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Abstract.

We consider the problem of estimating a d-dimensional parameter 0 = (64, ...,0,)
when the observation is a d + k dimensional vector (X, U) where dim X = d and U is
a residual vector with dim U = k. The distributional assumption is that (X, U) has a
spherically symmetric distribution around (6,0). The loss functions are assumed to
be modified balanced loss functions of the form: (i) wp(||6 - dol?) + (1 - w)p(ll6 = 0117
and (i) £(w||6 — doll> + (1 — w)||6 — O]*) where Oq is a target estimator for 0, and where
p and ¢ are increasing and concave functions. In the case when d > 4 and the target
estimator 0¢(X) = X, we establish conditions under which the estimators of the form
0w,g(X, IUI?) = X + allU|>(1 — w)g(X) dominate §p(X) = X and are minimax, where we
suppose that there exists a nonpositive function h(.) such that h(X) is subharmonic,
Erp [th(W)] is nonincreasing with W ~ Ug g, Eg [[1(X)|] < oo and the function g(X) is
weakly differentiable and also satisfies (a) div(g(X)) < h(X), (b) [lg(X)I?> + 2h(X) < 0.
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1 Introduction

Let the random observation have the form (X, U) which is spherically symmetri-
cally distributed around a vector of the form (6,0) with dim(X) = dim(0) = p and
dim(U) = dim(0) = k, denoted (X, U) ~ 551(0,0), the distribution of (X, U) is invari-
ant under orthogonal transformations in R¥*¥, and the location parameter 0 enters the
model only through the X-component, while the residual vector U carries no infor-
mation about 6. Consider (X — 0, U) to be jointly spherically symmetric. The vector
U plays the role of a residual component: it carries no directional information about
0 and depends only on the radial structure of the model. Residual quantities arise
naturally in statistical inference to separate signal from noise, quantifying uncertainty,
and constructing invariant procedures. In spherical and elliptical models, they capture
essential features of the data, including tail heaviness, radial dispersion, and the pres-
ence of outliers, and therefore play a key role in the construction of adaptive and robust
methods such as Stein-type shrinkage estimators, M-estimators, Tyler’s shape estima-
tor, and robust multivariate tests. In high-dimensional regimes, residual norms exhibit
concentration phenomena: as d — oo,||X|I? ~ E||X|[%, so the radial component becomes
nearly deterministic, a property underlying the stability of ridge regularization, the
behavior of principal component analysis and several effects studied in random matrix
theory.

This model with a residual component was studied by Cellier et al. (1989), Brandwein
and Strawderman (1991), Brandwein et al. (1993), Cellier and Fourdrinier (1995) and
Fourdrinier and Strawderman (1996). These papers study classes of estimators which
improve on the usual minimax estimator X. A particularly important class of estima-
tors when a residual vector U is available is the class of robust James-Stein estimators
815X, IUIP) = (1 —a|u|? /||X||2) X. The estimator 8;5(X, ||U|?) improves upon X when
0 <a < 2(d-2)/(k+2) under quadratic loss (see Fourdrinier, D. and Strawderman,
W.E., 1996). Brandwein and Strawderman (1991) showed that the estimator 6o,¢(X, [|U] %)
dominates the unbiased estimator X under the concave loss function L(8, 6) = £(||60-5|?)
where the concave nondecreasing function ¢ also satisfies t*{(t) is nondecreasing for
0 < a < (d-2-2a)/(d(k+2)). Fourdrinier, Strawderman and Wells (2003) showed that the
Baranchik-type estimator, defined as: 8,5(X, |UI?) = (1 - allUI2S(IXI?/IUIP)/IIX]?) X
dominates the standard minimax estimator X under the condition that the shrinkage
parameter a satisfies the inequality: 0 < a < (2(d —2))/(k + 2). Fourdrinier and Ouassou
(2000) studied the problem of estimating, under quadratic loss, the mean of a spher-
ically symmetric distribution when its norm is supposed to be known and when a
residual vector is available. Fourdrinier et al. (2003) considered the problem of esti-
mating a d-dimensional parameter 0 = (01, ...,0,;) when the observation is a (d + k)
dimensional vector (X, U). Two restrictions on the parameter 0 are considered: first,
they assume that 0; > 0 fori = 1,...,p and, secondly, they assume that only a subset of
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these 0; are nonnegative.

The Balanced Loss Functions (BLFs), introduced by Zellner (1994), are formulated to
reflect two criteria, namely goodness of fit and the precision of estimation. This loss
function is defined as: |0 — dolf> + (1 — w)||6 — O], with the first term measuring the
proximity of estimate 6 to the target 6g and the second term measuring proximity of 6
to the estimand 0, weighted respectively by w and 1 — @ . The special case where w = 0
corresponds to the scaled unbalanced loss function. In this case, the decisions are not
influenced by the target 6¢. Giles et al. (1996), Dey et al. (1999), Chaturvedi and Shalabh
(2004), Jozani et al. (2006) studied the application of balanced loss functions. Marchand
and Strawderman (2020) introduced a novel class of loss functions called Modified
Balanced Loss Functions (MBLFs), denoted as in (i) and (ii), where p(-) > 0 and I() > 0
are increasing, concave and satisfy a completely monotone property. Notably, these
MBLFs can be considered as a natural extension of Zellner’s balanced loss function,
where the functions p(-) and ¢(-) take the simple form of ¢ for all non-negative values of
in the real numbers R,. Hobbad et al. (2021) generalized this class of the loss functions
(i) and (ii), requiring only that p and ¢ are increasing and concave functions.
Shrinkage estimation improves a given raw estimator by incorporating additional in-
formation into the estimation process. Although shrinkage estimators are generally
biased, it is well established that they can achieve a smaller quadratic risk than natural
estimators, most notably the maximum likelihood estimator. A shrinkage estimator
typically takes the form X + g(X), where the adjustment term g(X) acts to pull the
estimator toward a target or central value. In practice, this adjustment often results
in a contraction of X, hence the term shrinkage. While the notion of shrinkage may
have a negative connotation in everyday language, it is fundamentally advantageous
in statistical estimation. Indeed, many widely used and theoretically optimal estima-
tors, including Bayesian, minimax, and Gamma-minimax estimators, can be viewed as
instances of shrinkage estimators.

Shrinkage estimation under balanced loss functions has been extensively studied in
recent years. Karamikabir and Afshari (2018) considered shrinkage estimation of a
nonnegative mean vector with unknown covariance, while Karamikabir and Afshari
(2019) investigated generalized Bayes shrinkage for spherically symmetric distribu-
tions under balance-type loss. Afshari and Arashi (2021) extended SURE thresholding
to spherically symmetric models with a residual vector, and Karamikabir and Afshari
(2022) studied generalized Bayes estimation for multivariate normal models with un-
known mean and covariance under balanced LINEX loss. More recently, Hamdaoui
et al. (2022) analyzed risk ratios of shrinkage estimators under balanced loss, and Hob-
bad et al. (2025) established dominance of Baranchik-type estimators over the usual
estimator for spherically symmetric distributions under modified balanced loss func-
tions.

