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Abstract. This paper explores an approach to analyse the estimation of parameters of
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tion methods maximum likelihood and maximum product of spacing are employed
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tions. The approximate confidence intervals for these quantities are derived using
the asymptotic normality of the maximum likelihood and maximum product of spac-
ing methods. Bayesian estimations are explored using Markov Chain Monte Carlo
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and the effectiveness of the estimation approach is illustrated using a real dataset.
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1 Introduction

Censored sampling occurs in life-testing experiments when experimenters are unable to
observe the failure times of all units. In medical and industrial applications, researchers
frequently encounter censored data because they may not have enough time to observe
the lifetimes of all subjects. Furthermore, subjects/items may fail due to causes unre-
lated to the study. Over the past few decades, several censoring methodologies have
been developed for analyzing such situations. In the existing literature, two commonly
employed traditional censoring schemes are type I and type II, where the experiment
is terminated after a predetermined time point and number of failures, respectively.
However, neither of these censoring strategies allows the experimenter to remove live
units from the experiment before its termination time. A more generalized scheme,
known as progressive Type II censoring, introduced by Cohen (1963), addresses this
limitation and allows removal of units at various points throughout the experiment.
This gives more experiment design flexibility, improved efficiency for certain research
questions, and a reduction in evaluating the duration and expenses to a specific ex-
tent compared to conventional censoring schemes. The progressive type-II censoring
was extensively explored by Balakrishnan and Aggarwala (2000) and detailed in the
thorough review by Balakrishnan (2007). The progressive type-II censoring scheme is
defined as follows. Let Xj,---, X, be independent and identically distributed (i.i.d.)
random lifetimes of n items and let m be the number of failures to be observed. At the
time of the first failure, noted as Xj.;.,, R1 units are randomly removed from (n — 1)
surviving units. Similarly at the time of the second failure, noted as Xp.y..4, R2 units
from the (n — Rq — 2) units are randomly removed. This process continuous until, at the
time of the m!" observed failure, the remaining (n —m — Ry — Ry — -+ = Ry—1) units are
all removed from the experiment. The enhanced reliability of products, resulting from
technological advances in manufacturing, can lengthen experimental periods when
employing progressive type-II censoring schemes. For this reason, the progressively
Type-II hybrid censoring scheme (PT-II HCS) was proposed by Kundu and Joarder
(2006). Nevertheless, in the context of this censoring scheme, the experimental du-
ration is fixed, resulting in a randomization of the effective sample size. There are
situations in which the effective sample size can reach zero, hence reducing the efficacy
of statistical inference. To overcome this drawback, an adaptive censoring scheme (AT-
IT PCS) has been proposed by Ng et al. (2009), in which the effective number of failures
m is predetermined and the test time can exceed a prefixed time T. Unfortunately, if
the test units have an extreme lifespan, it is not guaranteed a satisfactory total test du-
ration because the experiment time will be very long. Recently, to solve this problem,
Yan et al. (2021) proposed an improved adaptive progressive Type-II censoring scheme
(IAT-II PCS) which is a generalization of two popular censoring schemes, namely: AT-II
PCS and PT-II HCS. They stated that the IAT-II PCS can effectively guarantee that the
experiment stops within prespecified times such as T7 and T,. Recently, IAT-II PCS has
been explored by a few researchers see, Nassar and Elshahhat (2024), Dutta and Kayal
(2023), Dutta et al. (2024), Zhang and Yan (2024).
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The procedure of IAT-II PCS can be described as follows: Suppose a random sample of n
units is placed on a life-testing experiment at time zero, the effective number of failures
m(< n) is predetermined, and the progressive censoring scheme R = (R, Ry, ..., Ry)
with R; > 0 is also fixed in advance, but some values of R; may change during the
experiment. Let Ty, T> € (0, o), where T1 < T», be the two threshold time points that are
determined according to the reliability information on the product of interest. Suppose
di(< dp) and dp(dy < m) are the number of failures that occur before times T; and T,
respectively. At the time of the first failure (say Xi.u:x), R1 items from the experiment
are randomly withdrawn from n — 1 live items. Similarly, at the time of the second
failure (say X2.u:n), Rz of n — Ry — 2 items are randomly removed from the experiment,
and so on. If Xj;.;;., occurs before time Ty, i.e. Xy < T1 (Case-I), the experiment
stops at the time of mt" failure with the censoring scheme R = (Ry,Rp,---,Ry,). If
Xaymn < T1 < Xg, ,:m:n (Case-1I), where d; > 0 and d; + 1 < m, the experiment stops at
the time of m!" failure with censoring scheme R = (Ry,R,---,Ry,,0,---,0,R"), where
R'=n-m- Z'j:ll R;, then no live units will be removed from the experiment by setting
Ri=0fori=d; +1,..,m—1and at the time of the m" failure all remaining units are
removed. On the other hand, if T, < X,;.n.n (Case-III), the experiment stops at T, with
censoring scheme R; = 0 fori = d; +1,---,d>, and at T all the remaining units are
removed, i.e. R* =n—d, — Zfil R;. A diagrammatic representation of IAT-II PCS is
depicted in figure 1 . The lifetimes of observed units in these three cases are provided

