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Abstract. To describe instantaneous dependencies, we consider time-varying coeffi-
cients in Cholesky GARCH (C-GARCH) model. The regression coefficients are up-
dated through a Gaussian random-walk. These coefficients are estimated using the
Kalman filter method based on the most recent information as it becomes available
and inducing dynamic prior distribution of the coefficients. The simulation and real
data studies reveal the superior performance of the proposed time-varying Cholesky
GARCH (TC-GARCH) model compared to the previous models by capturing instan-
taneous dependencies.
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1 Introduction

The study of dependencies in multivariate time series has always been of interest. In fi-
nancial time series these dependencies can reflect the effects of different markets on each
other, so evaluation of the instantaneous dependencies is of great importance in mod-
elling multivariate financial time series. Many tasks of modern financial management,
including portfolio selection, option pricing and risk assessment require modelling
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and prediction instantaneous dependencies. Multivariate GARCH processes are es-
tablished to model the instantaneous dependencies through time-varying covariance
matrix X;. Maintaining positive-definiteness constraint of the time-varying covariance
matrix X; for all ¢ is an important issue in multivariate GARCH models. Special atten-
tion is needed to maintain this constraint when the dimension of data is large. Cholesky
GARCH (C-GARCH) model introduced by Dellaportas and Pourahmadi (2012) based
on modified Cholesky decomposition (MCD) of covariance matrix inherently guar-
antees the positive-definiteness constraint of the time-varying covariance matrix X;.
Pourahmadi (1999) proposed the modified Cholesky decomposition of covariance ma-
trix that provides some statistically interpretable parametrization of the covariance
matrix. The MCD method decomposes the covariance matrix parsimoniously by a unit
lower triangular matrix with linear regression coefficients as off-diagonal entries and a
diagonal matrix having variances on its diagonal. Dellaportas and Pourahmadi (2012)
considered the least square estimators of the linear regression coefficients in the MCD.
They used univariate GARCH processes to model variances of individual assets.
Assuming the constancy of the coefficients leads to misspecified models and potentially
improper financial decisions. Hence, we need to apply models with time-varying coef-
ficients to capture all the dynamic aspects of the financial time series. In this paper, we
introduce a time-varying Cholesky GARCH (TC-GARCH) model with time-varying
regression coefficients of ordered variables where these coefficients are updated using
newly arriving information through Gaussian random-walk. The proposed model has
the advantage that the regression parameters and the multivariate GARCH parameters
are estimated separately. The time-varying regression coefficients are estimated by
using the Kalman filter based on the most recent information as it becomes available
and inducing dynamic prior distribution of the coefficients.

Simulation study and empirical application show competitive performance of the TC-
GARCH model in comparison with the competing models in forecasting instantaneous
dependencies. We rely on four loss functions to evaluate the ability of the TC-GARCH
model in calculating instantaneous dependencies in comparison with different models.
Three competing models are used where two of them are in the class of the C-GARCH
models with constant dependency and third one is a dynamic correlation conditional
GARCH (DCC-GARCH) model. Additionally different models are evaluated on the
basis of how well they forecast one-step-ahead Value-at-risk (VaR).

A variety of multivariate extensions of univariate GARCH models, introduced by
Bollerslev (1986), has been developed so far. VEC and BEKK models are known as the
first ones, arose as a direct generalization of the univariate GARCH models which in-
troduced by Bollerslev et al. (1988) and Engle and Kroner (1995), respectively. In these
models, the number of parameters increases rapidly with the dimensionality and there-
fore the estimation of the parameters is computationally complex and expensive. Some
other methods impose strong assumptions on the conditional correlation matrices. For
instance, Bollerslev (1990) assumed constant conditional correlation for the GARCH
model (CCC-GARCH), which may not be satisfied in real data. Engle (2002) and Tse
and Tsui (2002) assumed dynamic conditional correlation for the GARCH model (DCC-
GARCH), which is computationally expensive in high-dimensional cases. To overcome
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the curse of dimensionality, several methods have been proposed where the idea of or-
thogonal transformation has attracted much attention. For instance, Alexander (2001)
proposed an orthogonal-GARCH (O-GARCH) model and used principal component
analysis (PCA) to reduce the number of variables. Also Van der Weide (2002) presented
a class of generalized orthogonal GARCH (Go-GARCH) models and Muriel Torrero
(2014) did a study on tailed GO-GARCH models. Paolella et al. (2021) proposed a new
robust orthogonal GARCH model for a multivariate set of non-Gaussian asset returns.
In the class of C-GARCH models, Pedeli et al. (2015) studied Cholesky Log-GARCH
(CL-GARCH) models. They considered the same structure as that in Dellaportas and
Pourahmadi (2012) for lower triangular matrix of Cholesky decomposition, to describe
the constant dependence structure, and Log-GARCH model to describe variances in
diagonal matrices. Recently, some studies are done via Cholesky decomposition. For
example, Darolles et al. (2018) presented a new C-GARCH model with time-varying
slope coefficients. Using Cholesky decomposition, Néf et al. (2019) developed a new
construction that generalizes the multivariate generalized hyperbolic distribution.