Brandwein and Strawderman (1991) established a general dominance result for shrink-
age estimators of the form

0a(X) = X +al|UIP g(X),



56 M.Alahiane et al.

under spherically symmetric distributions centered at 0, with respect to quadratic loss
and its concave extensions. Their approach relies on the divergence theorem and
imposes structural conditions on the shrinkage function g through the existence of an
auxiliary function / such that

Ig@)I?/2 < ~h(x) < =V g(x),

where —h is superharmonic. Together with a technical radial monotonicity condition
on [Eg[R?h(V)], this inequality allows the quadratic cost of the correction term ¢(X) to be
dominated by its contraction effect after integration over spherical regions. A further
restriction on the tuning parameter 2, namely 0 < a < {d Eo(IIX]72)}7!, ensures that the
resulting risk reduction is global. These conditions extend the classical James-Stein
estimator to a broad class of shrinkage procedures under spherical symmetry. In the
presence of an unknown scale and an accompanying residual vector, the same geo-
metric principles continue to apply, with the residual component providing a natural
normalization for the shrinkage intensity. This observation motivates the develop-
ments in the next section, where dominance results are established without reliance on
the technical monotonicity condition. In the presence of a residual vector, it is natural
to consider shrinkage estimators of the form

62(X) = X +alUlPg(X),

rather than 6,(X) = X + 2 g(X). Under the model (X, U) ~ SS;,«((0,0), I;+x), the factor
IU||* provides an intrinsic normalization that is independent of 6, preserves the geo-
metric structure induced by spherical symmetry, and leads to dominance conditions
that are free of additional scale parameters.

In this work, we generalize the results of Hobbad et al. (2021) and Hobbad et al. (2025)
to the case where the joint observation (X, U) follows a spherically symmetric distribu-
tion centered at (0, 0). To establish dominance results without assuming the existence
of a probability density, we exploit intrinsic properties of spherically symmetric dis-
tributions, including the radial angular decomposition, uniformity on the sphere, and
analytical arguments based on superharmonicity and concavity. When a probability
density exists, we additionally employ a suitable change of measure to recover and
sharpen the corresponding density-based results.

This manuscript is organized as follows, in Section 2, we introduce the loss functions
and estimator framework. In Section 3, we provide conditions for the constant a such
that the estimators 6, ¢(X, |U|[?) in (2.1) dominate 89(X) = X under MBLFs (i) for spher-
ically symmetric distributions with residual, both with and without density. In Section
4, we provide similar dominance results under MBLFs (ii). In Section 5, we present a
simulation study. Finally, the proofs are given in Section 6.

2 Loss functions and estimation framework

In this work, we are interested in the estimation of the unknown parameter 6 under
the Modified Balanced Loss Functions (MBLFs) (i) and (ii). Our objective is to find
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sufficient conditions on the constant 4 and the function ¢ under which the robust
shrinkage estimators

Swg X IUIR) = X +a(l — w)UIPg(X) (2.1)

where 69(X) = X is the target estimator. In this context, we assume that there ex-
ists a non-positive function h(-) such that h(X) is subharmonic, Eg [|[#(X)]|]] < oo and
Erp [th(W)] in nonincreasing where Er ¢ denotes the expectation with respect to the
uniform distribution Ug,g on the sphere Sgg = {y € RPk lly — 6]l = R} of radius R
and centered at 0. Additionally, the function g satisfies: g(-) is weakly differentiable
and satisfies (@) div(g) < hand (b) || gll2 + 2h < 0. These conditions ensure that the
Stein-type expansion of the risk difference between the shrinkage estimator 6(w, g) and
the natural estimator X is non-positive. The divergence term arises from Stein’s iden-
tity, while the auxiliary function h(X) provides a bound that controls this contribution.
Intuitively, [|g(X)||* reflects the magnitude of the shrinkage applied to X, whereas (X)
offsets the divergence effect. Together, these conditions guarantee that the shrinkage
direction g(X) yields a systematic reduction in risk, thereby establishing the dominance
of the proposed estimator.

Note that the James-Stein estimator and the Baranchik estimator can be viewed as
special cases of a more general class of robust shrinkage estimators in (2.1). More
specifically: the James-Stein estimator can be written in the form:

2
ui ) X

Sla(X, L) = (1 — (1 - w5
g 11112

with the specific choices g(X) = ~X/IIX|?> and h(X) = —b/||X|]>, where 0 < b < d — 2.
Similarly, the Baranchik type-estimators

Sua(X, IUIP) = (1 ~ a1 - Ul (”X”z))x

11112

where a > 0 and the function S is twice differentiable and satisfies: 0 < S(-) < 1,5(:) > 0
and S”(-) £ 0, can be considered as special cases of robust shrinkage estimators with
g(X) = = (SUIXIP)/IXIP) X and h(X) = —bS(IXIP)/IIXI® where § < b <d -2.

We consider two broad classes of modified balanced loss functions. The first class is
defined by ) Lu,s,0(6, 6) = @ p(I15 = 50l2) + (1 - w) p(lI5 - 6]2), while the second class
is given by (i)  Ly,s,,¢(6,0) = f(wlls — 8|7 + (1 — )||5 — O]?). Here &) denotes a fixed
benchmark estimator of 0, the weight w € [0, 1) controls the balance between the two
components, and the functions p and ¢ are assumed to be increasing and concave.

For loss functions of type (i), we impose the regularity condition:

H1D) p0) =0, 0<p’(0) < oo, p is concave.

This assumption encompasses a wide range of commonly used losses, including the
quadratic loss, exponential-type losses such as 1 — exp(~t/a) with « > 0, logarithmic
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losses of the form log(1 + ), and fractional power losses (1 + t/y)f with y > 0 and
B € (0,1). Other admissible examples include bounded losses such as arctan(t) and
tanh(t), although these functions do not satisfy complete monotonicity.

For loss functions of type (ii), we assume:

(H2) £(t) >0, ') >0, { is concave.

In contrast with earlier contributions, no complete monotonicity requirement is im-
posed on ¢’. This relaxation allows for greater flexibility and includes all losses satisfy-
ing (H1), as well as additional examples such as L%/?-type losses with £(t) = t7,0 < g < 1.
The class also covers the loss functions introduced by Kubokawa et al. (2017), defined
by £(t) = 2Q( Vt) — 1, where Q is a cumulative distribution function on R with an even
and unimodal density.

3 Main dominance results

In this section, we investigate the minimax properties of the robust shrinkage estima-
tors (2.1) for the location vector 0, assuming that the observed vector (X, U) follows
a spherically symmetric distribution with location parameter (0,0), under the MBLFs
(i) and (ii). The results corresponding to the cases where (X, U) admits a density and
where it does not admit a density are presented below. If the vector (X, U) follows the
distribution SS(;4)(0,0) and has a density with respect to the Lebesgue measure, then
its density is necessarily of the form f(|lx — 0> + |lul|?), and the radius R has density
t e 2P + k) /2) (1) R, Throughout this work, we deal the expectations
conditioned on the radius R of a spherically symmetric distribution in RY x R¥ centered
at (6,0), where 0 € R?. These expectations reduce to integrals with respect to the uni-
form distribution Uy g on the sphere Sg g = {y = (x,u) € R x RF | (|Ixl? + |[ul?)? = R} If
Er p[1P] denotes the expectation of some function i with respect to Ug g, the expectation
with respect to the entire distribution is given by Eg [i] = E[Ergl¢’]] where E is the
expectation with respect to the distribution of the radius. We begin by presenting the
results for distributions that admit a density.