by

Casel : Xl:m:n < < Xm:m:n/
Case-Il : Xy <---< Xdlzm:n <o < Xmeny
Case-III : Xq.ppp < --+ < Xdlzm:n <-- < Xd2:m:n-

The above cases are respectively taken place when

Casel : X,mn <Tq <Tp,
Case-Il : Xdlzm:n <T1 < Xd1+1:m:n < Xymn < T,
Case-IIT : Xy, < T2 < Xgyatimn < -+ Ximmen-

Suppose we have an IAT-II PC sample taken from a continuous population with cu-
mulative distribution function (CDF) F(.) and probability density function (PDF) £(.),
the joint likelihood function (LF) of the observed data can be written as follows

D, Dy
L(©) = C [ | fGximen) | 11 - FGeI¥01 = FTIX, (11)
i=1 i=1

where C is a constant which does not depend on the parameters and © is the vector of
the unknown parameters. Let X; = Xj.;,., for simplicity, then from (1.1), the quantities
D1, Dy, R;, R* and T~ for the different cases are presented in Table 1.

Clearly, T; indicates a warning about the experimental time, while T, represents the
maximum time that the experimenter can afford to continue. If the experiment reaches
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Ry R, Rm—1 n—m-—3XLR
| / -/ v/ / | |— Casel
Xl:m:n Xz:m:n o Xm—l:m:n Xm:m:n Tl TZ
Start End
R, R, Rq, n—m—Y R
)—LLL—L;—. Case 11
Xl:m:n Xz:m:n R Xdi‘m:n Tl R Xm;m:n TZ
Start End
d
Ry R Ry, n—d; =22 R
}—LLL—O—O—L&—» Case III
Xl:m:n XZ:m‘n R Xm:m:n Tl Xdﬁl‘m:n E ng‘m:n TZ Xm:m:n
Start End

Figure 1: Graphical Illustration of Improved Adaptive Progressive Type-II Censoring Scheme
Based on Three Cases

the specified time T, and the number of desired failures m does not occur, the life-test
must be stopped at T>. This improvement overcomes the drawback of AT-II PCS, which
cannot guarantee the test time, by guaranteeing that the total test time will not exceed
the time T5.