Kang et al. (2020) developed an order-averaged Cholesky-log-GARCH model to
mitigate the variable-ordering issue inherent in modified Cholesky decomposition.
Zheng and Ye (2024) developed Cholesky-based Generalized Autoregressive Score
(GAS) models suitable for large-dimensional time-varying covariance matrices. Re-
cently, several studies have incorporated regularization techniques into Cholesky-
based GARCH models to address high-dimensional settings. Zhu et al. (2024) de-
veloped a sparse banded time-varying precision matrix estimator under the modified
Cholesky decomposition framework using SCAD and group lasso penalties, while
Kemper (2020) proposed sparse Cholesky-GARCH (CHAR) models based on penal-
ization methods to reduce model complexity. Both studies demonstrated that intro-
ducing sparsity can improve estimation accuracy and scalability in high-dimensional
applications.

This article is organized as follows: Section 2 is allocated to introducing the TC-
GARCH model and its features. Section 3 is devoted to estimating the time-varying
regression coefficients and multivariate GARCH parameters. The simulation experi-
ment is studied in Section 4. The models evaluation criteria are presented in Section
5. By analyzing a real dataset of monthly stock returns of 12 US bluechips in Section
6, we show the competing performance of the TC-GARCH model. Conclusions are
presented in the last section.

2 The model

Cholesky GARCH model is a class of multivariate GARCH models that present an
ordering of variables which in turn are modeled by univariate GARCH model and
describes dependencies through linear regressions of each variable with respect to the
previous ones in the presented ordering. So one needs to detect some ordering between
multivariate time series, say Y = (Y1, Yo, ..., Yyt), and regress each time series vari-
able Yj; with respect to the preceding variables at the same time, say Y1, Yo, - .., Y(j-1)-
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Such ordering is studied by Basford and Tukey (1999) and Dellaportas and Pourah-
madi (2004). Now assume that Y; = (Y14, Yot,..., Yp)',t = 1,...,n is a p-dimensional
ordered Gaussian time series with mean zero and covariance matrix X;. Dellaportas
and Pourahmadi (2012) and Pedeli et al. (2015) considered the linear regression of Y j;
on its predecessor variables, Y11, Y, ..., Y(j-1) as

j-1
Yie =Y OV + €, (2.1)
k=1

where ¢ j’s are regression coefficients, €;’s are independent Gaussian variables with
mean zero and conditional variances d?t forj=1,...,pand €1; = Yy;. They studied the
case where dZ.t’s follow GARCH and log-GARCH, respectively. Allowing the regression

coefficients ¢i’s to be time-varying, provides a more flexible model to describe the
instantaneous dependencies.

2.1 Time-Varying Cholesky GARCH Model

We introduce the TC-GARCH model as the case where the coefficients in (2.1) are time-
varying, denoted by ¢ ;. We study the case where these coefficients evolve through
time according to Gaussian random-walk. The state space representation of the new
model can be written as

th:X}t<P]-t+€jt, t=12,...,n, j=2,...,p, (2.2)
it = AjP gy * aji

where X]'t = (Yll‘/ Y2t, ooy Y(j—l)t), and (pjt = ((Pﬂt, ceny qu(j—l)t)/- The A]' isa (] - 1) X (] - 1)
identity matrix, reflecting the assumption of random-walk dynamics for the time-
varying Cholesky coefficients, and aj; = (aj14, ..., aj(j-1))" are white noises at time ¢ with
some covariance matrix Q;, such that state innovations {a;;} are independent of the
observation innovations {€} for all j and ¢.