We denote by Eg the expectation with respect to the probability density f. After an
appropriate change of measure, we write Ej, for the expectation taken with respect to
the transformed density f*, which is obtained from f through this change of measure.
We now present the main results of the paper. We first treat the case of spherically
symmetric distributions admitting a density, and then extend the results to the gen-
eral setting of spherically symmetric distributions without assuming the existence of
a density. Assume that (X, U) ~ SS4.4((0,0)) admits a probability density of the form
f (||x - 0|” + ||u||2) . In our analysis, we employ the modified balanced loss function of
type (i) to study the estimation of 6. The derivation of the domination and minimaxity
results is based on an appropriate change-of-measure argument, which plays a central
role in the proof. As a first step, we establish a technical lemma that provides the main
analytical ingredient required to implement this approach and that will be repeatedly
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invoked in the proof of the main theorem. The proofs of the next theorems and the
associated lemmas are provided in the Section 6.

Lemma 3.1. Let (X, U) have a spherically symmetric distribution around (0,0) with a density
of the form f(||x — Ol + |ull?), where 6 € R? and p satisfies Assumption (H1). Then, for d > 4,
we have

Eo [p (-IUIP(X))] < p' (0)Eq |-IIUIPR(X) | < p'OE6 [-IIVIPR(Y)],  (3.1)

wherer = [ X6l R = [ X=0IP+IUIP, K = [ p'((L = w)llx = OP) f(lx = OIF + lulP)ex, 1) =
Eolp’ (1 - )lIX - O1P)] and f*(x,u) = (p((1 - @)llx = 6I2) f(lx = O +IlulP)) /K

The next theorem establishes dominance conditions for the shrinkage estimator 0,,, g(X, u)
under the modified balanced loss function of type (i) when the observation follows a
spherically symmetric distribution with density. The proof relies on a change-of-
measure argument and the concavity of p.

Theorem 3.2. Suppose that (X, U) ~ SS(4)(0, 0) with density of the form f(llx — 6> + ||ul[*)
and 6,,¢(X, U) is defined by (2.1). Then, with respect to the loss function (i), 6,,¢(X, U) has a
smaller risk than oo provided that

K
(k +2)(wp’(0) + K(1 — w)) )’

0<u§(

where K = [pa /(1= w)llx = O1R) f(llx = OIF + lulP)d(x, u) = Eglp"(1 = w)lIX = O17)],

We continue to assume that (X, U) ~ 554.4((0,0)) admits a probability density of the
form f (||x - 0> + ||u||2). In this setting, we present a result establishing dominance
conditions for the estimators 6, ¢(X, U) defined in (2.1) under the balanced loss functions
of type (ii). Prior to stating this result, we proceed with a preparatory lemma that
exploits the concavity of ¢, and which relates the difference in losses L, (s, between
estimates 6(X) = 0o(X) + a(1 — w)g(X) and 6¢(X), to the balanced squared-error loss
difference A, ¢5,(0,6).

Lemma 3.3. Suppose that X has a spherically symmetric distribution. For the problem of
estimating © under the MBLFs (i), we have

ALe,s0,6(0,0) < (1 = 0)*C' (1 = w)lI8o — OINALgs,,£(6, ).

The next theorem provides analogous dominance results under the modified balanced
loss function of type (ii). The proof exploits the concavity of £ and uses a similar
change-of-measure technique to control the risk difference.

Theorem 3.4. Suppose that (X, U) ~ SS((0, 0) with density of the form f(l|lx — 6> + ||ul[*)
and 0,,4(X, U) is defined by (2.1). Then, with respect to the MBLFs (i), 64,¢(X, U) has a smaller
risk than ¢ provided the condition 1. of Theorem 3.2 holds and 0 < a < ((k +2)(1 — w) L.
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The following theorem extends the dominance analysis to spherically symmetric dis-
tributions without assuming the existence of a density. The proof combines covariance
inequalities, properties of superharmonic functions, and careful conditioning on the
radial and angular components.

Theorem 3.5. Suppose that (X, U) have a spherically symmetric distribution with location
parameter (6,0). Then, with respect to the MBLFs (i), 6.,4(X, U) has smaller risk than 6o
provided

1. |Igll*/2 < —h < div(g), where —h is superharmonic,

2.d>4,k>2+ 44

2 1(2
3.0<a< Erpr(r)l

1 , o
<ir2 X opOEA + (- wE ey e = X

The following theorem establishes dominance under the loss function (ii) for general
spherically symmetric distributions. The argument uses integration-by-parts identities
specific to the residual vector and the concavity of £.

Theorem 3.6. Suppose that (X, U) have a spherically symmetric distribution with location
parameter (0,0) and 64,¢(X) is defined by (2.1). Then, with respect the loss MBLFs (ii),
0w,g(X) has smaller risk than 6o(X) = X provided the condition of Theorem 3.2 holds and

0<a<(k+2)1-w)!.

the following last theorem strengthens the dominance condition under loss (ii) by
imposing the additional monotonicity assumption that t*£(t) is nondecreasing. The
proof relies on covariance inequalities and careful manipulation of the conditional
expectations involving the radial variable.

Theorem 3.7. Suppose that (X, U) have a spherically symmetric distribution with location
parameter (0,0). Assume that the concave nondecreasing function {(t) also satisfies t*{(t) is
nondecreasing. Then, the estimator 8,,¢(X) given by (2.1) dominates 5o(X) = X under MBLFs
(ii) for all 0, with strict inequality for some O, provided

d-2-2a)
0<ﬂ$m.

The preceding sections have established theoretical conditions under which the pro-
posed shrinkage estimators dominate the usual estimator under modified balanced
loss functions. In the next section, we turn to numerical experiments to validate these
theoretical findings and illustrate the practical behavior of the estimators.

4 Numerical illustration

In this section, we present some simulations illustrating the theoretical results of the
previous section. We consider Baranchik-type estimators and deal with two models:



Location Estimation in Spherically Symmetric Models under MBLFs 61

Risk as a function of the theta norm
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Figure 1: The risk R(0, €, 00,a(X, |U|1?) as functions of the norm ||6]|.

the first with density and the second without density. The simulations are performed in

Python. The Baranchik-type estimators 0,,4(X, \Uj?) = (1 —a(l - a))||U||2S(||X||2)/||X||2) X
dominates the estimator 69(X) = X if the parameter a verifies 0 < a < 2(d — 2)/((k +

2)(1 — w)). This follows from div(g(X)) = —2aS’(|IX|]*) — a(d — 2)S(IX|*)/IIX|* < —a(d -

2)S(IXIP)/1IXI? and IgOI* = a®S*(IXIP)/IXIP < a>SUIXI)/IIXIP. In this simulation, we

consider £(t) = t1,q =1/2, S(t) = t/(1 +t), v = 1/3,d = 20 and k = 10. We obtain the

cutoff point ag = 2(d - 2)/((k + 2)(1 — w)) = 4.5

41 Examplel

In this case, we consider that (X, U) € R?** to be normally distributed with the identity
covariance matrix. Figure 1 compares the risk of: 09(X) = X and the Baranchik-type
estimators 0,,,(X, [|U|*) under the MBLFs (ii) with £(t) = t1/2, for various values of
a. The benchmark estimator 6,,0(X, ||U|[?) is minimax with constant risk R(6, ¢, 50) =
Eo((1 — w)|IX|[?) =~ 3.605, obtained from || X — 6> ~ )(5. Baranchik estimators dominate
if the parameter a is smaller than the cutoff point ap = 4.5. This Python simulation
indicates that for values of the parameter a less thanag (2 =1,a =2,a = 3,4 = 3.5). The
risk curve of the Baranchik-type estimator 6, 4(X, IU|1%) is lower than that of the usual
estimator 0,,0(X, |U|I?). However, once the value of a (@ = 5) surpasses the bound ay,
the risk curve of the Baranchik-type estimator rises above that of the usual estimator,
demonstrating the theoretical result of dominance.

