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Abstract. The mixture-of-experts (MoE) framework provides a flexible probabilistic
approach for modeling, classification, and clustering of heterogeneous data by com-
bining several local expert models under a gating mechanism. Each expert specializes
in a subset of the input space, while the gating function determines the data-to-expert
allocation through covariate-dependent mixing proportions. Although the classical
MoE formulation-typically assuming normally distributed error terms-offers analyti-
cal convenience, it often lacks robustness when data exhibit asymmetry, heavy tails,
or contamination. To overcome these challenges, we propose a novel robust non-
normal MoE model in which each expert component follows a log scale-shape mixture
of skew-normal (SSMSN) distribution. This formulation, belonging to the broader
SSMSN family, allows the model to flexibly capture skewed and heavy-tailed behav-
iors that frequently arise in economic and financial datasets. To efficiently estimate
the model parameters, we propose an Expectation-Maximization (EM) algorithm that
maximizes the likelihood function to obtain the maximum likelihood (ML) estimates.
We conduct extensive Monte Carlo simulations to assess the finite-sample properties,
robustness, and accuracy of the proposed estimator. Finally, the practical usefulness of

the proposed MoE-SSMSN framework is demonstrated through an empirical applica-
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tion to real data analysis, highlighting its superiority in modeling heterogeneous, and

skewed observations.

Keywords. Mixture of experts, Scale-shape mixture of skew normal, Robust estima-

tion, Heavy-tailed data, Financial modeling.
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1 Introduction

Mixture-of-experts (MoE) models provide a powerful statistical and machine-learning
framework for modeling, classification, and clustering of heterogeneous data by com-
bining multiple local regression models under a gating mechanism (Jacobs et al., 1991;
Nguyen and McLachlan, 2016; Chamroukhi, 2017). Each expert specializes in a sub-
region of the input space, while the gating function determines the probabilistic as-
signment of observations to experts through covariate-dependent mixing proportions.
Due to their flexibility and interpretability, MoE models have been successfully applied
in a wide range of fields, including economics, marketing, bioinformatics, and finance
(Mazza and Punzo, 2017; Wang et al., 1998; Gormley and Murphy, 2008).

A common assumption in classical MoE formulations is that the expert error terms
follow a Gaussian distribution. Although this assumption leads to computationally
convenient inference via expectation-maximization (EM) algorithms (Dempster et al.,
1977), it often lacks robustness in the presence of skewness, heavy tails, or outliers.
Such features are frequently encountered in economic and financial data, where obser-
vations may arise from multiple latent sources of heterogeneity, leading to asymmetric
and heavy-tailed behavior. Inference based on symmetric distributions in these set-
tings can result in biased parameter estimates and poor clustering or prediction perfor-
mance (Zeller et al., 2016). Consequently, extending MoE models beyond the Gaussian
assumption has become an active area of research.

To address asymmetry, several authors have incorporated skewed distributions into
mixture regression and MoE frameworks, most notably the skew-normal distribution
originally introduced by Azzalini (1985, 1986), along with its heavy-tailed extensions
such as the skew-t distribution. The extensive literature on skew-elliptical distribu-

tions initiated by Azzalini and co-authors (Azzalini and Dalla Valle, 1996; Azzalini
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and Capitanio, 2003) has motivated numerous robust extensions of mixture and re-
gression models. Further developments include Laplace, contaminated normal, and
other robust distributions (Nguyen and McLachlan, 2016; Chamroukhi, 2017; Mazza
and Punzo, 2020). While these models improve flexibility relative to Gaussian-based
approaches, they may still be inadequate for capturing pronounced right-skewness
and extreme tail behavior commonly observed in practice.

To overcome these limitations, we propose a new robust MoE framework in which
each expert component follows a scale-shape mixture of skew-normal (SSMSN) dis-
tribution (Jamalizadeh and Lin, 2017). The SSMSN family extends the classical skew-
normal distribution of Azzalini (1985, 1986) by introducing latent scale and shape mix-
ing variables, thereby enabling simultaneous modeling of skewness and heavy-tailed
behavior. While the skew-normal distribution introduced by Azzalini preserves many
desirable properties of the normal distribution, its tail behavior remains Gaussian; the
proposed SSMSN model overcomes this limitation by augmenting the skew-normal
kernel with latent scale and shape mixing. Importantly, the proposed family includes
the standard skew-normal distribution as a special case, obtained when the scale and
shape mixing components degenerate to fixed constants. Although the SSMSN distri-
bution does not belong to the conventional scale-mixture-of-normals (SMN) class, it
admits a tractable hierarchical latent-variable representation that is particularly well
suited for EM-type inference.

The remainder of this paper is organized as follows. Section 2 briefly introduces the
SSMSN distribution and discusses its key properties. Section 3 formulates the MoE-
SSMSN model and describes the EM-type algorithm for parameter estimation. Section
4 outlines the derivation of theoretical formulas for value-at-risk and tail value-at-risk
using the MoE-SSMSN distributions. Section 5 presents simulation studies to assess the
finite-sample performance and robustness of the proposed method. Section 6 illustrates
the application of the model to real economics data. Finally, Section 7 concludes the

paper with some remarks and directions for future research.

2 The family of SSMSN distributions

This section offers a concise overview of the SSMSN distribution family, which will
be used later in the development of the MoE models. Consider two independent

random variables Z; and Z,, both of which follow the standard normal distribution,
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ie., Z1,Z, ~ N(0,1). Let 7 = (11,72)" be a random vector, where both components
are positive. The joint distribution of 7 is given by the probability density function
h(t;v), with v representing the parameters of the distribution. Additionally, assume
that (Z1,Z»)" and 7 are independent. A random variable Y is said to follow the SSMSN
distribution, denoted by Y ~ SSMSN(yu, 02, A, v), if the conditional distribution of Y
given T = (11, 72) " is as follows:

Y| (t1,72) £ SN (y, o271, A (%)_1/2), 2.1)
where SN(y, 02, A) refers to the skew-normal distribution with location u, scale 02, and
shape parameter A.

By utilizing the stochastic representation given in equation (2.1), the random vari-

able Y can be expressed as:

1, 1
T, ’f2 At 2

. Zy + ——1Zl|, 22)
A? f+A?

N

with f = 71/7,. Alternatively, denoting y = ,/ Tl_l( f + A2)|Z4], a practical hierarchical
form for the SSMSN distribution can be represented as:

N oly 0% f
f+A2 1(f + A?)

Yiy+o[

f+A2
7

Yly,rl,T2~N(y ), )/|T1,T2~TN(0, ;(0,00)), (2.3)

where TN(u, o2 (a,b)) denotes the truncated normal distribution with mean p, variance
02, truncated to the interval (a, b); see Jamalizadeh and Lin (2017) for further details.

From Equations (2.3), the joint pdf of Y, y, and 7 = (71, 72) " is expressed as

1 1 1 1
fy,y, ) =——exp {——uzn - 57/272 + Auyty — EAZTQMZ}

2
X 11 V2h(t1, 25 V), (2.4)
where h(7;m) denotes the pdf of the positive bivariate mixing variable 7 = (11, 72) ",

=t

and u = ~

By integrating out the mixing variable y in (2.4), the marginal pdf of Y and 7 is
obtained as

fly,7) = §¢( VT 1) @ (A Tz ) VT2 (T, T2 ). (2.5)

The pdf of Y is then derived by integrating out the mixing variables 71 and 7, following

fy) = j:o j;oof(]/,T)dT1 drs.
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By dividing equation (2.4) by equation (2.5), the conditional density is acquire as:

Va2 o (Ve - u)
(I)(\/T_zu)

which implies that given Y = y and 7, the variables 7; and 7, are conditionally

fylyti,1)= =fyly, 1), (2.6)

independent. From equation (2.6), we deduce that:

1
y1(y,t2) ~TN (u, —, (0, 00)),
T2

where TN(u, 02; (0, 0)) refers to the truncated normal distribution with mean u, vari-
ance 02, and support on (0, ).

The conditional pdf of 7 = (71, 72) T given Y = y can be expressed as

2 h(t1,T2; V) (T u)® u
flry, 2l y) = e \/T_Jlf(qf) s (\/T_Z ), (2.7)

where h(11, 72; V) denotes the joint pdf of 7 = (71, 72) T, and f(y) is the marginal pdf of
Y.

Some special distributions inherited in the SSMSN family can be formed by varying
the specification of h(7; ). More details on the SSMSN family formulation are sketched
in AppendixA. Also in AppendixA, we give an overview on some particular cases of
the SSMSN class of distributions. These particular members include the skew-t-t (STT),
skew-t (ST), skew generalized Laplace normal (SGLN) and skew slash normal (SSN)

distributions.

3 Mixture of SSMSN experts

In this section, we introduce a new class of regression models in which the error terms
follow a SSMSN distributions.