The noise sequences €j;’s follow GARCH(r,q) models for j =1,...,p as

€jt = djtZt, (2.3)
r q
2 _ . 2 12
B =wi+ ) @iy + ) By
i=1 =1

where z;’s are independent and identically distributed (i.i.d) from N(0, 1) distribution.
In the matrix representation, (2.2) can be written as

T:Y; =€,
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where €; = (€1, €21, . .., €pt) and Ty is the unit lower triangular matrix

1 0 0 e 0

—don 1 0 .. 0

T, =| P30 —Par 1 E 0
_qbplt _(Pp2t te _pr(p—l)t 1

Let Y be the information up to ¢, so
D; = Cov(etYi—1) = Cov(TiYi[Y;—1) = TeCov(Yi[Y;1)T; = T LT},

or equivalently
L = T,'D T/ 7,

2
1t

definite matrix for t = 1, ..., n. This is by the fact that a symmetric matrix X; is positive
definite if and only if there exists a unique unit lower triangular matrix T;, with 1’s
as diagonal entries, and a unique diagonal matrix D; with positive diagonal entries
such that T;X;T; = D; (Newton, 1988, page 539). Also, L;’s are invertible matrices for
t =1,...,n. This can be verified by the fact that if A; is an eigenvalue of X; and x; the
corresponding eigenvector, so Xix; = A;x;. Thus multiplying x; from the left, it leads to

where Dy is diagonal matrix as D; = diag(d .,d;t). The L; is a symmetric positive-

2
xpEexr = Apxpxe = Agllxll”.

The left hand side is positive as X; is positive definite and x; is a non-zero vector as it is
an eigenvector; so A; is positive. If the eigenvalues of a matrix are positive, the matrix
is invertible (Hoffman and Kunze, 1971).

Ordering regression variables is an important step in MCD and is a drawback. For a
set of p variables there are p! choices. Basford and Tukey (1999) proposed a method for
ordering variables based on a scatter plot matrix, nice in the sense that one brings the
more correlated variables closer to the main diagonal, called "greedy close algorithm".
This simple exploratory data analysis idea has led to the more powerful conceptual
idea of banded sample covariance matrix estimation (Bickel and Gel, 2011; Bickel and
Levina, 2008). In the context of the ordering variables in the regression, Dodge and
Rousson (2000) presented an ordering for variables in setting regression, just for two
variables, based on the asymmetric properties correlation coefficients. Dellaportas
and Pourahmadi (2004) and also Dellaportas and Pourahmadi (2012) suggested using
Akaike information criterion (AIC) or Bayesian information criterion (BIC) for ordering
variables in MCD and Pedeli et al. (2015) used the same criterion. In this paper,
we consider the overall ordering of regression variables using the BIC criterion. We
follow the method of Dellaportas and Pourahmadi (2004) and also Dellaportas and
Pourahmadi (2012) and Pedeli et al. (2015) in this order.
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3 Estimation

There are two types of parameters that must be estimated, the time-varying regres-
sion coefficients ¢ and the GARCH parameters wj, aj; and B;. These two types of
parameters will be estimated separately.

3.1 Estimation of the Time-Varying Regression Coefficients in TC-GARCH

For estimating ¢;,’s, we apply the Kalman filter method through a set of equations
that allows updating the estimates of ¢ jt by arriving the new observation. For this,
some inferences about the distribution of the state vector ¢, and its initial values are
required.

Let p(¢;y) be the probability distribution of state vector at time zero. The state equa-
tion (2.2) with such initial distributions determines the distribution of the state vectors
p((p].tl(l)].(t_l)), fort=1,...,nand j = 2,...,p. We refer to these distributions as prior
distributions of state vector at time ¢.

To specify the likelihood model of p(yj|¢;,), by observing a new measurement yj;, the
prior distributions to be updated, such update information about ¢ jt expressed by the
conditional distribution p(¢;|y;:), called posterior distribution. Let the prior distri-
bution of ¢ 0 to be normal with mean vector mjy = (m;10,...,Mj(j-1)0) and covariance
matrix Pj(), also the errors €j; and aj; in (2.2) are normality distributed. So

p(9;9) = N(¢ jolmjo, Pjo), (3.1)
pild;) = N(ilX jep i, d3),
Pl P i_1)) = N(@jljs-1), Q)

where Qj is covariance matrix of the multivariate random walk noises a;; = (a1, - . -, 4 iGi-np)-
As Sdrkkad (2013) explained in Section 2.1 that Bayesian inference provides the equa-
tions for computing the posterior distributions and point estimates for any model once
the model specification has been set up. He followed the Gaussian approximation of
posterior distribution which is introduced by Gelman et al. (2004), and concluded that