4.2 Example 2

Before presenting the second simulation example, we state a fundamental charac-
terization theorem for spherically symmetric distributions. This result provides the
theoretical framework for our simulation methodology when a density is not assumed,
allowing us to generate random vectors (X, U) ~ SS41)(6, 0).

In this example, we examine a scenario in which a spherically symmetric vector does



62 M.Alahiane et al.

Risk as a function of the theta norm
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Figure 2: The risk R(0, £, 00,a(X, IU|I?) as functions of the norm ||0]|.

not necessarily possess a probability density function. We begin by considering a
real variable R that follows Poisson distribution with a parameter A = 10. Addition-
ally, we introduce a random vector D = (D, D,) that follows a Dirichlet distribution
Dirichlet(d/2,k/2). Using the normal distribution, we simulate two random vectors:
Wi, uniformly distributed on the unit sphere in RY, and W,, distributed on the unit
sphere in R¥. We then define the vectors X and U as follows: X = R+vD;W; + 6 and
U = RVD,Ws. According Theorem 6.1, the vector (X, U) has a spherically symmetric
distribution centered around (6,0). Figure 2 shows the variation in the risk of the
estimator 0,,,(X, ||U||?) as a function of the norm of 0 for different values of parameter a
under MBLPFs ii, clearly showing that the estimators 6, (X, IU]|?) dominates the usual
estimator 6, 0(X, |[|U|[?) = 60(X) = X for values of a below the cutoff point ap = 4.5. This
figure was generated by simulating the data using Python, and we determined that the
constant risk R(0, £, 8¢) = Eo((1 — )| X|]?) = 7.14. As long as the parameter value a is
below ag (2 = 1,a = 2, a = 3), the risk curve of Baranchik-type estimator stays below the
risk curve of the benchmark estimator 6,,0(X, [|U|*). However, if a surpasses 4o (4 = 5),
the risk curve of Baranchik-type estimator exceeds that of the benchmark estimator,
thus confirming the theoretical result obtained.

4.3 Example 3

Let (X, U) ~ 55,4(0,0) and consider the estimation of 6 € R?. We study estimators of
the form 6,¢(X, U = X +a(1 - o)||U|? g(X), and compare them with the benchmark
estimator 0p(X) = X under the modified balanced losses MBLF(i) and MBLF(ii) with
p(t) = log(1+t/2)and {(t) = Vi, both increasing and concave. Let g(X) = —X/(1+|X]|]?),
the div(g(X)) = —d/(1+[IXIR) +21IXIP/(1 +IXI?)2, (IR = IIXIR/(1+ IX])2. We choose
the auxiliary function i(X) = =1/2||g(X)|I> —¢, & > 0, so that div(g) < h and h is super-
harmonic. For illustration under a non-Gaussian spherical model we use the represen-
tation X = 0 + RYD;Wy, U = RVD,W,, where R ~ I'(2,1.5), (D1, D») ~ Dir(d/2,2/k),
and Wy, W, are independent random directions uniformly distributed on $4-1 and k-1
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AR vs ||6] for differents values of a under MBLFi AR vs ||@] for different values of a under MBLFii
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Figure 3: (a) The risk difference AR as functions of ||0|| under MBLE(i). (b) The risk
difference AR(a, ||0||) as functions of ||6|| under MBLE(ii)

This construction yields (X, U) ~ S5, (0, 0) with heavier tails than the Gaussian model.
Figure 3 reports the Monte Carlo estimate of the risk difference AR = R(64,¢) —R(60) as a
function of ||0]| for several values of 2 under MBLF(i) and MBLF(ii). The experiment is
conducted withd = 20,k = 5, w = 0.3, using N = 120 000 replications per configuration.
The benchmark estimator is 6o(X) = X, whereas 0,,¢(X, Uy = X + a(1 — w)||UJJ2 g(X),
Negative values of AR indicate risk improvement and the horizontal line AR = 0 sep-
arates the dominance regions. The results show that moderate shrinkage (0.2 <a < 2
for MBLF(i) and 0.2 < a < 6 for MBLE(ii)) yields a uniform reduction in risk, par-
ticularly when ||0|| is small, while larger values of a lead to over-shrinkage and
loss of dominance. Figure 4 reports the Monte Carlo estimate of the risk difference
AR(a) = R(6) — R(6p) for three shrinkage estimators, with 69(X) = X as benchmark. The
simulation is performed under a spherical model with residual vector with d = 20,
k=5, =0.3,and N = 120000 replications for each 4, where a ranges over 12 equally
spaced values in [0, 5]. The loss functions are the modified balanced loss MBLF(i) and
MBLH(ii). The competing rules are 61(X) = X + ag(X), 62(X,U) = X + al|U|[>¢(X), and
63(X, U) = X +a(1 — w)||U|P¢(X), with ¢(X) = —=X/(1 + ||X|*). Negative values of AR(a)
indicate dominance over 6g. The figure therefore illustrates the effect of the shrinkage
level a, the residual factor ||U|[?, and the balancing coefficient (1 — w) on the risk per-
formance of the estimators. We investigate three shrinkage estimators in a spherically
symmetric model with residual vector (X, U), whose joint radial representation allows
the residual component to capture intrinsic scale information that can be exploited
for adaptive estimation. The comparison is performed under two modified balanced
loss functions. We compare the natural estimator 6o(X) = X with the shrinkage rules
6X) = X +ag(X),6X,U) = X + allU|Pg(X), 56X U) = X + a(l — w)||U|*g(X), where
g(X) =-X/1+ IX|I?). Under both loss functions, the classical shrinkage estimator 0,
yields a modest but systematic reduction in risk relative to 6y, with empirical gains of
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Comparison of Three Estimators under MBLF-i Comparison of Three Estimators under MBLF-ii
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Figure 4: (a) The risk difference AR as function of a under MBLF(i). (b) The risk
difference AR as function of 2 under MBLE(ii)

about 5%-10%. Incorporating the residual energy through 6, substantially strengthens
this effect, increasing the maximal improvement to roughly 15%-25%, indicating that
the residual component provides informative scale adaptivity. The fully adjusted esti-
mator 03, which aligns the shrinkage magnitude with the curvature of the balanced loss
through the factor (1 — ), achieves the strongest and most stable performance, with
observed reductions of approximately 20%-30% relative to the benchmark and a wider
dominance region in the tuning parameter a. Overall, the results demonstrate that
the residual vector is structurally informative rather than auxiliary: combining spher-
ical symmetry, residual-based scaling, and loss-sensitive weighting yields substantial
efficiency gains and systematic dominance over the natural estimator.