3.1 Model formulation

To address nonlinear regression challenges and model-based clustering in the context
of correlated responses, we adapt the mixture of experts regression (MoER) approach,

enhancing its flexibility for these complex data scenarios. Let Z € {1,...,¢} be a
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latent class variable indicating the component (or expert) membership. The mixing

probabilities are modeled through a multinomial logistic function as

exp(tp].T'w)

g—l T ’ lflzl,,g—ll
ni(w;¢Y) =P(Z =i|w) = I+ Z:k:1 ixp(wk w)

= — ifi=g,

1+ exp(y] w)

where w € R7 represents a set of concomitant variables, while 1); € IR7 denotes the

parameter vector associated with the ith expert. Additionally, ¢ = (wlT ,...,ng_l)T
corresponds to the complete parameter vector for the gating network.

Let X € IR” denote the covariate (feature) vector, composed of p input variables

(Xy,... ,XP)T, and let Y € R denote the response variable. Conditional on Z = i, the

MoER model assumes the following component-specific regression relationship:
Y=p &+, i=1,...,8 (3.1

where & = (1,2")7 is the augmented covariate vector (typically including an intercept
term), p; = (@oi, P1i, - - - , Ppi) is the (p + 1) vector of regression coefficients for component
i, and &; denotes the error term assumed to follow a SSMSN distribution.

In order to develop a more stable version of the regression model, we hypothesize
that the residuals adhere to the SSMSN distribution, expressed as:

&i ~ SSMSN(0, 07, Aj, ).

Assuming that Z is independent of  and w. The conditional pdf of Y is formulated
as:
8
fylz,w;0) = Y mi(w; ) fesmsn(y; o7 &,02, A, 1i), (32)
i=1
where m;(w; ), for i = 1,...,g, represents the mixing proportions, also known as
the gating functions in the MoE framework. The complete parameter vector is given
by © = (d)lT ,...,1/1;_1,91T ,...,BgT)T, where each expert-specific parameter vector is
defined as 6; = (cpi, af, Ai, Vl')T. It is worth noting that the explanatory variables « and
the concomitant variables w may be identical or partially overlapping, depending on
the modeling context.
We will henceforth mention to the model expressed in (3.2) as the MoER-SSMSN

model. The term “SSMSN" in the subscript signifies that the error components, or
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the individual expert distributions, are modeled by the SSMSN distribution. It is
essential to observe that when A; = 0 for all i = 1,..., g, the model simplifies to the
MOoER-T model, where the expert distributions become symmetric and are based on
the t-student distribution. Moreover, in the case where w uninfluence the gating
function the model from (3.2) is simplified to a simpler form of mixture regression
models, referred to as MR-SSMSN, where the mixing proportions remain constant
across different observations.

With the maximum likelihood (ML) estimator for ®, we can easily compute the
mean of the MOER-SSMSN model. In the subsequent section, a method based on EM-
type algorithm is proposed for estimating the parameters of the MoOER-SSMSN model,
with the convolution-based form of the SSMSN distribution being utilized.

3.2 Parameter Estimation

Consider a random sample (y1, ..., ys), where the observations are independent and
identically distributed (i.i.d.), with (x4, ..., ,) and (w;, . .., wy), drawn from a distribu-
tion whose density is described by the expression in (3.2). The log-likelihood function
for the parameter vector ®, based on the observed data, is then given by: The ob-
served data-based log-likelihood function for the unknown parameter © is expressed

as follows:
n g
0Oy, @, w)= Z log Z mi(w; ) fosmsn (v; @7 &, 0%, Ai, vi) |, 3.3)
=1 -1

The log-likelihood function given in (3.3) is intricate, making it impossible to directly
derive the maximum likelihood estimates (MLEs) for the model parameters in an
explicit form. To overcome this challenge, we employ an Expectation-Maximization
(EM)-based approach, specifically the Expectation Conditional Maximization (ECM)
algorithm (Meng and Rubin, 1993), for parameter estimation. In certain cases, we
further utilize the Expectation Conditional Maximization Either (ECME) algorithm (Liu
and Rubin, 1994), where some of the ECM’s conditional maximization steps are replaced
by constrained maximization steps (CML), aimed at optimizing the corresponding
constrained likelihood function.

Let Z; = (Zyj,. .. ,Zgj)T represent an auxiliary latent random vector, where each
component Z;; indicates the membership of the j-th observation to class i. Let Z;; be

an indicator variable, where Z;; = 1 indicates that the observation belongs to class i,
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and Z;; = 0 otherwise. By utilizing the convolution-based representation of the SSMSN
distribution, as outlined in (2.3), a comprehensive hierarchical model can be developed
for the MoE-SSMSN framework, as shown in (3.2),

2
ol a; fi
Y'lm'/y'le'/TZ'/Z"zlNN(SOTQI-F — Vi : )/
) 1] ) ] g i) f]_i_AZZ ] T]](fj+A12)
22
Vil t1j,72j,Zij =1 ~TN|0, ——
le

T1j, T2j | Zij = 1 ~h(t1j, T2j; V),
Zi|wj ~M(;(wj; ), ..., me(vj;4), j=1,...,n,i=1,...,g,

(3.4)
where the variable f; = :—Z and y; = /TI].l (fj + A?) 1Z1], while M(1;-) represents the
multinomial distribution in a single trial, with probabilities 71 (w;; ), ..., mg(wj; 9p). It
is important to emphasize that the triplet (y}, 71j, 72/) is regarded as a latent variable

within this hierarchical model.
Consider y. = (y,z,w,, T, 2) indicate the complete set of data. Based on the
hierarchical structure outlined in (3.4), the log-likelihood function for the complete

data is given by

T1j(y; — SOZ-T@]‘)Z
20?

n 8
t(©;y.) = Z Z zij| log mi(wj; ) -

j=1 i=1

+ 0127y () — @] &)

2 Ta )2
N 02i(yj — @; &)
- 5 —log(o;) + log ( T2t T2 Vz')) ]/ (3.5)

where n; = A;/0;.

According to the ECME algorithm framework, at the kth iteration, the conditional
expectation of the complete-data log-likelihood function in equation (3.5) must be
computed, with the parameter vector ® substituted by its estimate at the k-th iteration,
eo®

=

~ \21A7(k
(v — o] &)PW)

&g
N3 1ij - Tk
Q© 100) =" Y 2] log mi(wjinh) - ————— + iy ~ ] )W)
j=1 i=1 i
~ k
My~ ] &)Wy,

(3.6)
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Where
T A0 A200 2K Ak
(w],¢( ))fSSMSN(y], ; () -2() A() ())

L0 _

ijo 5 B 200 42K A0\
8, ﬂl(wj;¢(k))fSSMSN(y], z] LPE ), ©, )\5 ), Vl( ))

k) k Ak k ok k
Wiy =Bty 1, 00), Wi =E(ua 1,0, Wy =B(xyp; | y;,0).

In the Appendix, we present the exact formulas required to compute the conditional
expectations for the specific instances of the MoER-SSMSN family utilized in this study.
During the (k + 1)-th iteration, the parameter estimates are updated by differentiating

the function Q. The steps involved in executing the ECME algorithm are summarized

as follows:
E-step: Consider ©® = O®®  obtain 2??), V’\\/(k.) W®  and W(k) forj=1,...,n and
i 1ij” 21]
i=1,...,8

CM-step 1: Maximizing equation (3.6) with respect to ¢; yields the updated estimate
()
P

=

-1

S _ [ 3750 50, 120750 SO 1 Ty~ sOAOFY

P = Z (W + PORY) 22 J [ D8 + ROWy; - oA 2 }
j=1 j=1

CM-step 2: By fixing ¢; = fk+ )

and maximizing equation (3.6) with respect to 61.2,

we obtain the updated estimate Gz(k)

n 0 (1 DT 2 )2
20D _ j=1%ij le’j(yJ ®; “’J)

i n o alk)
Z]’:l Zij

(k+1)

CM-step 3: By fixing ¢; = and maximizing equation (3.6) with respect to 1,

we obtain the updated estimate r]j ) by

n (k) (k) A(k+1)T
A1) _ == W3z;(y1 ¥ m])

1 n AR5k k)T 2 V2
Z‘] 1Zz] W21] (y] - m])

To compute the updated value of A%+, we use the following formula:

A(k+1) (k+1) 2070 (D)
A0+D) = Zl 1% W3l] ij

n A(k W(k)( '1;+1))

7

2ij \ 7ij



88 Hashemi

k1) _ v e
where 11 i W/

CM-step 4: Based on Nguyen and McLachlan (2016), the update for &fk) is given
by:
D) B P T (5 O
! [Zw] ] Z; ](zij —nl(w],i,b()))+1/:j =1,
]

For updating 1/ ) itis closely linked to the form of h(7j; v;). Since evaluating

E (log ( \JT1T2ih(T1, T2); Vi)) l v, 9§k)) ,

can be complex, an alternative is to maximize the restricted actual log-likelihood func-

tion, which leads regarding the subsequent CML-step:

n

(k1 D)7 o A2(c+1) 4 (ke
o = argn’}fxz ()longSMSN(y]r pI ) g, 670D 20D, Vz')- 3.7)
=1

3.3 ECME approach to estimating the STT Distribution

Based on Appendix A, for the STT distribution, we observe that

h(t;v) = fr(ﬁ/ > Vz)ff( 2/1/22 ]/22)

As stated in equation (3.6), the E-step involves the computation of two additional
conditional expectations:
Wk _ Ny 6% k) _ ()
W4i]. = E(log 715 | ¥, 0, ), WSI.]. = E(log 72 1 Y, 0; ),

which can be evaluated using Appendix A.
CM-step 5: The parameters vy; and vy; are updated by maximizing equation (3.6)

with respect to them. This leads to solve for the roots of the following equations:

Vi 5 i
log(z) DG( )+1+ " A<k>z ( aij ~ 11]) 0,
j 1 i=

Y
Vi A(k) A(k)
1og(2) DG( )+1+ _ A(k)z (51] 21]) 0.

ll 1] i=1

Alternatively, the updates for 175’? and 17(2]? can be obtained by regarding the subsequent
CML-step:
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CML-step:

(9(1k+1) A(k+1)) _ arg max Z 5k )longT ( (k+1)Tm],612(k+1 1 k+1),V1,V2)-

V1V l

In many real-world scenarios, it is common to impose the condition vo; = vy =

-+ = V¢ = V2 to make sure the stability and convergence of the estimation algorithm.