Table 1: Various choices of D1, D, R*, T* and {x;, R;}

Case Dy D, R* T {Xi, R}
I m m Ry p X {(le Rl)/ tty (Xm—lz Rm—l)r (Xm/ R*)}
I 4 m n-m-Y0R  Xu {1, Ry, (Xay, Ray), (Kt 0), (X, RY))

W & d n-d-YL R T {(X,R) o, Xay,Ra), Kay1,0) - (Xg,1,0), (X, 0))

In this paper, we consider the statistical inference for a generalized exponential (GE)
distribution under IAT-II PC. Kundu and Gupta (1999) provided the PDF and CDF of
the GE distribution, which are, respectively, given by,

fx;a,A) = al exp(—Ax)[1 — exp(—)\x)]"‘_1 ,x,0,A >0 (1.2)

and
Flx;a,A) = [1 —exp(=Ax)]* ,x,a,A >0, (1.3)

where a and A denote the shape and scale parameters, respectively. Let o6(x;A) =
1 — exp(—Ax); then, PDF and CDF of the GE distribution can be respectively rewritten
as

g a,A) = ad exp(=A0)[6(x; A)1* ! x,a,A >0 (1.4)

and
Fix;a, ) = [0(x; A)]* ,x,0,A>0 . (1.5)



Inference for Generalized Exponential Distribution Under IAT-II PCS 5

Then, the reliability (survival) and hazard functions can be written, respectively, as
follows:
S(x;a, A) =1-=[0(; )]* ,x,a,A>0 (1.6)
e fla,A) _ ad exp(=Ax)[5(x; M)]*!
X;Q, al exp(=Ax)[0(x;

H(x;a,A) = SCa ) 1= [o(x VJF , x,a,A>0 1.7)
The GE distribution is a very flexible and favorably skewed model that is used to re-
place the lognormal, gamma, and Weibull distributions. Since then, GE distribution
has been studied by many authors including Ragab and Ahsanullah (2001), Gupta
and Kundu (2002), Gupta and Kundu (2007), Jaheen (2004), Ragab and Madi (2005),
and Sarhan (2007). Kundu and Gupta (1999) mentioned that the two-parameter GE
distribution could be used quite effectively in analyzing many lifetime data, particu-
larly, in place of the two-parameter gamma and two-parameter Weibull distributions.
Even though progressive Type-II censoring has been extensively investigated for dif-
ferent distributions, the improved adaptive Type-II progressive censoring scheme has
only been applied to a small number of lifetime distributions so far. Despite its broad
relevance in industrial life-testing, medical research, survival analysis, and reliability
engineering, its application to the GE distribution remains unexplored. Thus, this cen-
soring method in combination with the GE distribution is novel and fills an existing
gap in the literature.

The rest of the paper is organized as follows: Section 2 discusses point and in-
terval estimations via the maximum likelihood approach. In Section 3, the point and
interval estimation are investigated using product spacing estimation method. Bayes
estimates under both squared error and LINEX loss functions are provided in Section
4. Furthermore, highest posterior density (HPD) credible intervals for the parameters
are obtained. The simulation results are presented in Section 5. In section 6, a real data
is considered for illustration. Finally, a concise overview of the paper is presented in
Section 7.

2 Maximum Likelihood Estimation

In this section, we consider the maximum likelihood estimation method to estimate
the unknown parameters of GE distribution based on IAT-II PC data. In addition to
the maximum likelihood estimates (MLEs) of the parameters, the MLEs of RF and HRF
and the corresponding ACIs are also obtained.

Let X1, -+, XDyomens * -+ » XDymen be an IAT-II PC-sample of size D, from the GE
distribution with PDF and CDF given by (1.4) and (1.5), respectively, with censoring
scheme R = (Ry,...,,Rp,,0,--+,0,R"). Substituting (1.4), and (1.5) in (1.1), we can write
the LF in the following form

D1

D2
L, A = C [ [ are ™[50 HI* [ 11 = G D TR0 = (50N . @)
i=1 i=1
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Then, the log-likelihood function of (2.1) is as follows:

D2 DZ
InL(a, Alx) = InC + Dolna + DolnA + (a0 — 1) Z n[6(x;, \)] — A Z X
=1 i=1

+ Z Riln[1 — (5(xi, A)*] + R*In[1 — 6(T*, 1)?]. (2.2)
i=1

To obtain the normal equations for the unknown parameters, we differentiate (2.2)
partially with respect to the parameters @ and A and equate them to zero, and are given
below.