4.4 Air Pollution Data

In this section, we further investigate the empirical performance of the proposed
residual-based shrinkage estimator using the classical U.S. air pollution dataset an-
alyzed in Everitt and Hothorn (2011). This dataset contains environmental and demo-
graphic measurements collected for several U.S. cities in 1981. The variables considered
are the sulfur dioxide concentration in micrograms per cubic meter (SO,), average an-
nual temperature in degrees Fahrenheit (temp), number of manufacturing enterprises
employing 20 or more workers (manu), population size according to the 1970 census
in thousands (popul), average annual wind speed in miles per hour (wind), average
annual precipitation in inches (precip), and the average number of days with precipita-
tion per year (predays). These seven variables form a multivariate observation vector
of dimension d = 7. Because the variables are measured on different physical scales,
the data are first standardized before conducting the analysis.
We study the performance of the shrinkage estimator 6,,¢(X, U) = X+a(1-w)||U| |2 g(X),

under the modified balanced loss function MBLF(i) with p(t) = log(1 + t/2) and MBLE(ii)
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(a) (b) (©)
Figure 5: (a) The risk difference AR as function of 2 under the normal plug-in and
under MBLE(). (b) The risk difference AR as function of a under the Student-t plug-in

and under MBLE(i). (c) The risk difference AR as function of 2 with purely empirical
cross-validation procedure and under MBLE(i).

(@) (b) ©

Figure 6: (a) The risk difference AR as function of a under the normal plug-in and
under MBLE(ii). (b) The risk difference AR as function of a under the Student-t plug-in
and under MBLEF(ii). (c) The risk difference AR as function of a with purely empirical
cross-validation procedure and under MBLE(ii).

with €(f) = V¢ and the benchmark estimator 89(X) = X and balance parameter
@ = 0.3.To assess the risk behavior of the estimator, we consider three complemen-
tary approaches. First, a parametric plug-in normal approximation is used, where
the mean vector and covariance matrix are estimated from the standardized data and
synthetic samples are generated from a multivariate normal distribution with these
estimated parameters. Second, to account for potential heavy-tailed behavior in the
data, a plug-in multivariate Student-t model is fitted by estimating the degrees of free-
dom parameter via likelihood maximization, and simulations are performed from the
resulting Student-f scale-mixture representation. Third, a purely empirical analysis is
conducted using repeated K-fold cross-validation, which evaluates the predictive loss
directly on the observed data without relying on a parametric model. Across these
three approaches, the risk difference AR = R(delta,,¢) — R(6o) is estimated for a range of
shrinkage parameters a, and negative values indicate dominance of the shrinkage esti-
mator over the natural estimator. The results obtained under the normal plug-in and
Student-t plug-in models both exhibit a clear region of dominance where the shrinkage
estimator achieves lower expected loss than the benchmark estimator. The Student-t
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model generally produces slightly more conservative improvements due to the heavier
tails captured by the fitted distribution. The purely empirical cross-validation analysis
leads to qualitatively similar conclusions, confirming the existence of a nontrivial range
of shrinkage parameters for which the proposed estimator yields a systematic reduc-
tion in expected loss. Overall, the consistency of the results across the parametric and
purely empirical analyses provides strong evidence that incorporating residual-based
scaling and loss-sensitive weighting leads to a robust improvement over the natural
estimator in this real-data setting.

Figure 5 displays the results of the real-data analysis based on the U.S. air pollution
dataset under the modified balanced loss MBLF(i). The figure compares the three
approaches considered in this study: the plug-in normal approximation, the plug-in
multivariate Student-t approximation, and the purely empirical cross-validation pro-
cedure. Figure 6 reports the corresponding results obtained under the alternative loss
function MBLEF(ii).

5 Conclusion

This work focuses on estimating a multivariate location parameter under modified bal-
anced loss functions within the class of spherically symmetric models with a residual
vector. Using the geometric invariance induced by spherical symmetry, analytical argu-
ments based on concavity, superharmonicity, divergence identities and an appropriate
change-of-measure technique, we derive general conditions guaranteeing dominance
and minimaxity for a large class of scale-invariant shrinkage estimators, both for spher-
ically symmetric distributions with and without densities. The proposed results extend
the framework of Hobbad et al. (2021, 2025) to the two classes of modified balanced
loss functions. The resulting framework unifies and generalizes several existing results
in the literature on shrinkage estimation, while providing a flexible theoretical basis
for balanced loss estimation in multivariate problems. Numerical investigations cor-
roborate the theoretical results and highlight the practical efficiency of the proposed
estimators.

Beyond the theoretical developments, the framework of spherically symmetric models
with residual structure has wide applicability. It arises naturally in robust multivariate
analysis, where heavy-tailed and elliptical distributions are modeled through radial
components; in high-dimensional inference, where shrinkage improves stability and
mitigates overfitting; in invariant decision theory, where orthogonal symmetry simpli-
fies risk evaluation; and in Bayesian and generalized Bayes procedures, where balanced
and modified balanced loss functions provide flexible decision criteria. Applications
also extend to signal processing, image reconstruction, machine learning regularization
methods, and risk modeling in finance, where radial shrinkage mechanisms enhance
robustness and predictive performance.
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6 Proofs and Technical Lemmas

This section presents the proofs of the main theoretical results established in the paper.
The presentation is organized into two parts. First, in Subsection 6.1, we provide
the detailed proofs of Lemmas 3.1-3.3 and Theorems 3.2-3.7, which state sufficient
conditions for the dominance of the proposed shrinkage estimators under modified
balanced loss functions, both in the presence and in the absence of a density. Second, in
Subsection 6.2, we collect and prove several technical lemmas that are essential for the
subsequent derivations. These lemmas exploit the spherical symmetry of the model,
concavity properties of the loss functions, and integration-by-parts identities.

6.1 Proofs of Main Results

We now provide the detailed proofs of Lemmas 3.1-3.3 and Theorems 3.2-3.7. Each
proof leverages the technical lemmas established in the following subsection, together
with the assumptions on the loss functions and the spherical symmetry of the model.

Proof of Lemma 3.1.

The first inequality of (6.10) follows from p(t) < p(0) + p’(0)t = p’(0)t which holds
because p satisfies hypothesis H1. Let r? = ||X - 0]]%, R? = ||IX — 0|* + ||U||> and note that
the conditional distribution of X given r and R is 55,4(0). Then, the random variable
B=IX- O17/(IX — O]]> + |U|?) has a Beta(d/2,k/2) distribution and independent of
R% = ||IX - 6|> + ||U||>. Let Ej, denote the expectation with respect to the density f*. We
have

Eo[-IUIPR(X)] = Er,[Eo (-IUIPH(X) | 7,R)]

Ers [Eo (~(R* = P)h(X) | 7,R)]

Er,[Eo(~(R? - BROI(X) | R,p)] (note that BR? = 1)

/( RZ) K
— g | P8 o (- - R0 11X - OFF = )
. K
= Ep, [E (- -pR*(X) | X - 6] = pR?) > (5R2)].