Following a procedure similar to that in equation (3.7), the update of ?;(Zk) is obtained

through the following optimization step:

g n
~(k ~(k A+D)T k ~(k
V(z = arg max Z )longTT (y], ( +1), cp( ) A( +1), (11“),1/2)

S =)
3.4 ECME approach to estimating the ST Distribution
For the ST distribution, we recall from equation (A.9) that
vV
h(T/V) - fl" (T/ E/ E)/
Accordingly, the E-step in equation (3.6) simplifies to
) — k) _ k) _ 4(k)
le] WZZ] W1] (Tj | Yir 01’ )’

and includes an along with conditional expectation,which is expressed as

o0 _ 50
Wy = E(log 7 1,6°)

that can be computed by applying the formula given in Appendix A.

CM-step 5: To update ng), we must find the solution to the following equation:

50 (0 _
log( ) DG( )+1+ o A(k)z (w4l] W”) 0,
Yz o

An alternative approach to determine 171(.k) is by maximizing the constrained log-

likelihood function, which is achieved by executing the following CML-step:

n
.
S~ argema 37 40 10g oyt 2, 264D, ).
1 ]:1
In many real-world scenarios, it is common to impose the condition v; = v, =--- =

vg = v to ensure the stability and convergence of the estimation algorithm. Following



90 Hashemi

a procedure similar to that in equation (3.7), the update of ¥ A( ) is obtained through the

following optimization step:

9§k+ ) _ =arg max Z Z A(k lngST (k+1) A(k+1)l ,)"\Ek+1)lv) )
i=1 j=1

3.5 ECME approach to estimating the SGLN Distribution

In A, itis explained that the SGLN distribution arises from the SSMSN model by setting
T1jas T1j = 2 ——, while 7; equals 1 with probability 1, foreach j = 1,...,n. Accordingly,

Koy
we obtain

I - 1
W(ris) = hriv) = gpest, eXP(_E)'
]

Then, the E-step in equation (3.6) becomes

k) _ A(k) k) _ k) _ Ak)
Wll] E(T] | Yijr 01' )’ WZZ] L W31] E()/] | Yir 01' )

and it also requires one additional conditional expectation given by
Wk — 1y 6%
Wy = E(log i1y, 0, )

which can be computed using Appendix A.

(k)

CM-step 5: The parameter v;” is updated by maximizing equation (3.6) with respect

to them. This leads to solving for the roots of the following equations:

w®
log(2) + DG(v;) + 5 A(k) 41]

]11]]1

An alternative approach for updating ¥ o®

CML-step:

without the need to compute I//\\/g;; is given by

n

19§k+1) = arg max Z A(k+ )longGLN (y], A(k+1) ¢(k+1 - /l(k+1) z) '
1 ] l
3.6 ECME approach to estimating the SSN Distribution

As explained in Appendix A, the SSN distribution is derived as a particular case of the
SSMSN family by setting 71; = 7; ~ Beta(%, 1) and 12; = 1 with probability one, for
i=1,...,n. Hence, the pdf of SSN can be obtain by

-1
h(tj;vi) = vi T}f’ )
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Accordingly, the E-step in (3.6) reduces to
k) _ ARy vk — 1w — ARy k) _ 4(K)
Wi = E(tj 1y, 0;.7), Woi =1, Wy, =E(yj 1y, 0,7), Wy = E(log i1y ; )

(k)

i

where Wfﬁ; can be computed using Appendix A. Finally, the CM-step 5 updates v

according to

n k)
S 2 Lj=1%
i Ty s’
Lij=12; Wy
An alternative approach for updating 19§k) without the need to compute V/\\/Xz is given by
CML-step:
! T
~(k+1) _ A(k+1) Calk+1) A(k+1)T o 5 (k+1)
by = argmax Z Z; log fssn (y]-, a e & A ,v,-)
j=1

3.7 Standard errors via observed information

The information matrix in statistical models is a key tool for assessing the accuracy
of parameter estimates. It is typically defined as the negative second derivative of
the log-likelihood function with respect to the model parameters. The information
matrix provides insights into how the likelihood function changes around the estimated
parameter values and is particularly useful for determining the standard errors of the
estimates and evaluating the model’s fit. The standard errors calculated from this
matrix are crucial for conducting significance tests on parameters and constructing their
corresponding confidence intervals. Furthermore, these errors help in pinpointing the
variables that significantly influence the classification. However, deriving the second
derivatives analytically for the MOER-SSMSN model proves to be quite intricate and
computationally demanding. To overcome this challenge, we follow the approach in
Basford et al. (1997), where the outer product of the individual score (gradient) vectors
is used as an efficient approximation for the observed information matrix, which can

be written as
n

L:}Z@g, (3.8)

j=1
)

where

A _ a.f(y]/ G)) —E-~ aZC](@) | y]/7/]/ le/ TZj/Zj)
T T e e 20
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The individual score vector for each observation, indexed by j = 1,...,n, is derived

based on the findings of Louis (1982). In this context, £j(® | y;, v, T1j, T2j, Z;) represents

the log-likelihood function of the complete data for the jth observation. Therefore, the

following expression holds:

1y — @ %))
2012

8
(O 1y 12, Z)) = ) Zig| log milw;i ) - + ity j(Yj — ¢} &)
i=1

2 T2
n;02i(Yyj — p; &)
_ i 5 —log(oi) + log( \TjT2jh(T, T2 1/1-)) ] (3.9)

For further clarification, the gradient vector 3; is composed of the following partial

derivatives:
5 = (éw,l, o8 Sians - Siag Siprr - Siper Sitr -8 S - .,§]-,Vg) .
By applying vector and matrix differentiation to (3.9), we derive:
$iap = (&ij — mi(wj; P))wj,

» ;\iW3ijCz(yj,¢z) AquCZ(y,,%) WlijC%(yjzsai) 1

[~ = G (yi,@i) Cz(y Pi) A0 - 02 (yj.42i)

X [ AiWsii—55 Cz(]/], D op (A2 WZz] Wiij)  —o—
Sjpi = Zij - v + |,

&i al. Ca(yj, pi)

WGy, ) Ao Gl 8)
SA]',/\i _ 21']' 3ij A(y] Pi) _ AiVVaij Azz Yi, pi ' (3.10)

Qi
i Oéi

It should be noted that conditional expectation estimates, including Z;;, are defined
similarly to previous ones, with © replacing ®®. However, it should be noted that the
forms of these conditional expectations vary according to the specific subfamily of the
SSMSN distributions considered, as described in the corresponding subsections.

The detailed expressions for the components of §;,, are provided in the following.

(i) STT model:

N)

§er11‘ = —[log( )+1+W41] Wli]'—DG(%)],

Z — .
Sy = = [log( )+1+w51] wy]-—DG(%)].

Ifvyy=---= Vog = V2, then §j,vz = Zf:l §er21"
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(i) SGLN model:
SA]',VZ. = _21']' [lOgZ + DG(f/Z‘) + W4i]'] .

(iii) SSN model:

5 2| L
eI 2 )
Assuming regularity conditions are met, the standard errors for the estimates of O are
obtained by taking the square roots of the diagonal elements from the inverse of the

information matrix, as described in equation (3.8).

3.8 Initialization Procedure and Convergence Assessment

The EM-type algorithms inherently suffer from the limitation that they do not guar-
antee convergence to the global maximum, owing to the multimodal structure of the
likelihood surface in mixture-based models. In fact, their efficiency is largely influenced
by the choice of initial parameter values (Baudry and Celeux, 2015). To mitigate this
issue and to improve numerical stability, we recommend the following initialization

strategy for the proposed ECME algorithm:

1. Combine the response vector and the corresponding covariates from the expert
networks into a single augmented matrix. The matrix is then partitioned into g
clusters using the k-means algorithm implemented in the KMeans_rcpp () function

in R, initialized through the k-means++ strategy.