P(Pilyja:n) = N(jylmj,, Pjy),

where mj; and Pj; are mean and covariance matrix of the Gaussian approximation,
respectively and can be computed by matching the first two moments of the posterior
distribution. So

P(Pig_plYjct-1) = N(Pj_p)lmje-1), Pje-1y), (3.2)
where mj;_1) = (mj1(4-1), - - -, Mj(j-1)¢-1)) and Pj;_1) are mean and covariance matrix of
the Gaussian approximation of the posterior distribution p(¢;,_y)|yja:-1)) at the time
step t — 1, respectively.
The joint distribution of ¢, and ¢, _;, based on the behaviour of Markovian dynamic
models can be written as

p(P, ¢j(t—1)|yj(1it—1)) = P(¢jt|¢j(t—1))i’(¢j(t—1)|yj(1:t—1))~
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The distribution of ¢, given the measurement history up to time step ¢ — 1 can be
calculated by integrating over ¢ _;,

P ilyja-1) = fp((nbjt|¢j(t—1))p(¢j(t—1)|yf(1!f—1)) A jis_1)-
As p(P ;|9 ;1)) is Gaussian by (3.1) and p(¢,_y|j1:+-1)) is approximated by (3.2), so

p((P]‘tlyj(l:t—l)) = N((p]tlm]_y P;(t)) (33)
where mean and covariance matrix

my, = Ajm;g-1),
P;(t) = A]'P]‘(t_l)A;- + Q]

Having Gaussian approximation (3.3) as the prior distribution for the measurements,
we obtain the approximation of the posterior distribution ¢,

p(@ilyjan) = N(Plmjt, Pjg).

The mean vector and covariance matrix of the posterior distribution can be updated
recursively using the Kalman filter (Harvey, 1989) as follows:

m; = Ajmj)
- — P. / .
Pj(t) = A]P](t—l)Aj+Q]
my = K (- X

— - ’ P—
Pity = Py = KX Pl

-1

_ v L2 —

K = [XPj X+ di] Py X (3.4)

Considering the mean square error as the loss function, the mj;’s are the best estimators
for the ¢ ]-t’s in Bayesian concept (Papoulis and Pillai, 2002, Section 7.3). Suppose we

have observed a time series up to t — 1, then ¢ jt-1) 1s the mean square error estimator
of ¢ ;,_y) based on information up to this time.

3.2 Estimation of the multivariate GARCH parameters in TC-GARCH

Assuming normality of the multivariate time series Y; in (2.2) we have

TiYi[Yi-1 ~ Np(0, Dy) (3.5)
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and the log-likelihood function can be written as

L) - K = Z log| Zi| + Y/Z 1Y)
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where K is some constant not depending on the parameters. We consider the case
where d}z.t’s follow GARCH(1,1) model as defined in (2.3). The last representation in

(3.6) shows that the log-likelihood function can be viewed as a sum of p univariate

Gaussian likelihoods for the mutually uncorrelated returns €, j = 1,...

,p. Itis the

source of a rather unique and appealing property of the Cholesky GARCH models
that is not available in any other multivariate GARCH models. Let dJZ.t(O ;) follows a

GARCH (1,1) model and 6; = (wj,a;, ), j = 1,...
the GARCH (1,1). Consider the L(6), j = 1,

Z(logd (0)) +

,p denotes the parameter vector of
.,pas

2

(9))

The derivatives of L(6;) with respect to the parameters are determined as

ALO) & 1 € » od;,(0))
IWOjy = 247(0)) | 45,(0)) 0

where 6 is the | — th element of ;. Partial derivatives of d?t(e j) can obtain as

oL (O) b ,(6)
8w]- B ] 871)]' ’
2d2(0)) ‘adﬁ(t_l)(ej)
8a ~ D TP T e
2 2 .
2d2,(0)) P ()
8,3]' =dj,1)(0)) + B B

Some numerical method such as quasi-Newton algorithm can be used to estimate

parameters of the GARCH model.
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To capture time-varying measurement uncertainty, the observation-error variance is
modeled by a GARCH process, while the covariance matrix of the state innovations Q;
for j =2,...,pis estimated via the Expectation-Maximization (EM) algorithm. This ap-
proach avoids imposing restrictive assumptions on the state-error covariance structure
while retaining computational tractability in the state-space estimation framework.