For fixed R, from Lemma 6.3 the functions p — Ey [—(1 - ﬁ)th(X)/IIX -0 = ﬁRZ] is

-1
decreasing and f — (p’(ﬁRz)) is increasing. Using the covariance inequality we get

Eo [-IUIPR(X)]

IA

Exp|Ey (1= R2A(X) | X — 61 = BR?)] X Ex 4 [ﬁ]

Ep s [Ep (HIUIPR(X) | 11X - 01 = BR?)] = E; [-IUIPh(X)].

Hence we obtai the desired result. [ |
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Proof of Lemma 3.3.
Since £(-) is a concave function, for any points @ and 5, we have {(a + ) — €(a) < ' (a).
Thus, for a = L, 5,(0,00) and a + = Ly, 5,(0, 6), we get

AL, s0,6(0,8) = Ly £,5,(0,0) = Luy £,5,(6, 00) < (1 = @)*€'((1 = @)lIS — Ol)ALg 5, (6, 6).
[ |
Proof of Theorem 3.2.

As in the proof of Theorem 3.2, the risk difference AR(w, 8o, p)/(a(1 — w)?) is bounded
by

’ -0 2
Eo {wp'<0>a2<1 — WP IUIHIZROI + (1 = @)K x Mx
|2a(1 - )IUIPE(X)-(X = 6) + a*(1 - w)? I} 6.1)

= Eo[awp’ OIUIMIZEOIP| + KE} [21UIPg(X).(X = 6)] + a(1 — w)KE [IIgX)IPIUIE]

In the second expectation of the right-hand side of the last equality, the function ide-
pends on 0. We can eliminate this dependence using Lemma 6.5 given by Cellier and
Fourdrinier (1995).

For a weakly differentiable function ¢ and by setting 4 = 1 in ( 6.11), we obtain

Eo(1 - w)llx — 617) [IUIPS(XY (X - 6)] = =5 Ea((1 ~ )l - 61F) [IUldio g(x)].
Then the quantity in (6.1) is bounded by

4
zk”fg div(g(X)) +a(l - w)llg(X)IIZIIUII4)] :

awp’ (0VEo [ILIFISCOIR] + KE [(

Since the function g satisfies condition 1. of Theorem 3.2, then the risk difference
AR(w, 80, p)/(@(1 — w)?) is bounded by

E} [‘znun%(X) (“<wp’<0> FRA-w) - (k1+<2> )]

hence the desired result. |

Proof of Theorem 3.4.
Let Ej, denote the expectation with respect to the density f*, where

Fike =01 +1ul?) = L7H/((1 = w)llx = 61P) f(lx = 61 + [[ull®)

and L = fR - o)l - OIP) fllx — O + llul?)d(x, u) = Eq[' (1 — @)IIX — O])].

Using the same approach as Brandwein and Strawderman (1980) and Marchand and
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Strawderman (2020) we calculate the difference between the risks of two estimators
00(X) = X and 6,,4(X) with respect to the MBLFs (ii). Using Lemmas 6.6, 6.5 and the
conditions 1. of Theorem 3.2 respectively, we obtain

AR(O) = Eo[A000(0,004)]

Eo [(1 = @)*€'((1 = )50 = O17)Ao(6, 60,) |

= (1-w)?Ee| /(1 = )X = 01P)(160,5(X) = O = 1X = 0I)]

= (1-w)*Ep [¢((1 - )X = 61P) (IIX +a(1 - )UIPg(X) - OIF — |IX - 617)]
= a(1 - wP’L{E} [a(1 - )IUIFIgROIR] + 2E5 [IUIPg(X).(X - 6)]}

4
= a(l-w)’ LE} [a(l — o)IUI*IgX)I? + zku%div(g(X))]

2lui*
k+2

IA

IA

a(l — w)’LE} [—Za(l - W)UI*R(X) + h(X)]

= a(l - w)’LE} [—2||UII4h(X)(a(1 —w)) - ler_z)}

The result follows immediately from the hypothesis —h(:) > 0. |

Proof of Theorem 3.5.
First we derive an expression for the risk difference:

AR(@, b, p) = R(@, p, ) = RO, p,50) = Eo |Lup0(0,6) = Lu,,5,(6, 50) |
= Eo[wp(l5(X) = 50(X)IP) + (1 = @)p(ll6(X) = 1) = (1 = @)p(ll60(X) - 61P)]
= Eo[wp(IX +a(1 - 0)lIUIPg(X) - XIP)+
(1 - @)p(IX +a(1 - @)I|UIPX) - OIP)(1 = w)p(IX - 61)]
= Eo [wp(lla(l — )IUIPX)IP) + (1 = ) {p(IX = 6 +a(l - w)lIUIPX)IP)— p(IX - O1%)]]
Eo[wp/(0)a*(1 = o 2IUIFIZX)IR + (1 = w)p’ (X - 61)x
(2a(1 - )UIPg(X).(X - 6) + a*(1 - w)IIgXIPIII)]

IA

The last inequality follows from the fact that p(t) < p(0) + p’(0)t = p’(0)t, which holds
since p is concave with p(0) = 0. Then, the risk difference (AR(w, 8o, p)) /a(l — w)? is
bounded by:

Eg [awp'(O)IIUII‘*IIg(X)II2 + 20" (IX = OIPIUIPG(X).(X = 0) + a(l — w)p’ (IX — HIIZ)IIg(X)IIZIIUIIﬂ :
(6.2)
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Using Lemma 3.3, we obtain

IuiRs

Ere|p/ (R = [UPIUIR(X).(X - 0)] < Egre [p’(Rz—IIUIIZ) div(g(X»l

(k+2)(IuIP)s -1

4
— (g(X»]

Ero [p’(R2 )=
Hence the risk difference in (6.2) is bounded by

Eq [ﬂwp'(o)llUII‘LIIg(X)II2 +2p'(R? IIUIIZ) dw(g(X)) +a(l - w)p'(IX - 9||2)||g(X)||2||UII4]

= Eo[a(0p @ + (- )p (X - o >)||g<X>||2||un4 R — U Ulding(0)| - (62

Furthermore, suppose that the function g(.) is weakly differentiable and also satisfies
div(g(X)) < h(X) < —1/2||g(X)||*>. Then the expectation in equation (6.3) is bounded by

"(IX — O 2
E [(awp’«)) +a(l - w)p/(1X - 60IP) - %) (—znun%(X))] SR

Conditioning with respect to the to radius r = |||X — 0| and R? = ||X — 6> + [|U][?, the
expectation in (6.4) becomes

2
E {(ﬂwp’(O) +a(l-w)p'(P) - (+ 2) ) (R* = r*)Erg [-2(XOlIX = Ol = 1, R]}
= E{E[(awp’(0) + a(1 - w)p’(BRY)) (R? - BR?)*Er g [-20(X)IX — 61 = BR?|IR]]
~ s E{E [0 (BRO(R? - RO Ex [ -21C0IIX - 017 = pR?] IR])
(1-p7?
B

- E {E [Rz (awp’(0) +a(1 - w)p' (BR?)) Eg [-2BR*h(X)IX - 0|7 = BR?] |R]}

2
—ﬁb‘ {E |ﬁR2 (—p’(ﬁRz) ﬁﬁ ) R2Ep o |-20(X)|IX - 6] = pR?] |R]}. (6.5)

We note that the functions (1 — )%/ is decreasing and (aa)p'(O) +a(l - w)p'(ﬁRz)) 1-

B)*B~!isnondecreasing in f, since pis concave. Also, for fixed R, Eg [—25R2h(X)/ IIX -0l = ﬁRz]
is nonnegative and increasing in . Using the covariance inequality and the fact that



Location Estimation in Spherically Symmetric Models under MBLFs 71

and R are independent, the first expectation in (6.5) is bounded by

- P

1
E[RZ (awp’(0) + p' (BRD)a(1 —a)))( Er0|-2BR?W(X)/IIX - OI* = pR?] | R]

(1-p)°
p

IA

E [RZ (aa)p'(O) + p'(BRY)a(1 — a)))

IA

(1 —[3)2]
p?