2. For initializing the gating coefficients 1);, two simple schemes may be employed.
In the first approach, set ¢; = 0, fori = 1,...,¢ — 1, which effectively reduces
the MoE model to equal mixing proportions. Alternatively, one may compute
the initial posterior probabilities 25?) from the k-means classification results and

estimate 9 by fitting a generalized linear model.

3. Using the cluster assignments obtained from k-means, estimate the regression

parameters cﬁg

based on Santana et al. (2011).

0 by fitting separate linear regression models within each cluster

4. Two possible choices may be adopted for initializing the skewness parameters.

One can either assign )A\EO) = 0 for all i, or initialize them using the empirical
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skewness of the residuals in each cluster. It is advisable to implement both
initialization schemes and retain the model corresponding to the higher log-

likelihood value.

2(0)

5. The scale parameters ;" are obtained by

5(0) A0)7 ~ \2
@72(0> 3 21]'1:1 Zij (]/] - 901‘ ’JC])

! n  00)
Z]’:l Zi]'

6. Specify relatively small initial values for 191.(0).

The EM-type algorithm is monitored to convergence through the relative change in
the observed log-likelihood, defined as

(O - ¢(O)
— <eg,
£(©)

where ¢ represents a user-specified tolerance level. During our experiments, con-
vergence was considered achieved either when the maximum number of iterations
(kmax = 2000) was reached or when the relative change in the log-likelihood dropped
below 107°.

The proposed estimation procedure follows the standard ECME framework. There-
fore, under regularity conditions, the observed log-likelihood is guaranteed to be non-
decreasing across iterations. The convergence properties of EM-type algorithms have
been extensively studied in the literature; see, for example, Dempster et al. (1977) and
Liu and Rubin (1994). Furthermore, the convergence behavior of the proposed EM-
type algorithm was examined under several different initial values of the parameters.
The numerical results demonstrated stable convergence patterns with nearly identical
final log-likelihood values, indicating low sensitivity of the algorithm to parameter

initialization.

4 Risk Evaluation for MoER-SSMSN Models

Evaluating risk is of paramount importance for investors managing portfolios contain-
ing risky assets. Consequently, risk metrics and their underlying theories are critical

for estimating potential financial losses. In practice, these risk measures serve several
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key functions, such as determining the required risk capital, ensuring that capital re-
quirements are met, providing tools for effective management, and setting insurance
premiums McNeil et al. (2015). Statistical methods are essential in achieving these
goals, as the majority of modern risk measures applied to portfolios are inherently sta-
tistical. The following proposition outlines how various risk measures can be derived,
assuming that asset characteristics adhere to the SSMSN distribution.

In this context, several risk metrics are considered, including the Target Shortfall
(TS), Value-at-Risk (VaR), and, notably, the Tail-Value-at-Risk (TVaR). For clarity and
simplicity in our notation, we define the following: the r-th order upper partial moment
of a random variable, along with the probabilities of shortfall (PS) and outperformance
(PO).

Let E[Y -y, represent the upper partial moment of order r for the random variable

Y, with respect to R*. In particular, this can be written as

E[Y -y, ], = ft (- ) frly @) dy,

where y; acts as a reference point that distinguishes between accretions and depletions,
and fy(-; w) denotes the pdf of Y, parameterized by w. The reference point y, can either
be a static threshold, such as a predetermined income poverty line applicable to all
households, or a flexible target that changes based on the distribution of the random
variable specific to each household. In the next proposition, we derive explicit formulas
for calculating the probabilities of shortfall (PS) and outperformance (PO) within the
SSMSN framework.

Proposition4.1. Consider the random variableY following the distribution Y ~ SSMSN(u, a2, A, ).
The probabilities of Y either falling below or exceeding a given threshold y, are expressed as
follows: The probability of Y falling below the target y,, known as the probability of shortfall, is
given by

PS(yg, t, 0%, A, v) =1 = E[Y = yglo+ = Fssmsn(¥g; tt, 0%, A, ),

while the probability of outperformance, where Y exceeds the target, is
PO(yg, 1t, 0%, A,v) = E[Y = yglo+ = 1 — Fssmsn(Ya; ph, 0%, A, v).

Here, Fsspsn(-; 1, o2, A, v) represents the cdf of the SSMISN distribution, standardized appro-
priately.
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Proof. The proof is straightforward and therefore not included. m]

It is important to note that closed-form phrases for PS and PO of the SSMSN
distribution do not exist. As a result, risk evaluations are typically conducted using the
cdf of the SSMSN distribution. The target shortfall (TS) risk measure, which quantifies
the deviation of a random variable from a specified threshold, is characterized as the
first-order upper partial moment with respect to y, € R*.

For a random variable Y ~ SSMSN(u, 02, A, v), the TS measure can be expressed as

follows:

TS(]/q; [.l, 02/ AI V) = E[Y - ]/q]+ = f (y - ]/q)fSSMSN(]/} ul 02/ /\/ V) d]/
Yq

Alternatively, this can be reformulated as:

TS(yq, 1, 0%, A, v) = f yfssmsn(Y; 1, 0%, A, v) dy — v, PO(yg, 1, 0%, A, v).
Yq

The Value-at-Risk (VaR) is a commonly used measure of risk in financial markets.
For a given confidence level q € (0,1), VaR is defined as the value below which the

probability of loss is at most g:

VaR,(Y) = sup{y | Fy(y) <4},

where Fy(y) is the cdf of Y. However, VaR has been questioned for its loss of consistency,
asis heavily influenced by the tail of the loss distribution, which can result in misleading
assessments of risk.

In contrast, the Tail-Value-at-Risk (TVaR) is considered a more reliable and coherent
risk measure. It satisfies important properties such as regularity, additive property,
sameness, and transferability across shifts, and represents the anticipated extreme loss.
TVaR delivers the foreseen value of losses that exceed a considering threshold. For

every g € (0, 1), the definition of TVaR is:
TVaR(Y;q) = E[Y | Y > VaR,(Y)].

The TVaR can also be characterized by the tail conditional expectation, as follows:

1 00
TVaR(T; q) = g f Yfssmsn(y; 1, 0%, A, v) dy,
Yq

where y, is relative to the distribution with g-th percentile.
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Corollary 4.2. If Y follows a mixture of SSMSN distributions with the probability density
function given by (3.2), and if VaR,(Y) = yy, therefore, the TVaR of Y is calculated as:

g 00
1
TVaR(Y;q) = 1= ) miCwi®) | - yfssuisn (v 0] &,07, Aim).
i=1 Yq

5 Simulation studies

5.1 Finite-sample performance

In this part of the study, we perform a Monte Carlo (MC) simulation to explore
the behavior of the proposed estimators derived from the ECME algorithm when
applied to small sample sizes. Additionally, we assess the accuracy of the stan-
dard error estimates, which are calculated using the information-based approach de-
scribed in Section 3.7. We generate 500 MC samples for each of the sample sizes
n = 50,100, 250,500, 1000, and 2000, using the three-component MoER-STT models.
The remaining model parameters are set as follows: ¥ = (2,-4)7, ¢ = (-2,-4)7,
M =2, A =3, A3 = =2, (0],05,03) = (05,1,1.5), (v1,v2,v3) = (4,7,10), 1 = (0,4)7,
w2 = (0,-3)7, and 3 = (-2,1)7. The covariates are defined as v; = =; = (1, xy;)7,
where x1; is drawn from a uniform distribution U(-2, 2).

In order to assess the precision of the estimates, we compute the absolute relative
bias (ARB) and root mean square error (RMSE) through numerous replications, using

the following formulas:

1 500 é ) 1 500 2
ARB = — Jr Vtrue RMSE = | — A _
500 ; Qtrue ’ S 500 ; (Qr Qtrue) s

where 6, denotes the estimated parameter in the rth replication, and Oy is its true
value.

The first simulation study was designed to investigate the finite-sample behavior of
the proposed estimators under different sample sizes. In particular, the empirical stan-
dard deviations (STD) and the average estimated standard errors (ASE) were evaluated
in order to assess the stability and accuracy of the estimation procedure.

Additionally, to investigate the finite-sample behavior and stability of the proposed
estimators, we compute the empirical standard deviations (STD) of the parameter

estimates together with the average estimated standard errors (ASE) obtained from the



98 Hashemi

06
02

0.4

01
02

05
0.025

il
i
VA

50 100 250 500 1000 2000 50 100 250 500 1000 2000 50 100 250 500 1000 2000

Measure ARB =~ RMSE

Figure 1: Absolute relative bias (ARB) and root mean squared error (RMSE) of param-

eter estimates across different sample sizes.

observed information matrix:

L ] 30 2 1
STD = )] Qr_ﬁszl 0|, ASE:%;se(Gr).

By comparing the values of STD and ASE, we can assess the quality of the asymptotic
approximation in relation to the finite-sample variability of the estimators.