The estimates obtained from the Kalman filter and the univariate GARCH models
can be combined to construct the estimated time-varying covariance matrix. Let

1 0 e 0
. — o1t 1 e 0
t= : . . .
G 1

—

and 6t = diag (dlzt, e, c’l;]Zt). Then the estimated time-varying covariance matrix of the

proposed TC-GARCH model is
5 =T DA.
Consequently, the estimated time-varying correlation matrix is obtained as
R, = §t—1/2§tvt—1/zl

where Vt = diag (/ill,t/ ... ,/Zl\pplt). The matrix iit is used throughout the remainder of
the paper to evaluate the ability of the proposed TC-GARCH model to capture dynamic
instantaneous dependencies.

4 Simulation

We conduct a Monte Carlo simulation study to evaluate the finite-sample performance
of the proposed time-varying Cholesky-GARCH model. Let €; = (€1, ...,€p)" denote
the innovation vector with conditional covariance matrix D; = diag(d% e dﬁ .), where,
for j=1,...,p, the innovation variances follow independent GARCH(1, 1) processes,

2 _ 2 ‘
di, = wj + ajes; g +Bjd

2
j jt=1

with w; > 0,a; >0, 8; > 0, and a; + §; < 1. The time-varying Cholesky coefficients are
generated from a random-walk state equation as in (2.2), such that a; ~ N(0, gyarIn).
Thus, gvar controls the degree of time variation in the dependence structure, with larger
values producing more rapidly changing Cholesky coefficients. Using the coefficients
in ¢,, we construct the lower triangular Cholesky matrix of matrix T; in (6.1). The
observation vector Y; = (y1t,...,Ypt)" is then generated according to T:;Y; = €;, or
equivalently,
Yt = Tt_let.
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Consequently, the true time-varying covariance matrix is £; = T;'D,T;™!, and
the corresponding true correlation matrix R; is obtained from X;. We compare the
proposed model with DCC-GARCH, Cholesky-GARCH (C-GARCH), Cholesky log-
GARCH (CL-GARCH), and Time-varying Cholesky-GARCH (TC-GARCH). The C-
GARCH and CL-GARCH models assume constant Cholesky coefficients estimated
by ordinary least squares, whereas TC-GARCH allows the coefficients to vary over
time and estimate them through the Kalman filtering framework. In the proposed
TC-GARCH models, the observation-error variances is modeled using GARCH speci-
fications, while the covariance matrix of the state innovations is estimated via the EM
algorithm.

The performance of each method is evaluated by comparing the estimated time-

varying correlation matrix R; with the true correlation matrix R;. As a measure of
accuracy, we employ the average Frobenius norm error

1 v ||~
FE = - HR—RH,

where || - ||r denotes the Frobenius norm. Smaller values of FE indicate more accurate
recovery of the true dynamic dependence structure.

To investigate the effects of dimensionality, sample size, and temporal variation,
we consider several simulation settings by varying the dimension p, the sample size n,
and the state-innovation variance gy,r. For each setting, the simulation is repeated 200
times, and the reported results are averaged across all replications.

Table 1 reports the average Frobenius norm error between the estimated and true
time-varying correlation matrices under different combinations of sample size n, di-
mension p, and state innovation variance gy,r. Lower values indicate more accurate
estimation of the dynamic correlation structure. Several patterns emerge from the re-
sults. First, the estimation error generally increases with the dimension p, reflecting the
growing difficulty of estimating high-dimensional correlation matrices. Second, larger
values of gyar lead to substantially higher errors for all methods, indicating that rapidly
changing dependence structures are more challenging to recover than slowly varying
ones.

