients are decomposed into fixed and random components as
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follows:

Boj = yoo + uoj,
Byj = y10 + u1j, (5.3)
sz = Y20 + Uy;.

The parameters ygo, Y10, and y20 represent the population-level fixed effects, while u,
u1j, and uy;j represent the taxpayer-specific random effects. Define the random-effects
vector as
Up i
U] = U~ N3(0/2u)/
Upj

where X, is the 3 X 3 covariance matrix of the random effects. The within-taxpayer
errors are assumed to satisfy

Rij ™ N(0,6?),

and are assumed to be independent of the random effects. The random-effects vectors
are also assumed to be independent across taxpayers. This specification allows both
the baseline level of tax liability and the associations of LNTPI and MR with tax liability
to vary across taxpayers.

The parameters of model (5.2) were estimated using both the proposed expectation-
maximization (EM) algorithm and the maximum likelihood (ML) method. The individual-
level estimates and model-evaluation results for the 252 taxpayers are displayed graph-
ically in Figures 4 and 5, respectively. Displaying all individual-level results in a single
table would be impractical; therefore, the figures are used to present these results con-
cisely. Table 14 summarizes the parameter estimates and other model results obtained
from fitting the multilevel model using the two estimation procedures. The EM algo-
rithm was implemented according to the theoretical formulation presented in Section
2, with initial values obtained from ML estimates. The ML estimates were obtained
through numerical optimization using the optim function in R. Thus, the figures present
the individual-level results, whereas the table reports the summary results for the fitted
multilevel model.

The results reported in Table 14 and Figure 5 show differences between the estimates ob-
tained from the EM-based and numerical ML procedures. In particular, the EM-based
procedure yields lower reported AIC and MSE values and higher R? and adjusted R?
values.

The estimated fixed effects and their associated standard errors, confidence intervals,
and p-values are reported in Table 14. Under the adopted inferential procedure, all three
fixed effects were statistically different from zero at the 0.001 significance level. The es-
timated coefficient of LNTPI was positive, indicating a positive conditional association
between log total positive income and log tax liability, after accounting for MR and the
taxpayer-specific random effects. The estimated coefficient of MR was also positive,
indicating a positive conditional association between the marginal tax rate measure
and log tax liability. Table 14 also reports the estimated residual-scale parameter and
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Figure 4: Individual-level parameter estimates obtained for model (5.2) using the
considered estimation procedures.

the estimated random-effects mean vector and covariance matrix. To assess the
normality assumption of the residuals in the multilevel model, the Shapiro-Wilk nor-
mality test was performed, and the residual distribution was further examined using a
histogram and a normal quantile-quantile (Q—Q) plot, Figure 6. The Shapiro-Wilk test
yielded a test statistic of (W=0.99923) and a p-value of (0.9006). Since the p-value is
substantially greater than the conventional significance level of (0.05), the null hypoth-
esis of normality is not rejected. Furthermore, the histogram and the normal Q-Q plot
provide complementary graphical assessments of the residual distribution. The his-
togram exhibits an approximately bell-shaped pattern and the points in the Q-Q plot
lie reasonably close to the reference line, these graphical results support the normality
assumption. Overall, the results provide no statistically significant evidence against
the normality of the residuals.

To assess the multivariate normality assumption for the random effects, the squared
Mahalanobis distances of the estimated random-effect vectors were calculated and
compared with the theoretical quantiles of a chi-squared distribution with three degrees
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Figure 5: Individual-level AIC and MSE values obtained for model (5.2) using the
considered estimation procedures.
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Figure 6: Histogram and normal Q-Q Plot of the model residuals.

of freedom, see Johnson and Wichern (2007). The Q-Q plot (Figure 7) showed that the
points were approximately aligned with the reference line, providing graphical support
for the multivariate normality assumption of the random effects. The proposed score
test statistic for model (5.2) is 60.8657. We compared the value of proposed score
test statistic with x2(0.975,3) = 9.3484 . Since 60.8657 > 9.3484, the null hypothesis
Hp : T' = 0 was rejected. This provides evidence that the three population-level fixed
effects are not jointly equal to zero and the estimated model is significant.
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Table 14: Parameter estimates, standard errors, confidence intervals, and model sum-
mary statistics for model (5.2) obtained using the proposed EM algorithm and maxi-
mum likelihood (ML) estimation.

Method Parameter Estimate SE 95% CI  p-value
EM Yoo —16.9426 0.1535 [—17.2435,-16.6417] < 0.001
Y10 2.3399 0.0018 [2.3364,2.3434] < 0.001
Y20 0.0564 0.0014 [0.0537,0.0591] < 0.001
i -6.14x 1076 - - -
9 0.5367 - _ _
246 x10714
i, 2.81x 1071 - - -
444 x 10717
. 23.1865  9.72x 10712 228x 10713
. 9.72 x 10712 25712 2.15x 10715 - - -
228%x10718  215%x10715 0.1702
ML Yoo —19.4204 0.4464 [-20.2953,-18.5455] < 0.001
Y10 2.6135 0.0057 [2.6023,2.6247] < 0.001
V20 0.0544 0.0048 [0.0450,0.0638] < 0.001
f -2.30 x 1071 - - -
b 0.4294 - - -
435%x 1072
i, [3.48 X 10-23J - - -
1.56 x 10726
_ 377548  1.72x1077  3.05x107%
. 1.72 x 10717 3.9457 7.821 x 10726 - - -
3.05x10715 7.821x 1072 0.5201
MSE (EM / ML) 0.4044/0.4156
AIC (EM / ML) 12.4344/13.2683
R2 (EM /ML) 0.9989/0.9045
R? 4 (EM /ML) 0.9978/0.8110

Note: SE denotes standard error and CI denotes confidence interval. The confidence intervals and
p-values for the fixed effects are based on the inferential procedure used for the fitted model.

6 Conclusion

In this paper, we make a number of contributions to the literature that relates to an
extension of the basic multilevel regression model involving random intercept and
slope model. First, we estimated the parameters of model based on the EM algorithm.
This is important, because the standard methods of variance component estimation
used in the multilevel regression model produce a negative or zero estimate. Second,
we proposed score test for the regression test of the multilevel regression model. Also,
we examined the properties of estimators and score test statistics using simulations
which validate our theoretical results. In summary, the theoretical derivations and the
simulations support the use of EM algorithm and the use of proposed score test as a
useful tool in a multilevel analytical toolbox for empirical analysis of random intercept
and slope models.
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Figure 7: Chi-squared Q-Q plot of the squared Mahalanobis distances for assessing the
multivariate normality of the estimated random effects.
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