The simulation outcomes, illustrated in Figure 1, reveal a clear downward trend in
both ARB and RMSE values with an increasing sample size 1, strong empirical evidence
is provided for the consistency of the proposed estimators. Moreover, the numerical
evidence summarized in Table 1 shows that, as the sample size increases, the empirical

standard deviations (STD) become progressively closer to the corresponding average
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Table 1: Simulation outcomes for assessing the empirical standard deviations (STD)

and the estimated standard errors (ASE) of parameter estimates for varying sample

S1zes.
n Measure ¢y Y12 Y Y M Az A3 a1 a2 a3 Pn P12 o0 [0 P31 P32 V1 2 v3
50 STD 1.060 0305 0295 0370 0960 0215 0210 0305 1550 2300 0675 0.755 0.625 0705 0.080 0.380 0.350 0.330 0.300

ASE 1580 0420 0430 0225 0760 0.150 0.152 0.180 2.100 1.650 0.340 0550 0.715 0.800 0.085 0.940 0.900 0.860 0.810
100 STD 0.875 0245 0240 0295 0.790 0.175 0.180 0.260 1280 1950 0570 0.645 0515 0585 0.070 0.280 0255 0.235 0215
ASE 1400 0375 0380 0195 0670 0.130 0.133 0.156 1.840 1460 0285 0480 0.580 0.660 0.070 0.725 0.685 0.655 0.615
250 STD 0510 0.125 0.127 0.155 0415 0.095 0.097 0120 0830 1140 0335 0350 0275 0310 0.045 0210 0.190 0.170 0.155
ASE 0720  0.150 0.158 0.100 0.340 0.065 0.067 0.078 1.010 0.850 0270 0.280 0340 0355 0.048 0.530 0.490 0460 0435
500 STD 0300 0.065 0.063 0.080 0.250 0.055 0.055 0.070 0480 0675 0240 0245 0200 0.215 0.035 0.145 0.135 0.120 0.105
ASE 0440 0.090 0.100 0.060 0210 0040 0.045 0.050 0640 0510 0.195 0.190 0230 0240 0.037 0400 0355 0325 0.295
1000 STD 0215 0.045 0.045 0065 0.180 0035 0036 0.050 0310 0440 0.160 0.170 0.130 0.145 0.025 0.105 0.095 0.085 0.075
ASE 0.280 0.045 0.046 0.060 0.150 0035 0.036 0.045 0335 0390 0.150 0.155 0.150 0.160 0.025 0270 0240 0220 0.195
2000 STD 0.140 0.030 0.028 0.037 0115 0027 0027 0.034 0215 0325 0105 0.115 0.085 0.098 0.018 0.075 0.068 0.060 0.054
ASE 0.135 0.032 0.029 0.037 0105 0026 002 0.033 0230 0305 0.100 0.105 0.095 0.102 0018 0.195 0175 0.155 0.135

standard errors (ASE), confirming the adequacy of the approximation presented in
Section 3.7 and indicating satisfactory finite-sample performance and consistency of
the proposed estimators. Additional Monte Carlo experiments performed under al-
ternative MoER-STT specifications exhibited comparable behavior, and are thus not
reported here for the sake of conciseness. Taken together, these findings highlight
the numerical stability, robustness, and overall reliability of the EM-based estimation

framework across a variety of configurations.

5.2 Evaluating the effectiveness of models for heavy-tailed data

In this study, we assess the ability of the proposed model to handle data with heavy tails
by evaluating its clustering performance. The experiment involved generating n = 512
observations using a three-component MoER-SSMSN model, based on the convolution
representation of the SSMSN distribution. Two distinct schemes were used for gen-
erating the error terms ¢;; in equation (3.1). The first scenario (S1) assumed that the
mixing variable ¢;; followed a mean-variance mixture of a skew-normal distribution, a
model referred to as MOER-MVMSN. This model was not detailed in Section 2. In this
scenario, the error terms were defined as ¢;; = WjA; + \/W]-Z1 j»where Z1; ~ SN(0,1,1.5)
and W ~ GIG(-v;/2,v;,0), both drawn independently. The second scenario (S2) as-
sumed that the expert components followed an ST distribution. To groups 1, 2, and 3,
x1; ~ U(-3,-1), x1; ~ U(-2,1), and x1; ~ U(0, 3), where U(a, b) is uniform distribution
with lower band a, upper band b. For the parameterization of the covariates, we set

w; = (1, w1, wip) ", where wj; ~ U(-2,1) and vjp ~ N(0, 1.5). The gating parameters were
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specified as ¥ = (2,-3,5)" and ¢, = (1,-2.5,9)7. Additionally, the shape parameters
were set to 017 = 0.5, 02 = 1, and 03 = 2, with skewness parameters A; = 3, A, = -2, and
Az = =3, and the degrees of freedom set to v{ = 2, v, = 3, and v3 = 5. The regression

coefficient matrices were defined as 1 = (-4,4)7, 2 = (0,-3)7, and 3 = (0,4)".

We ran 100 simulation replications, each considering six submodels from the
MOER-SSMSN family and their standard mixture counterparts (SSMSN models) for
g €{1,2,3,4,5}, leading to 60 fitted models per replication. The optimal number of ex-
pert components was determined using three well-known information criteria: the BIC
(Schwarz, 1978), the ICL criterion (Biernacki et al., 2000), and the EDC (Bai et al., 1989).
To evaluate the classification performance of the fitted models, we employed the ARI
(Hubert and Arabie, 1985), the Jac. (Tanimoto, 1958), and the VI distance (Meila, 2007).
A model with a smaller VI value (closer to zero) implies higher clustering precision,
whereas larger ARIand Jac. values (approaching one) reflect a stronger correspondence
between the predicted clusters and the true class memberships. For further compari-
son, the proposed models were also evaluated against two related Mixture of Experts
regression models introduced by Sepahdar et al. (2022), namely the MoER based on
mean mixture of normal exponential distribution (MoER-MMNE) and based on mean

mixture of normal exponential and half-normal distribution (MoER-MMNEH).

As reported in Table 2, the MoER-based models consistently outperform their stan-
dard counterparts, demonstrating the benefit of incorporating covariates into the mix-
ing proportions. The MoER-SSMSN models show superior performance compared to
both MoER-N and MR-N models. Moreover, models with heavy-tailed distributions
such as STT and SGLN typically perform better across all three clustering metrics.

In Scenario 1 (S1), the MoER-STT model performs best in clustering, achieving the
highest quality measure values. In Scenario 2 (52), the MoER-STT and MoER-SGLN
models show similar clustering accuracy, with slightly lower information criteria values
for the MoER-SGLN model, suggesting a better fit. Furthermore, the three-component
model yielded the best results for STT and SGLN distributions, whereas four or five-
component models were more effective for the remaining distributions in terms of

clustering performance.



Expert mixture models based on skew distribution 101

Table 2: Average values of BIC, ICL, EDC, ARI, Jaccard coefficient, and VI across 100
Monte Carlo replications for evaluating the clustering performance of the proposed

models under heavy-tailed scenarios.

Scenario S1 Scenario S2
Model BIC ICL EDC ARI  Jac. VI BIC ICL EDC ARI  Jac. VI
MOoER-STT -532.215 -536.592 -525.786 0.921 0.880 0.060 -490.032 -495.330 -480.246 0.951 0.930 0.050
MOoER-SGLN -511.146 -515.345 -505.472 0.912 0.870 0.070 -475.132 -480.610 -465.157 0.941 0.910 0.060
MOoER-ST -503.218 -505.447 -495.275 0.903 0.860 0.080 -460.145 -465.379 -460.139 0.932 0.900 0.065
MOoER-SSN -488.186 -485.336 -475.204 0.883 0.850 0.085 -455.108 -460.209 -455.183 0.925 0.890 0.070

MoER-MMNEH -497.284 -500.416 -488.233 0.891 0.845 0.082 -458.327 -462.518 -450.286 0.921 0.882 0.068
MoER-MMNE -491.172  -494.285 -482.164 0.887 0.838 0.084 -452.491 -456.672 -445.318 0.917 0.875 0.071

MOoER-SN -475.160 -475.287 -465.140 0.862 0.820 0.090 -445.092 -450.230 -445.170 0.914 0.860 0.075
MoER-N -464.139 -465.276 -455.123 0.841 0.790 0.100 -440.071 -445.130 -435.150 0.902 0.820 0.080
MR-STT -582.211 -585.423 -575.323 0.735 0.710 0.150 -540.190 -545.312 -530.276 0.793 0.750 0.130
MR-SGLN -570.175 -575.320 -565.244 0.724 0.700 0.160 -530.180 -535.240 -520.230 0.783 0.740 0.140
MR-ST -561.148 -565.209 -555.230 0.743 0.720 0.155 -525.149 -530.210 -520.215 0.765 0.710 0.145
MR-SSN -554.129 -555.201 -545.211 0.753 0.730 0.145 -520.135 -525.196 -515.180 0.777 0.690 0.150
MR-SN -548.116 -545.198 -535.183 0.767 0.740 0.140 -510.118 -515.170 -505.195 0.781 0.680 0.155
MR-N -533.103 -535.182 -525.170 0.771 0.750 0.135 -500.106 -505.130 -495.145 0.792 0.660 0.160

5.3 Predictive performance evaluation

To evaluate the predictive performance of the proposed MoER-SSMSN model, we
conducted a Monte Carlo simulation study and compared it with widely used ma-
chine learning methods, including Random Forests, Gradient Boosting, and Neural
Networks. In addition, the simulation design was constructed to investigate the ro-
bustness of the proposed heavy-tailed MoE framework against contamination and
atypical observations, as well as its computational behavior in higher-dimensional
settings. This experiment investigates how effectively the proposed model identifies
mixture components when the dataset contains atypical or outlying observations. We
generated 200 independent samples, each of size n = 3000, from the regression model
in (3.1) with ¢ = 3 mixture components. The error terms were drawn either from the
normal mean variance Birnbaum-Saunders (NMVBS; Naderi et al., 2023) distribution or
the extended skew normal (ESN; Capitanio et al., 2003) distribution. In particular, 200
replications were simulated from each family, using the two-component version of (3.1)
with ¢;; ~ NMVBS(0, a?, Ai,a;), where a1 = 1 and a; = 2, or ¢;; ~ ESN(0, 012, Ai, vi) with
v1 = 3 and v, = 5. For both cases, equal mixing proportions 7;; = 1/2 were assumed.