Among the competing approaches, DCC-GARCH consistently produces the largest
estimation errors across all simulation settings. The Cholesky-based methods, namely
C-GARCH and CL-GARCH, provide considerable improvements over DCC, particu-
larly in moderate- and high-dimensional settings. The proposed TC-GARCH method
further reduces the estimation error in nearly all scenarios, demonstrating the benefit
of incorporating time-varying Cholesky coefficients through a state-space framework.
The advantage of TC-GARCH is particularly evident when gyar = 0.001 and 0.01, where
the dependence structure evolves relatively smoothly over time. Although the perfor-
mance gap narrows when gy, = 0.1, the proposed method remains competitive and
generally achieves the smallest error. Overall, the results suggest that explicitly mod-
eling the temporal evolution of the Cholesky coefficients improves the estimation of
dynamic correlation matrices, especially in low- and moderate-variation environments.
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Table 1: Average Frobenius norm error under different simulation settings.

n p  gvar DCC-GARCH C-GARCH CL-GARCH TC-GARCH
200 5 0.001 2.8355 0.3784 0.4285 0.3001
5 0.010 2.8794 0.4790 0.5270 0.4181
5 0.100 4.0012 1.7436 1.7756 1.7242
10 0.001 4.5906 0.8579 0.9776 0.6963
10 0.010 4.7444 1.0988 1.2117 0.9816
10 0.100 8.0468 4.9027 4.9272 4.8773
15 0.001 6.1670 1.3359 1.5210 1.0812
15 0.010 6.4166 1.7440 1.9024 1.5701
15 0.100 12.2539 8.7985 8.8085 8.8011
500 5 0.001 2.8221 0.2522 0.3295 0.1890
5 0.010 2.9359 0.5182 0.5721 0.4818
5 0.100 4.3418 2.1988 2.2168 2.1640
10 0.001 4.5660 0.5697 0.7647 0.4274
10 0.010 4.9376 1.2135 1.3352 1.1338
10 0.100 8.9868 6.2096 6.1971 6.1908
15 0.001 6.1628 0.9198 1.2278 0.6797
15 0.010 6.8454 2.0236 2.2078 1.8791
15 0.100 12.2958 9.1262 9.1167 9.1041
800 5 0.001 3.0278 0.5771 0.6279 0.5362
5 0.010 2.8276 0.1937 0.2857 0.1473
5 0.100 4.5951 2.3285 2.3461 2.2846
10 0.001 4.5828 0.4701 0.7059 0.3581
10 0.010 5.1876 1.4170 1.5308 1.3034
10 0.100 9.2681 6.6192 6.6088 6.5673
15 0.001 6.1414 0.7493 1.1219 0.5622
15 0.010 7.1453 2.3918 2.5552 2.1714
15 0.100 12.9390 10.2511 10.2453 10.2184

5 Evaluation criteria

129

To evaluate the estimation ability of the TC-GARCH model in comparison with to other
models, we use four loss functions, two quadratic loss functions A1; and Ay, the mean
absolute error (MAE;) and MSE;. Also, to investigate the forecasting capability of our
proposed TC-GARCH model, we use one-step-ahead VaR.

5.1 Loss functions

To measure the accuracy of the time-varying correlation matrix estimation R;, we
consider the moving blocks approach as a benchmark to calculate R; (Lopes et al.,
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2012). The loss functions A1; and Ay, MAE; and MSE; are obtained as
Ay = tr(Re IRy — T,
Ay = tr(RIR — 1)?,

PP
1 R
MAE; = " E E |ije — ijtl,

i=1 j=1

P r
1 5
MSE; = > Z Z(Vz‘jt - 1ijt)%,

i=1 j=1

A . . Ojjt
where 7;j;’s are defined as Section 4. Also r;j; = ﬁ where 0jjt, 0j, and o are elements
=y

of the time-varying covariance matrix X; obtained by moving blocks approach. For the
comparison of different models we rely on the averages of the above measures over ¢.
Selection of the block size g is based on criteria Aj, i = 1,2 with the moving blocks
estimator serving as R; and the time-varying correlation matrix evaluated by the TC-
GARCH model and other models as R;. More specifically, the average loss functions
Aj = Zle Ait/n,i = 1,2 are calculated for several values of 4. Let g1,...,qm,...,qm be

the ordered series of g-values, the value g,, is that stabilizes the absolute difference

Iqu’”) - qu’”’l)l for two loss functions A1 and Ay According to this procedure, we chose

g = 41 in our real data set.

5.2 VaR forecasting

To evaluate the forecasting performance of the TC-GARCH model in forecasting future
returns, we consider the one-step-ahead VaR. A portfolio with weight w; in stock market
index 7 has return as

ry = W'Yt
where Y; denotes the vector of stock market returns and w’ is the weight vector of the
any given indices.
The portfolio variances are as follows

02 = wEw

where L; is a conditional covariance to be obtained by multivariate GARCH models.
The one-step-ahead VaR with probability 1, VaR(n), is calculated as VaR(n) = F Yoy,
and F~1(n) is the inverse distribution of the standardized returns (r;/0;). Some like-
lihood ratio (LR) tests were done to appraise the precision of the VaR forecasts from
competing models say, unconditional coverage test, independent test and conditional
coverage test (Ardia, 2009; Valizadeh et al., 2021).