Dy | Z In[5(x; A)] — Z R [6(xi; 1)]*In[6(x;; A)] _Rr [O(T"; MI*In[6(T; )] _ 0, (23)

[1 = [6Cxi; M)]°] [1 = [&(T*; M)

D>

D, A1 =00 w1 = 8(x; A)6(x; A)]*!

T 1)2 VD P e w7y T

T*[l = o(T*; M)][o(T; /\)]“
[T — [60x; 1))

The system of nonlinear equations represented by (2.3) and (2.4) lacks a closed-form
solution due to the intractable nature of the terms involved. Consequently, numerical
methods are indispensable for obtaining the ML estimates & and A. The Newton-
Raphson method is a common numerical approach employed to find these estimates.
The MLEs & and A can be substituted into (1.6) and (1.7) to generate the MLEs R(#) and
H(¢t) (for any given time t > 0) of the RF and HRF by using the invariance property of
the MLEs.

aR*

2.1 Approximate confidence intervals

The 100(1 — 7)% Approximate Confidence Intervals (ACIs) for model parameters and
the reliability characteristics are obtained in this subsection. The MLEs” asymptotic
normality serves as the basis for obtaining these ACIs. The asymptotic variance-
covariance (VC) matrix needs to be computed in order to create such ACIs, and this
can be done by inverting the Fisher information matrix (FIM). In order to do this, we
first determine the second derivatives of (2.2) with regard to a and A as

2.1.1 Confidence intervals of parameters

Based on the asymptotic normality of the relevant MLEs, the AClIs of , A, S(t), and h(t)
are determined. To obtain the AClIs, the asymptotic variance-covariance matrix (VCM)
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has to be constructed based on the MLEs. This VCM can be obtained from the inverse
of the FIM, and the FIM, I(a, A) can be expressed as

da? dadwa
Bl 2l (a, ) oPinL(a, )| (2.5)
dadA OA2

?’InL(a, )  d*InL(a, A)
(o, A) l

Here,

PlnL(a, A) _ Dz Z R {[5(961 ; M In[d(xi; M) L [oGxi; AP (In[d(xi; A)])z}

a2 [6(x;; A)]* (1 = [6(x;; A)])*
R {[5(T ; WP In[6(T*; V)P N [6(T™; A)]Z“(lnlé(T*A)F)}
1—[o(T+; A)]e (1 = [o(T%; A)]%)2 ’

PinL(a, A) _ PlnLia,)) _ i xifl = (i )] i " {xi[l — 5 M6 )]
dad JdAda [6(x;; A)] Y16 I = [6(xi; A)]]
axi(1 = [6(x; A)D[6(xi; A)]*In[6(x;; A)]
0(xi; A)([6(xi; A)]%)
N axi(1 — [(xi; DI6(xi; )P4 In[6(x;; A)] }
O(xi; A)([6(xi; A)]*)?
R {T*[l = o(T"; M][6(T"; A)]*
o(T*; M[1 = [&(T*; A)]*]
+01T*(1 = [6(T*; A)DIS(T™; )] In[6(T; A)]
o(T*; A)([6(T*; A)]%)
N aT* (1 — [6(T*; MDIS(T*; )P4 In[d(T*; A)] }
O(T=; A)([6(T+; A)]%)?