To further assess the scalability and computational stability of the proposed models
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in moderately high-dimensional settings, the number of predictors was increased to
p = 10. The covariate vector was defined as =; = (1,x1;, xzj,...,xloj)T, where x;; ~
U(-1,5), fork = 1,...,10. Two different configurations of regression coefficients were

considered:

e First scenario (S1):
B =(-4,4,2,-1,3,05,-2,1,2.5,-1.5,0.8)", 3, =(0,3,-2,1,-1,2,1.5,-0.5,3,-2,1)7,
with O'% = 0% =04.

e Second scenario (S2):
B =(-1,3,15,-2,2,05,-1,25,-0.5,1,3)", B, =(3,-1,2,1,-2,3,-1.5,0.5,2,-3,1.5)",
with a% =0.6 and a% =0.9.

The skewness parameters were fixed at Ay = 2 and A, = 3. The presumed gat-
ing parameters were set as 91 = (2,-3,1,-15,2.5,-0.5,1,2,-2,0.5,-1)" and ¢» =
(1,-25,2,-1,15,-2,05,1,-1.5,2,-0.5)".

To evaluate robustness against contamination and outliers, an additional 150 ob-
servations were generated from U(15, 25) and randomly assigned to one of the mixture
components. This contamination mechanism was intentionally introduced to assess
the stability and robustness properties of the proposed heavy-tailed MoER-SSMSN
models under atypical data scenarios.

For each of the 200 replications, three benchmark MoER-SSMSN models (MoER-
STT, MoER-SGLN, and MoER-ST) and three counterparts from the machine learning
methods (Random Forests (RF), Gradient Boosting (GB), and Neural Networks (NN))
were fitted with ¢ = 2 mixture components. All machine learning benchmark models
were implemented in R using the corresponding packages and were evaluated on the
same independent test sets as the proposed model. In each replication, the simulated
data were randomly divided into training and testing sets with a ratio of 70% and 30%,
respectively. The Random Forest model was fitted using the randomForest package
with 500 trees and default splitting parameters. The Gradient Boosting model was
implemented using the gbm package with 300 boosting iterations, a learning rate of
0.05, and interaction depth equal to 3. The feed-forward Neural Network was fitted

using the nnet package with one hidden layer containing 10 neurons, using the logistic
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Table 3: Performance comparison between the selected MoER-SSMSN models and

machine learning methods under simulated data with outliers.

Error Outlier Measure MOoER-STT MOoER-SGLN  MoER-ST RF GB NN
S1 S2 S1 S2 S1 S2 S1 S2 S1 S2 S1 S2
NMVBS 0 RMSE 122 126 121 127 123 126 118 124 118 124 118 1.25
MAE 095 098 094 099 09 098 113 119 114 119 114 120
R? 0956 0.710 0961 0.710 0.957 0.711 0962 0.716 0959 0.713 0.957 0.710

CPU Time (s) 1342 1485 1458 1494 1397 1411 234 248 275 281 312 325
Avg. Iteration 238 241 240 242 235 237 - - - - - -

50 RMSE 141 146 138 147 140 146 159 163 157 164 158 1.64
MAE 1.07 112 105 113 1.06 112 153 158 152 158 1.52 1.8
R? 0.819 0.597 0.807 0595 0.815 0.597 0.832 0.605 0.820 0.601 0.818 0.599

CPU Time (s) 17.14 1748 1731 1756 16.82 1695 261 274 294 3.08 341 355
Avg. Iteration 344 347 345 348 341 343 - - - - - -

ESN 0 RMSE 133 137 132 138 134 137 123 130 123 130 123 1.31
MAE 1.00 104 099 105 101 104 117 124 118 125 118 125
R? 0.920 0.683 0.925 0.689 0922 0.683 0.932 0.692 0928 0.689 0.924 0.686

CPU Time (s) 14.75 14.03 14.89 1516 1431 1445 242 257 286 293 320 331
Avg. Iteration 239 242 241 243 236 238 - - - - - -

50 RMSE 148 153 150 155 149 154 170 175 175 176 172 176
MAE 113 118 115 120 114 119 164 169 169 171 166 1.70
R? 0.680 0.652 0.685 0.656 0.681 0.652 0.692 0.661 0.688 0.657 0.684 0.654

CPU Time (s) 17.63 1795 17.81 1804 1718 1736 284 298 317 329 358 371
Avg. Iteration 346 349 347 350 343 345 - - - - - -

activation function and a maximum of 500 training iterations. These settings were fixed
throughout the 200 simulation replications to ensure a consistent comparison among
competing methods. The hyperparameter values were selected based on commonly
used settings in the literature and fixed before conducting the simulation study. No

additional regularization was applied in the neural network model.

For each simulated dataset with sample size n = 3000, the proposed MoER-SSMSN
model, Random Forest, Gradient Boosting, and a feed-forward neural network were
fitted. Predictive performance was assessed using RMSE, MAE, CPU Time (Seconds),
and R? on an independent test set. In addition to predictive accuracy measures, com-
putational aspects of the proposed estimation procedure were also examined through
the average CPU time and the average number of iterations required for convergence.
The simulation experiment was repeated 200 times, and the average values of these

performance measures were reported.

The results reported in Table 3 provide a comprehensive comparison between the

proposed MoER-SSMSN models and conventional machine learning approaches across
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different error distributions, contamination levels, and parameter settings. Overall, the
MoER-based models demonstrate competitive and often superior predictive perfor-
mance, particularly in terms of RMSE and MAE, under both NMVBS and ESN error
structures. In the absence of outliers, all models perform relatively well;, however,
the MoER-SGLN specification consistently achieves slightly lower RMSE and MAE
values compared to MoER-STT and MoER-ST, indicating a better fit to asymmetric
and heavy-tailed data. This advantage is especially noticeable in Scenario S1, where
the separation between components is more pronounced. Although machine learn-
ing methods such as RF and GB exhibit strong R? values-occasionally exceeding those
of the MoER models-their error metrics (RMSE and MAE) are generally higher, sug-
gesting less precise predictions despite good overall variance explanation. NN tend
to perform similarly to GB but do not outperform the MoER-based approaches in a

consistent manner.

When contamination is introduced (150 outliers), the robustness of the MoER-
SSMSN framework becomes more evident. The increase in RMSE and MAE re-
mains comparatively moderate for the proposed heavy-tailed MoER models, indi-
cating stronger resistance to outlying observations and contaminated data structures.
In particular, MoER-SGLN maintains the best overall performance among the MoER
variants, especially under the NMVBS distribution, where heavy tails and skewness
are present. Under the ESN distribution, a similar trend is observed, although the gap
between models slightly narrows. Machine learning methods experience a more sub-
stantial degradation in performance under contamination, with RF and NN showing
the largest increases in error metrics. While R? values decrease for all models in the
presence of outliers, the decline is less severe for the MoER-based models, suggesting

more stable predictive behavior.