E[BR? (awp’(0) + p' (BRD)a(l - w))| x E
(1-p)7

(aa)p'(O)E [rz] +a(l — w)E [rzp’(rZ)]) X E [

Similarly, we know from Lemma 6.3 that, for fixed R, Eg [—2h(X)/ X -6 = ,BRZ] is
nonnegative and decreasing in  and —BR2p’(BR?)(1 — B)? is decreasing in B. It then
follows from the covariance inequality and the independence of g and R that the
expectation in the second term of (6.5) is bounded by

: [ R (-p/ o) =L )ZRZEQ[ ~2H(0lIX - 6P = BR’] |R]
k+2

< e (o) < E| S Rk [0 - o - ﬁRZ]IR]

= k+2 B '
T _ @\2

- IHLZE[/;RZ( p(ﬁRz))]th(l ﬁﬁ S R2Eg o [-2000lIX - 01 = 5R2]|R]
i 2

< H%E[ﬁRz( p(/sRZ))]th(lﬁﬁ) ]xE[ERQ[ Zﬁth(X)HlX—@HZ:ﬁRZ] |R]

o2
= —k}_—ZE[rzp’(rz)]xE[(l ﬁf ) ]xE[ER,Q[—zﬁRZh(XnnX—9||2= BR?|IR]. (67)

Combining equations (6.5), (6.6) and (6.7), we obtain an upper bound on the risk
difference:

AR(0) ' 2 2 2

m < (aa)p (O)E[r ] +a(l —w)E[r p'(r )] - —E[r p'(r )])x
E{E[Eo [-2BR*h(X)/IIX - OI* = pR?| IR]}.

Thus, a necessary condition for the risk difference to be negative is

awp’(0)E [r2] +a(1 - w)E [r2p'(r2)] - ﬁlf [rzp’(rz)] <0,

because —h(-) is positive. Hence, we obtain the desired result. [

] X E|Eg,o|-2pR*h(X) | |X - 6IF = pR*| /R

X E|Ero|-2BR?(X) | IX — OI* = BR?] |

(6.6)

R

] x E|Er0[-2BR?h(X)/IIX - OI* = BR?| IR].
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Proof of Theorem 3.6.
In the same way as in the proof of Theorem 3, using the fact that the function £(.) is
concave, we show that the risk difference AR(0) is bounded by

a(1 - )°Eq [€/((1 = 0)IX = O (2UIPS(XY (X = 0) + a(1 - )IUIFIXIP)]

a(1 - w)’Ep [¢/((1 - w)(R? = [UIP) (2AUIPS(XY (X - 6) +a(l - w)IUIFIgX)IP)]
a(1 - w)* (Eo [21UIPE (1 - w)(R? = [UIP)g(X) (X - )] (6.8)
+Eo [£/((1 - 0)(R? = IUIP)a(l - w)IUIR?IOIP)]).-

Using Lemma 6.7, for the function m(t) = ¢'((1 — w)(R? - t))t and the corresponding
t
function M(t) = —3 f m(t)t%2 dt. By integrating by parts, we have
0

t
—% f (1 - w)(R? - b)t2dt

—0'((1 - a))(Rz—t)) - (1-w) f (1 - w)(R —t))—dt

ILZ

M)

\%

(- )R - D),

since the function £(-) is concave (i.e £"’(t) < 0 for any t > 0). Conditioning with respect
to the radius R, the first expectation in (6.8) becomes

Ero [€/((1 - @)(R? - [UIP)IUIP(X).(X - 0)]
= Ego[m(IUIP) g(X).(X - 0)]

) l
= -E X
R,e[(”uz)kl i0(g(X)

P |} ]
< Eg [f (0= )R = U s din(s(X)
4
~ Ero [f’((l—w)(R2 )L di (g(X))] 6.9)

Combining condition 1. of Theorem 3.2 and equations (6.8) and (6.9), an upper bound
on the risk difference AR(0)/(a(1 — w)?) is given by

Illlll4

= Eg 25'((1— w)(R? IIUIIZ)) S (X)) + /(1 - @)(R? ~ IIUIIZ))IIUII4(1—w)llg(X)llz)]

IA

Eg 25’((1 w)(R2—||un2>>||uu4 )+ (- w)(R? ||un2>>||un4a(1—w)(—2h<X>)]

Eo|-20((1 - o)(® ||un2>>||un4h<X> (1 -0) - 5|
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The result follows immediately from the assumption that both functions ¢’(-) and —h(-)
are positive. |

Proof of Theorem 3.7.
Let 72 = ||X — 0|]> and R? = ||X — 6||* + ||U||*>. From the equation (6.8) and Lemma 6.8 we
have

AR(6) /

oy SEo [€/((1 = @)lIx = 61%) (I1X + a(1 - w)l|UIPg(X) — 61 ~ 11X - 61|

E[E[€/((1 - w)?) (20%(1 - w)l|UIP /7 - 2a)|UIP/d) Eg [-rR(W) | X = OIF = *] | R, ]]
) (1-B)R*>?  2a(1-p)R?

E [E [5 (1 - w)BR?) (2a2(1 - ) R y )

XEq [~pR*A(W) | IX ~ 61 = pR*| | R]|

2aE [E [RZ(ﬁRZ)“f'(a ~ @)pRY) 1-f

(ﬁRZ)a
1-w)(1-
x (W - %) Eq [-BR*h(W) | IX - 61 = pR?] 'R”

2aE [E |:{1ﬁ_aﬁ (ﬂ(l - Cl)ﬁ)(l - ﬁ) _ %)} [Rz_za(ﬁRz)“f’((l _ a))ﬁRz)
XE [—ﬁth(W) IX - 0| = ,BRZ] |R]}] :

IA

Next, for fixed R, both function § — (1 - )™ (a(l —w)(1-p)pt - d‘l) and

B — (BR®)*'((1 — w)BR?)E [—ﬁR2h(W) X =0 = ﬁRz] are nonnegative and nonde-
creasing in . Hence it follows from the covariance inequality that the previous expec-
tation is less than or equal to

2aE [E (Eg,0 [-BR*W(W) | |IX — OI* = BR?*| R*2*(BR?)*£'((1 - w)BR?) | R)]

XE |a<1 ~ @)1 - PP/B - #]

Since the first expectation in this term is nonnegative, it suffices that the second expec-
tation is negative. But this is equivalent to:

0<a<

1 —a - _ 9 _ _
Ty FLE ™ (L= IVELE (1= BBl = (d =2 = 20)/(1 = )k + 2.