and

PlnL(a,\) _ Dy @-1) i {x?[l —0(x;; A)] a7 [1 - O(x;; /\)]2}

. Bo DT [0 P
D1 {ax [1— 60 VPISCes DI* a®x2[1 = 8(x;; MP[6(xi; M)
* LR

i=1

[o(r; VPIL =0z M1 [o(x; MPIL = 0(x; )]
axf[é(xl,/\)] [1-06(x; )] @22 [6(xi; )IP*[L = 6(xi; D)
[0xi; VI~ [6(ri; VD2 [8(xi (L~ [6(xi; M) }
: {aT*Z[l —O(TS MPISTS A T (1 = (T VPSS D]
[O(T; VP = (T M) [o(T; D[ = (T M)}
aT[S(T5 ML = (TGN aTE(TS ML= 6(T5 )P }
(T DIA = [6(T5 DI [o(T; ML~ [8(T; 1))
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Generally, the exact expressions of (2.5) are difficult to obtain. Therefore, the approxi-
mate Fisher information matrix I(&, A) is obtained using the MLEs & and A. Then the
asymptotic variance-covariance matrix of @ and A can be given by I"1(&, A), which is
expressed as

[ PinL(a, ) PlnLa, )]

da? dadw
B d’InL(a, A) _ ??’InL(a, A)
dadA 0A? (&, )=(&,1)
[ var(@)  cov(a, A)

=_Cov(ﬁ,0?) var(A) |’ 26)

where var(d) and var(A) are the approximate variances of & and A, respectively, and
cov(@, A) = cov(A, @) is the covariance between them. According to the asymptotic
normality of the MLE, it is known that (&, A) ~ No[(a, A), I7Y(a, A)], where I71(a, A) is
given by (13). Therefore, the 100(1 — 7) AClIs for a and A can be expressed, respectively,
as follow

& £ 272 \/var(&) and A+ Z7/2 w/var(;\) ,

where z;/; is the upper (7/2)th percentile point of N(0, 1).

2.1.2 ACIs of S(t) and h(t)

To construct the ACIs of R(t) and h(t), it is necessary to obtain the variances of R(t) and
h(t). Then we use the delta method to approximate these variances.

Let
Do — dR(t) IR(H)
R=\"0a " o )
and
D - dh(t) Jh(t)
B\ 0a N )
where
& = —[6(3{,‘1'; /\)]aln[é(xl, /\)]/
da
and
R()

7 = —0([(3(361'; /\)]a_lxi[l - 6(xi; /\)]

in which
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da [0(xi; ML = 0(xi; A)?] [6Cxi; DT = 6(xi; 1)°]
aA[1 = 8(xi; M)I[S(xi; AP In[6(xi; M)]
[6Cxi; ML = 0(xi; A)*]?

In(t) _ AL = 60e; MI6Cei; DI @[l = Sxi; MII6(xi; A)I*In[d(xi; )]

and
Oh(t) _ald(r; D)I* 1 = 60 D] adxi[5(xi; A)1* 1 = 6(xi; A)]
dA 1= [6(x;; A)]* 1 = [6(xi; )]
N a( = DAx[1 = 5(x; VIP[6(xi;; A)1* 2 a?Ax[1 = 6(xi; )IP[6(xi; A)]*
1 —[6(xi; A)] [O(xi; D)IP[1 = [0(xi; A)]4]2

Then the approximat variances of R(t) and h(t) can be obtained, respectively, as follow

VR = [D};I—l(a/ A)DR]([X:@JL:;\)

and
Vi = [Dzl_l(az /\)Dh](a:@,/\:;\) .

Then, the ACIs for R(t) and h(t) can be determined as follows:

Rt Zypp Vi 2.7)
i’\l * ZT/2 \[Vh .

3 Product of spacing estimation

and

The maximum product of spacing (MPS) method was introduced independently by
Cheng and Amin (1983) and Ranneby (1984) as an alternative to the method of maxi-
mum likelihood. By maximizing the product of spacing functions, the MPS estimators
(MPSEs) can be obtained using the same explanation as the MLEs. Recently, Nassar
and Elshahhat (2024) introduced the method of product spacing in improved adaptive
type-1I progressive censoring schemes for the Weibull distribution. Here, based on
IAT-II PCS data, we estimate the parameters, reliability, and hazard rate functions of
the GE distribution using the MPS estimation method. Additionally, the ACIs of the
unknown quantities are derived using the asymptotic normality of the MPSEs.