From a computational perspective, the reported CPU times and average iteration
counts indicate that the proposed EM-type estimation procedure achieves stable con-
vergence within a reasonable number of iterations, even in the presence of contami-
nation and higher-dimensional covariates. These findings highlight the effectiveness
of incorporating flexible skewed and heavy-tailed distributions within the mixture-of-
experts framework, making the proposed MoER-SSMSN models particularly suitable

for complex data scenarios involving heterogeneity and contamination.
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6 Application to Economic Data

In this part of the study, we evaluate the performance of the proposed model by
applying it to two real-world datasets and comparing the results with those obtained

from the classic mixture (MR-N) and mixture of experts (MoER-N) models

6.1 Data sets

e Film rev. data set: The £ilm90 dataset, available in the gamlss.data R package,
contains information on the revenues of films released in the year 1990. The
data includes the box office revenue, measured in millions of USD, for each
movie in the sample. The dataset also includes variables such as the genre,
the production budget, and the number of screens the film was released on.
This dataset is commonly used in the context of modeling financial data due
to its diverse characteristics, including heavy-tailed distributions and significant
skewness. The £ilm90 data provides a valuable real-world example for testing
and comparing different statistical models, particularly those designed to handle
non-normal distributions. We investigated the linear dependence of the 1boopen
variable on the 1nosc and lborevl variables. Additionally, we considered the

Inosc and lborevl variables as gating covariates.

e rent99 data set: The rent99 dataset, available in the gamlss.data R package,
provides information on rental prices in Munich for the year 1999. The dataset
consists of the monthly rental prices, known as the net rent, which represents
the amount left after deducting all operational expenses and additional costs,
calculated on a per-square-meter basis. This data offers valuable insights into
the housing market and is often used for modeling real estate prices. It is char-
acterized by a skewed distribution and some degree of leptokurtosis, making
it suitable for testing models that handle non-normal data. The rent99 data is
commonly employed for illustrating the application of statistical techniques in
economic and financial modeling. We investigated the linear dependence of the
rent variable on the rentsqm variable. Additionally, we considered the rentsqm

variable as gating covariate.
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Table 4: Selected component, BIC values, p-values, and rankings for the models applied

to the rent99 and film rev. datasets.

Models rent99 film rev.
BIC g KS p-value Rank BIC g KS p-value Rank

MoER-N 1434146 3 0.069 0.15 15 18906.71 3 0.075  0.22 15
MoER-SN 14205.71 2 0.058  0.55 10 18832.61 2 0.064  0.63 11
MOoER-ST 14152.61 2 0.009 0.96 4 18784.49 2 0.011 0.97 6
MoER-STN 1414749 2 0.009 0.98 3 1877535 2 0.011  0.98 3
MoER-STT 1413135 2 0.006  0.99 1 18760.76 2 0.010  0.99 2
MoER-SGLN 14135.76 2 0.006  0.99 2 1875192 2 0.010 098 1
MoER-SSN 14166.11 2 0.015 091 7 18783.78 2 0.018  0.95 5
MoER-MMNEH 1415842 2 0.011 0.95 5 18781.64 2 0.013 0.96 4
MoER-MMNE  14163.18 2 0.013  0.93 6 18788.51 2 0.015 095 7
MR-N 14450.82 3 0.077  0.12 16 18955.56 3 0.089  0.15 16
MR-SN 14319.56 2 0.063  0.42 14 18869.08 2 0.075 045 14
MR-ST 14288.08 2 0.018 081 13 18840.82 2 0.019  0.79 12
MR-STN 14232.82 2 0.015 0.89 11 18820.56 2 0.022 0.84 10
MR-STT 1419756 2 0.012  0.90 8 18809.08 2 0.018  0.90
MR-SGLN 14203.08 2 0.019 093 9 18797.56 2 0.022  0.89
MR-SSN 1425223 2 0.026  0.83 12 1884534 2 0.041 086 13

6.2 Experiments and Evaluation

In every trial, models from the MoER-SSMSN and MR-SSMSN families, together with
the MoER-MMNE and MoER-MMNEH models proposed by Sepahdar et al. (2022),
were fitted to the data for varying values of g, with the optimal number of mixture
components selected according to the BIC criterion. The first experiment focused on
evaluating the effectiveness of the proposed models for clustering tasks, particularly in
the presence of regression relationships among the variables. A range of models was
evaluated on the rent99 and film rev. datasets, with g values spanning from 1 to
5. Table 4 shows the significant results, namely BIC scores, component counts (g), KS
statistics, and p-values for all models as applied to the datasets.

As shown in Table 4, the skewed models consistently outperform their symmetric
counterparts across both datasets. Specifically, when analyzing the rent99 dataset, a
substantial improvement in both BIC and KS statistics is observed with the MoER-STT

model. Every skewed model opted for a two-component structure, and its performance
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distributor
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Figure 2: Bar chart of categorical attribute, in the film rev. data set.

was better than that of the MoER-N and MR-N models, which used three components.
Additionally, the asymmetric MOER-SSMSN models generally demonstrated superior
titting performance compared to the MoER-N model. Notably, the MoER-SGLN, a two-
component heavy-tailed model, yielded the best results with a BIC of 18751.92. Figures
2 and 3 are obtained based on the classification results derived from the MoER-STT
and MoER-SGLN models, respectively.

Figure 2 suggests that most films distributed by independent distributors tend to
have lower values for both the log of box office opening revenues and the log of box
office revenues after the first week. In contrast, films released by major distributors
generally exhibit higher revenue levels on these two measures. However, it should
also be noted that some films associated with major distributors still show relatively
low opening-week and post-first-week box office revenues.

Using Figure 3, based on the monthly net rent per month, Almost all houses located
in top locations belong to the second class, and the monthly rental prices of these
houses are generally higher than this of the other class. Also, The presence of a
standard bathroom and kitchen has a significant positive effect on increasing monthly
rental prices. Almost all cars in the cluster 2 have high the monthly rental prices.
Houses equipped with central heating generally have higher rental prices and mostly
belong to the cluster 2. This may be explained by the fact that central heating reduces

energy costs, which play an important role in household economics in Europe. An
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Figure 3:

eeeeee

Figure 4: Plots of VaR (left) and TVaR (right) against varying confidence levels (g) for
the rent99 (top) and Film rev. (bottom) datasets.

evaluation of the precision of the forecasted VaR and TVaR values will be conducted,
drawing upon the parameter estimates from the prior section. For this evaluation,

three million samples are generated from each model. Please note that VaR aligns with
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the g-th percentile of the loss simulation data, whereas TVaR signifies the average loss,
consistently exceeding VaR. Table 5 displays the detailed VaR and TVaR estimations
across different models and four datasets, with confidence levels of 99%, 97.5%, and
95%. The results clearly indicate that the MoER-SSMSN distributions produce VaR and
TVaR predictions that are much closer to the true values in most cases. Figure 4 provides
a visual comparison of empirical values and theoretical VaR/TVaR predictions from the
five best models, with confidence levels from 90% to 99%. Projected risk measures

closely resemble those observed in reality.

Table 5: Evaluation of VaR and TVaR estimates for two real-world economic datasets,
based on the MoER-SSMSN sub-models, across confidence levels of 99%, 97.5%, and
95%.

Data Criteria Level Empir. MoE-N MOoE-SN MOoE-ST MOoE-STN MoE-STT MoE-SGLN MoE-SSN
099 13.077 15520  13.493 13.065 13.069 13.074 13.072 13.050
VaR 0975 11947 14.005  12.383 12.110 12.052 11.988 12.008 12.305
rent99 095 11.222 11.830  10.995 11.158 11.179 11.201 11.190 11.013
0.99 14305 18.096  16.639 14.243 14.250 14.290 14.273 14.197
TVaR 0975 13.167 15.361  13.983 13.205 13.191 13.165 13.175 13.251
095 12339 13480 13.015 12.402 12.377 12.355 12.364 12.456
099 16920 18150  17.122 17.104 16.859 16.887 16.895 16.806
VaR 0975 16523 17.052  16.362 16.401 16.512 16.520 16.524 16.486
Film rev. 095 16210 15710  15.930 16.015 16.193 16.202 16.214 16.170
099 17172 19411  17.530 17.272 17.249 17.226 17.205 17.261
TVaR 0975 16902 18.236  17.140 16.996 16.920 16.917 16.905 16.932
095 16.622 17430  16.901 16.840 16.649 16.640 16.625 16.670

7 Concluding Thoughts

In this study, we present a novel robust model based on the mixture of linear experts
approach, tailored for handling heavy-tailed data. The proposed MoER-SSMSN model
leverages the scale-shape mixture of skew-normal (SSMSN) distributions to effectively
address key challenges such as accommodating heavy-tailed distributions and manag-
ing outliers. By extending the classic MoER framework, this model provides a versatile
and powerful tool that adapts to the complexities of real-world data. One of the key
strengths of the MoER-SSMSN model is its flexibility, which allows it to generalize
the traditional MoER approach. A significant advantage of this model is its ability
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to incorporate covariates into the gating function, leading to enhanced data classi-
fication and improved model performance. We have also introduced an innovative
Expectation-Maximization (EM)-type algorithm for efficiently estimating the model
parameters using the hierarchical structure of the SSMSN distribution. This algorithm
is implemented within the R programming environment, offering a practical and ef-
fective solution for researchers and practitioners. To assess the performance of the
MOoER-SSMSN model, we conducted four Monte Carlo simulation studies, focusing on
tasks such as nonlinear regression, prediction, and model-based clustering. The results
of these simulations demonstrate the model’s robustness against outliers and unusual
observations, confirming its suitability for handling complex data structures. Addi-
tionally, a real-world case study illustrated the model’s applicability and its advantages

in practical scenarios.