Unconditional coverage test

In order to test whether VaR forecasts supply the pre-specified probability, the uncon-
ditional coverage (UC) test is used. If the real loss exceeds the VaR forecasts, this is
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named an "exception", which is a Bernoulli random variable with probability . The
Hp : & = nis the null hypothesis of the UC test and the LR statistic of the unconditional
coverage (LRyc) is described as:

nn(l _ T])T—n
LRyc = 2log(————).
e = 28l )

Where T is the number of the forecasting samples, 1 is the number of the exceptions and
&= % is the MLE of £ under H;. Then under Hy the LRyjc is asymptotically distributed

as a x? random variable with one degree of freedom.

Independent test

The exceptions must be distributed over the entire sample period independently and do
not make clusters. To check the clustering of the exceptions the independent (IND) test
is used. The null hypothesis of the IND test is defined as the probability of an exception
on time ¢t is not influenced by what happened the time before. Hence, Hy : £19 = &oo,
and &;; shows that the probability of an event i on time ¢ — 1 should be followed by an
event j on time f when i, j = 0, 1. The LR statistic of the IND test (LR;yp) is organized
as:

fa-gyr
LRIND =-2 log( o = ( — 2111 ’ ,
Eop (L= Eo1)"0&1r (1 = Eqq)Mo0
where n;j is the number of observations with value i followed by value j (i,j = 0,1),

& no1 2 n11
o1 = —————and &1 =
noo + Mo1 nip + 111

as a x* random variable with one degree of freedom.

. Under Hy, the LRnp is asymptotically distributed

Conditional coverage test

The conditional coverage (CC) test covers the properties of both the UC and IND tests.
The null hypothesis of the CC test checks both the exception cluster and the agreement
of the exceptions with the VaR confidence level. The Hy : {01 = &11 = 7 is the null
hypothesis of the CC test. The LR statistics of the CC test (LRcc) is formed as:

nn(l _ n)T—n

LRCC =-2 log( o = ~ 7 ~ )
El (1 = )&y (1 = Epg)mo

Where under Hy, LRcc is asymptotically distributed as a x? random variable with two
degrees of freedom.

6 Real data

We study a financial dataset consisting of n = 251 monthly stock returns of 12 differ-
ent US bluechips. We show the competing performance of our proposed TC-GARCH
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model in comparison with the C-GARCH, CL-GARCH, and DCC-GARCH models
in calculating instantaneous dependencies. Also, we consider GARCH(1,1) in all the
above models.

Note that to estimate the time-varying correlation matrix Ry, we performed the follow-
ing steps in order.

e Input time series and do ordering Y7,..., Y}, based on BIC criterion.

e Forany t =1,...,n, estimate ¢;,s for j = 2,...,p based on Kalman filter at (3.4)

and create matrix T; as the following

1 0 0 0
~¢ar 10 0
T, =| —¢Ps1r —Par 1 0 6.1)
_d\)plt _épZt e _ép(p—l)t 1
e Foranyt=1,...,nand j=2,...,p, using ¢ ,’s and equation (2.2), we obtain €jt’s

as inputs GARCI—I models in (2.3) and estimate the GARCH parameters by (3.6).
Then th ’s are calculated and used as entries of diagonal matrix D;.

e At each time t, we estimate time-varying matrix X; as L= T;lﬁ[i}'_l and
calculate time-varying correlation matrix R; based on ;.

6.1 Monthly stock return of 12 US bluechips

The financial dataset consists of compound monthly log returns from a panel of 12 US
bluechips. These 12 US bluechips include companies Oracle Corp. (ORCL), Apple
Inc. (AAPL), Amgen Inc. (AMGN), Cisco Systems Inc. (CSCO), Intel Corp. (INTC),
Schlumberger Ltd. (SLB), Microsoft Corp. (MSFT), Bank of America Corp. (BAC),
Citigroup Inc. (C), Caterpillar Inc. (CAT), Dow Chemical Co. (DOW) and American
Express Co. (AXP). The n = 251 stock returns were collected from January 1990 to
December 2010. The BIC criterion is used to determine the order of variables. Table
2 presents the results of comparing the performance of different models. Comparing
the results, the TC-GARCH model has the best performance and C-GARCH model has
the worst performance in terms of the A, MSE and MAE. Also, DCC-GARCH model
outperforms C-GARCH and CL-GARCH models by presenting lower value of A1, A,
MSE and MAE.