6.2 Technical Lemmas

This subsection gathers auxiliary results that are repeatedly used in the main proofs.
The lemmas cover properties of superharmonic functions, conditional expectations
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under spherical symmetry, and integration identities specific to the residual-augmented
framework.

Theorem 6.1. If the n-random vector X has a spherically symmetric distribution around 0,

X1’
partition X into m parts X = : |, each with ny,--- ,n,, components respectively. Then
x(m’
X’ rd, U,
, has the same distribution as : , where r has the same distribution as ||X||,
x(m’ rd, U,

di >0,i=1,-,m; - ,di) follows the Dirichlet distribution D,,(n1/2,--- ,1u/2);
U, -, Uy and (d2,- - ,di) are independent, and U follows the uniform distribution on the
unit sphere of dimension nj, j=1,--- ,m.

Proof. See Fang et al. (1990) page: 43-44.

Lemma 6.2. If h is a superharmonic function on R and Z is a random variable with a uniform
distribution on the sphere centered at the origin and of radius T, then, for any 0 € RP, the
expectation Eg [h(0 + Z)] is a non-increasing function of t.

Proof. See Du Plessis (1970), Theorem 2.30 page 54.

Lemma 6.3. Giving X with a spherically symmetric distribution around 6 and p : R, — R4

LBUXIP)
IXIP

a non-decreasing function. Then, E |R

R >0.

/IX = Ol = R| is a non-decreasing function of

Proof. See Brandwein and Strawderman (1979) and Brandwein and Strawderman
(1980), pages 394-395 within the proof of their Theorem 3.3.1.

Lemma 6.4. Let (X, U) have a spherically symmetric distribution around (0, 0) with the density
of the form f(|lx — O||* + |[ull?), with © € R and p satisfy Assumption (H1). Then: For d > 4,
we have

Eo [p (-IUIP(X))| < p' (0)Ee [-IUIPR(X) | < p'O)E6 [-IIVIPA(Y)|,  (6.10)

wherer = X6l R = [ X=0IP+IUIP, K = [y p' (L = w)llx = O1P) flllx = 01 + lulP)d(x, u) =
Eolp’ (1 - )lIX - O1P)] and f*(x,u) = (p' (1 - @)l = OIR) f(lx = O + [lull)) /K.

Proof. The first inequality of (6.10) follows from p(t) < p(0) + p’(0)t = p’(0)t, which is
true because p satisfies hypothesis H1. Let > = |IX - 0|7, R? = ||X - 0]> + ||U]]* and
note that the conditional distribution of X given r and R is S5;(0). Then the random
variable g = [|X — O17/(IX = O|1> + |lU|]*) has a Beta(d/2,k/2) distribution, independent
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of RZ = ||X - O] + ||lU|]>. Let E;, denote the expectation with respect to the density f*.
We have

Eo [-IIUIPR(X))]

Il

|
=

|
S

(-IuPnx) | 7, R)]
= ERr[Ee( (R* = P)h(X) | 1,R)]
= Er,|Eo(-(R? - BRON(X) | R,p)| (note that BR? = r*)

p’(BR?)

= ER,ﬁ[ % Ee(—(l—ﬁ)th(X) | ||X—9||2=ﬁR2) 2 ]
. K
Exs [E (- - pR*HX) | 1X - Ol = pR?) p,(ﬁRz)]-

For fixed R, from Lemma 6.3 the functions p — Ey [—(1 - ﬁ)th(X)/IIX -0 = ﬁRz] is
decreasing and
B — (p’(BR?))7! is increasing. Using the covariance inequality we get

Eo|-IIUIPR(X)] < Ejg[Ey (=1 = HRPAX) | 11X = OIF = BR?)| x By [ﬁ]
= Epp[Eo (-IUIPRX) | 11X = 01 = BR?)| = Ej [-IUIPR(X))].
Hence, we obtain the result. [ |

Lemma 6.5. For every weakly differentiable function g : R? — R?, for every integer q and
for every 6 € RY, we have

Eo [(IXIPY1g(X)' (X - 6)] = Eo [(IUIP) div(g(X)), (6.11)

1
k+2q
provided these expectations exist.

Proof. See Fourdrinier and Strawderman (1996).

Lemma 6.6. Let (X, U) have a spherically symmetric distribution with location parameter
(0,0). For the problem of estimating © under MBLFs (ii) with € satisfying the condition H2,
we have Au0(6,0) < (1 - 02 (1 - w)lldo — 61)20(8, 6).

Proof. The proof uses the fact that £(a + b) — {(a) < b{’(a) since ¢ is concave, with
a="Lys5(0,00)anda+b=L,es,(0,00 + (1 — w)g). This yields

Du,e5,(0,0) = Luesy (6,00 + (1 —w)g) — L,e,s,(6,00)
< (1= w)*'((1 = w)ldo — OINA(B, 6).
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Lemma 6.7. For every weakly differentiable function ¢ : RY — R4, for every real-valued
function m, then, for any 0 € RY, we have

MUy
(o
provided these expectations exist. Where M is the indefinite integral, vanishing at 0, of the
function t — =27 h(p)t2 1.

Proof. See Cellier and Fourdrinier (1995).

Lemma 6.8. Let X ~ SS4(0), for d > 4 and let g(X) map R? into R? be weakly differentiable,
and such that

L [IgIP/2 < ~h(X) < ~div(g(X),

Ero [m(IUIP)S(X) (X - 0)] = ~Er [ div(g(X»],

2. —h(X) is superharmonic and Eg [rzh(W) | r] is a nondecreasing function of r,

where W has a uniform distribution on the sphere of radius r centered at 6. Then
1
Eo[I1X +ag(X) - OIF - I1X - 612] < Eq [(—2a2/r2 + 202 EqolPhOW) [1X - O1F = 1’2] .

Proof. We have
Eo [IX +ag(X) - 01 — IIX - 61|

Eo [202lIg(X)I/2 + 2a(X - 6)T g(X)|

% f]l; ) 2 fz; Vg(x)dVr,e(x)dP(T)]

Eg [—Zazh(X)]+2a[1 f 7 h(x)dv,,e(x)dp(r)].
d R+

Bo

IA

Eg [-2a°h(X)| + 2a

IA

By subharmonicity of & we have

f h(x)dV, g(x)dp(r) < f h(x)dU, g(x)dp(r).

Br,e Sr,é)

Hence,
Eo[IIX +ag(X) - OIF - X - 6112] < Eq [(—2a2/72 ¥ 25%)5,@ [PhW) 11X - 6IF = rz]] .

|
Lemma 6.9. If (Z, U) has a spherically symmetric distribution about (0,0) when dimZ = d
and dim U = k, then the distribution of Z'Z/ (Z’Z + ||ll||2) is Beta(g, %) and is independent

of Z'Z + U2

Proof. See Muirhead (1982) page: 38-39.
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