Looking ahead, one promising avenue for future research involves the development
of variable selection techniques for both the regression and gating components of
the model. We also plan to explore the extension of this model from univariate to
multivariate regression settings, which is currently under investigation. For further
reading, we direct attention to the work of Sepahdar et al. (2022), who proposed an exact
ECM algorithm for mean mixture normal distributions. Another exciting direction is
the adoption of a fully Bayesian framework for model inference and prediction, a

concept explored in earlier works (Peng et al., 1996; Zens and Lerch, 2019).
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Appendix

A Particular instances of SSMSN distributions

A.1 The STT distribution

Consider two independent random variables, 71 and 72, each of which follows a gamma

distribution with identical shape and rate parameters of 3, where i = 1,2. Specifically,
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we have: 7, ~T'(vi/2,/v;i/2) for i=1,2. The joint pdf of 71 and 7, is given by the

product of their individual gamma distributions:

ve VZ) (A1)

hriv) = fr(“’z 1/2)fr(2’2 2

where T = (11, 72) T and v = (v1,12)", and frindicates the pdf of the gamma distribution.
Thus, the random variable Y, as defined in (2.2), is described as following a skew-TT
distribution with parameters (u, 02,A,v1,v2), indicated as Y ~ STT(u, 02, A,v1,v2). The
pdf for the skew-TT distribution is expressed as:

2
forr(y; pt, 02, A, v1,v2) = Et(u;m) T(Aw;v2), y,0vi,v2>0, yuAeR,  (A2)
where t(-;v1) and T(-; v2) represent the pdf and cdf of the t distribution with v; and v,

degrees of freedom, respectively.

Remark A.1. If vi = v = v, then Y ~ STT(y,0?,A,v1,v2), which we denote by Y ~
STT(a,n, A, v).

It should be noted that the STT class contains several well-known distributions as

special cases. Some important members are presented below.

(I) The distribution is derived by setting 71 ~ (2, 2) and 7, = 1 with probability 1.
Given these conditions, the distribution that results is known called the skew-t

normal (STN). The corresponding pdf is expressed as:

fSTN(yI #/G A V) (1/[ V) O (/\ 1/[) o,V > 0/ Y, ‘U/\ eR (A3)

(IT) The distribution emerges by setting 71 = 1 with probability 1 and 7, ~ T ( 3 2)
Under these conditions, the distribution that results is known as the skew normal-
t (SNT). Its pdf is given by:

2
font(Y; ph, 02, A, v) = o TAwV) &y, ov>0yuAeR  (Ad)

(IIT) The skew normal (SN) distribution arises when both 71 and 7, are set to 1 with

probability 1. Under these conditions, the pdf is given by:

2
fSN(]// W, 02/ /\) = g ¢) (M)q)(A l/l) 51(]// a, n)/ o,V > 0/ Y, #//\ e R (AS)



Expert mixture models based on skew distribution 115

For further details, see Poursadeghfard et al. (2021). From (2.7), the conditional

pdfs of 71 and 7, given Y = y can be expressed as

vi+1 vy +u?
mY=y~r( R ) (A.6)
and /2 ( )
¥av2 v D \/T_zu
_ _ 2 %-1 (_1/2”[2)
fan(r 1Y =) F(V22—+1)T2 P T (u;v) (A7)
where distribution of 7, | Y = y is weighted gamma distribution.
Accordingly, the corresponding conditional expectations are given by
E[t, Y = y] = v_ CE[ 1Y =yl = (1/1+1)_1 Vi +u?
T1 y T 0g T1 y > ogl— |
T(Au,/v2+2 2 +2)
Eln | Y =yl = ——pms—
T(u2Zme2) -
Ellogm | Y =y] = T(/\u ) —log(E)—l+DG( 5 )
X2 _
T(Au v7) foo vy + X2 Hoiva) dx,
1 vy +2
E Y = ———|AuT|Au | ——; 2
[yT2 | yl = TOu; 2)[Au [Au " ;v + J
Iz 12 _nH
+ ( 2 ) (12) (vZ + Azuz) : ] (A.8)
(3 2

where DG(x) = I'"(x)/T'(x) denotes the digamma function.

A.2 The ST distribution

Consider two independent random variables, 7; = 72 = 7, which follows a gamma
distribution with identical shape and rate parameters of 5. The pdf of 7 ~ T ( 5 2) is
given by
W) = fi (v, 5). (A9)
2°2
Consider the random variable Y as defined in (2.2). Under certain conditions, it fol-

lows the skew-t distribution with parameters (u, 02,A,v). This is denoted as Y ~
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ST(u, 0%, A,v). The corresponding pdf is given by:

fST(y,y,a Av) = (u v)T(/\u\/:-:_l v+1]51(y,01 n, ov>0,yuldek

(A.10)
From Equation (2.7), the conditional pdf of T given Y = y can be expressed as

v+l -1

= —T ]2
fElY=y) =~ eXp{zz[u_;V]} q)(ﬁlu) . (A.11)
rleg) =T (st )

Accordingly, the conditional expectations of T and log 7 given Y = y are given by

41 T(/\u ;2:3;;1/+3)

, (A.12)
2
urtv (Au,/z v+1)

uz+v’

E(z|Y=y) =

and

2
E(logt|Y =1y) :DG(Verl)—log(u +V)

Au[u _ t()\u,/u2+vv+1)

vy + 1)[u? + 1/]3 (

u2+v
1 f"”\/uzw
+
T(Au,/;zfv,v + 1)

where the function g(x;v) is defined as

gl v) v + 1) dx, (A.13)

2(x5v) = DG(VZZ) DG(V+ 1)—log(1 +x2)+ v+ 12— (v —1)

v+l) @+DE+1+2a2)

Furthermore, the conditional expectation of £ given Y = y can be expressed as

v+l
r(%) ( )\Zubéz-i—+u1/2+v ) N
Et|Y=y)=AuE(t|Y=y)+ . (A.14)
‘/%r(wrl) T(/\u e 1)

uZ+v’
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A.3 The SGLN Distribution

If Y complies with a generalized Laplace (GL) distribution, it is indicated as Y ~
GL(y, 0%,v). The pdf of Y is presented as:

1
i, 0%, v) = jul = 1 (lul
fou(y; p ) VT2 T) -1 (ul),

where K, (x) represents the modified Bessel function. Now, assume 71 ~ AL%V and 1, =1
with probability 1, as described in (2.3), where x3 denotes the chi-squared distribution
with 2v degrees of freedom. Under these conditions, the random variable Y is said
to follow a skew generalized Laplace normal (SGLN) distribution. The pdf of this

distribution is given by:
foain(y; 0%, A, v) = 2 fo(y; g, 0%, v) ©(Aw),
and we denote this distribution as Y ~ SGLN(y, a2, A,v).
Remark A.2. Several notable instances of this distribution are as follows:

(I) If 71 = 1 with probability one and 7, ~ XLZ' then

2v

2
Y ~ SNGL(i, 0%, A,v),  fencL(y) = - ¢(u) FeL(Auw; 0,1, v).

(D) If7q ~ é and 7, ~ T(*%, %), then

Y ~ SGLT([J, 62/ /\/ V1, V2)l fSGLT(y) =2 fGL(y/ W, 62/ Vl) T(/\I/l, 0/ 1/ VZ)'

(I If 7y ~ T(%, %) and 2 ~ ——(2v2), then

2vy
Y ~ STGL(i, 0%, A, v1,v2),  fstar(y) = 2H(y; i, 0%, v1) For(Au; 0,1, vy),
where Fg1.(+; &, w?, v2) denotes the cdf of the GL distribution.

From (2.7), the conditional distribution of £ given Y = y is
1
T|Y =y~ GIG(E -, 1,u2),

where GIG denotes the Generalized Inverse Gaussian distribution (see Jorgensen [21]).

Therefore,

K, (Jul)

| 1 Kys1(lul)
Ky(Jul)’

By =y ==y -

E(logt|Y =vy) = —log|u| +

(A.15)
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A.4 The SSL distribution

Consider the scenario where 71 ~ Beta (%, 1) and 7, = 1 with probability one, as outlined
in equation (2.2). Under these assumptions, the random variable Y follows the skew
slash normal (SSN) distribution, denoted as Y ~ SSN(A, v).

The pdf of Y is given by:

fssn(y; A, v) = 2 fs(y;v) P(Ay),

where f;(-;v) represents the pdf of the slash distribution with shape parameter v, which
is defined as:
e C
oVl o ity

fuly; p, 0%,v) =
o\/ﬁ/(wl)’ ify=u,

where G(-; v) represents the cdf of the gamma distribution with scale parameter 1 and
shape parameter v, as explained in Rogers and Tukey (1972). From (2.7), the conditional
pdf of 7 given Y = y is

s YFW
fXlY=y)= r(ﬂ)z%c(“—z-v—“)
=Yy = 2 52
v ﬂ_
Al y=u

The conditional expectations of T and log 7 given Y = y are respectively

v+ 1)G (uz' ﬁ)

S YEH
E(t|Y=y)= uZG(?”zﬂ)
v+1 _
v+3 Y=t
and
) fou /2(10g X) X7 e ¥ dx
lo ( 2)+ > , YEL,
EQogt|Y=y =1 W/ T(4)6(%:%) (A.16)
2 —
v+ 1 Y=t
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