To evaluate the forecast ability of the TC-GARCH model, the first 151 observations
are used to estimate the parameters and the last 100 samples are used as out-of-sample.
One-step-ahead VaR forecasts at the risk level of = 0.01, 0.05 and 0.1 are calculated for
the models and the accuracy tests are performed. The results of LR tests, the number
of the expected exceptions (Ex.e) and empirical exceptions (Em.e) are summarized
in Table 3. It is observed that the CL-GARCH model has a better performance in
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Table 2: The averages of two loss functions (A; and A;), MAE and MSE for DCC-
GARCH, C-GARCH, CL-GARCH, and TC-GARCH models in stock return of 12 US
bluechips

Method Aq iy} MAE MSE
DCC-GARCH 38474 0.0193 0.1315 0.03093
C-GARCH 46.898 0.3704 0.19213 0.06503
CL-GARCH 48979 0.2932 0.1848  0.0609
TC-GARCH 27211 0.0429 0.1115 0.0244

Table 3: VaR forecasting results for DCC-GARCH, C-GARCH, CL-GARCH and TC-
GARCH models for the stock returns of 12 US bluechips at n = 0.01, 0.05, 0.10.

Measure Model 0.01 0.05 0.10
Ex.e - 1 5 10
Em.e DCC-GARCH 4 6 11
C-GARCH 2 5 10
CL-GARCH 3 5 9
TC-GARCH 1 3 10
LRyc DCC-GARCH 5.182 0.1984* 0.1079*
C-GARCH 0.7827* 0 0
CL-GARCH 2.632* 0* 0.1145*
TC-GARCH 0* 0.976* 0*
LRnD DCC-GARCH 8.6431 11.249  7.5443
C-GARCH 5.696 6.401 8.8506

CL-GARCH 3.686 6.401 6.885
TC-GARCH 0.0406°  7.505 8.8506
LRcc DCC-GARCH 13.825 11.4476  7.652
C-GARCH 6.4788 6.401 8.8506
CL-GARCH 6.318 6.401  7.00002
TC-GARCH 0.0406" 8.48 8.8506

Notes: (1) At the 5% significance level the critical values of LRyc and LR;yp are 3.84, and for LR is 5.99.
(2) * indicates that the model passes the test at the 5% significance level.

comparison with the C-GARCH and DCC-GARCH models according to the number
of tests passed. The C-GARCH model outperforms the DCC-GARCH model. Also
the TC-GARCH model has the best performance and DCC-GARCH has the worst
performance in terms of the number of tests passed.

7 Conclusion

The dependencies are one of the most important aspects of multivariate models. A
time-varying version of the Cholesky GARCH model is proposed, say TC-GARCH
which is capable of capturing the dynamic aspects of the dependencies in multivariate
time series. The time-varying regression coefficients in the TC-GARCH model are
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updated through Gaussian random-walk and are estimated by the Kalman filter based
on the most recent information as it becomes available. Also, this model inherently
guarantees positive-definiteness constraint of the time-varying covariance matrix. The
simulation and real data studies show the competitive performance of the TC-GARCH
model in fitting and forecasting data.

While the proposed TC-GARCH model provides a flexible and computationally
tractable framework for modeling dynamic dependencies, its application to high-
dimensional time series remains challenging. In particular, the model relies on an
ordering of the variables and requires the estimation of a number of time-varying
Cholesky coefficients that grows quadratically with the dimension. Although the BIC
criterion is used to determine the ordering, searching for a near-optimal ordering
becomes computationally prohibitive as p increases due to the p! possible permuta-
tions. Furthermore, the large number of dynamic parameters may increase estimation
variability and computational cost, indicating that some form of sparsity is desirable
in high-dimensional settings. Future work may therefore explore sparse or banded
Cholesky structures to enhance both scalability and statistical efficiency.

In addition, extending the volatility component to more general GARCH specifica-
tions, such as FIGARCH or hyperbolic GARCH models, may provide further insight
into the effects of long-memory volatility on instantaneous dependencies.
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