Let X = (X1n, - -+ » XDymins -or XDy:men) be an IAT-II PC sample with a censoring scheme
R=(Ry,---,Rp,,0,---,0,R"), then the MPSEs are obtained by maximizing the geomet-
ric mean of the spacings, or equivalently, the product spacing (PS) function expressed
as follows:

Dy+1

D1
P(a,A) = C [ ] 1FGe) = Fee1 [ ] 11 = FGe™ 11 = F(TIX (3.1)
i=1 i=1



10 Shilpa S Dev and Manoj Chacko

Using (1.4), (1.5) and (3.1), the PS function can be written as follows

Dy+1

P(a, 1) = CH<[6<x1,A>1“ [6xi1; 1)]° >H<1—[6 (e DIFD® (1= (T DI . (3.2)

The natural logarithm of (3.2) can be expressed as follows

Dr+1
P, Alx) = Y In (18(x; MI* = [8(xi-1; )] “)+ZRln (1 - [6(x; A)I%) +
i=1 i=1
RiIn (1 - [5(T" M)IY). (3.3)

Differentiating (3.3) with respect to a and A, we get the following

a1111’(01 AlY) Z [0Cxi; W] In[8(xi; A)] — [6(xi—1; M]*In[d(xi—1; A)]
=) [0Cxi; A)]* = [o(xi—1; A)]*

B Z g, 100 DI n[oGxi; V][0T VIMIn[S(T; A)]
b= 0 ) [1=[o(T; A)]]

(3.4)

i=1

and

InP(a, Alx) Df i[5 AP L = 80x; A)] — axi_a[6(xi_1; A1 = 8(xi_; A)]
—on [6(x; M) — [6(xi1; M)

Z ax; 5(961, AL = 8(xi; )] g AT (T AL = 8(T5 M)
= [6(x;; )] 1= [o(T% M) '

=1

=1
(3.5)

The MPSEs of the parameters a and A, represented by & and A, can be computed by
equating (3.4) and (3.5) to zero and then solving them simultaneously. Since these
equations cannot be solved explicitly, we obtain @ and A using any numerical method.
Cheng and Traylor (1995) demonstrated that the MPSEs are consistent, similar asymp-
totic properties to those of MLEs, and invariance properties as well. Therefore, the
MPSEs of R(t) and h(t) can be readily calculated using the invariance concept.

3.1 Approximate confidence intervals

Here, we determine the 100 (1 — 7) % AClIs for a, A, R(t), and h(t).
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3.1.1 Confidence intervals of parameters

Similar to the MLEs, the ACIs are determined using the asymptotic normality of the
MPSEs. To obtain the approximate asymptotic VC matrix for the MPSEs, we need the
second order derivatives (3.3) with respect to a and A as follows:

azznp oc,/\|x) i s¢ — [6(xi1; A1} s (Insi)? — 52, (Ind(x;-1; 1))?)

2

B {S?_S?—l}

Dy a[lnsl] s In si]? Dy ) s%[lnsT]z s%[lnsT]z
_;‘Ri{[ 17 =T _;R [-s] -2 [’

82ZnP(a,/\|x) i{x a(a-1s" A -5)* xst N (1-s)  alas (1 —sp)?

i (5§ =siy) (5§ —siy) (s = siLy)?

sy st i (1 - l>(1—si_1>} ZR{ ala—sz)

(Si = sy
a(a — 1)xl.zsl?“2(1 —5;)? . xisf“l(l —55) N ozzxzzslz“ 2( —5i)?
(1-sf) (1—sf)? (1—sf)?
—R* T*Zasg‘fl(l —s7) . oo — 1)T*Zs%‘2(1 — s7)? . T*s& (1 —s7)
1-sg (1-5%)? (1-5%)2
+a2T*252T“‘2(1 - sT)2
(=57

and

*InP(a, Alx) i {S?‘lxi(l = Si) . axis® (1 =splns;  x;1597H (1 = si1)
dadA B

s — g% st — g% s —s¢

i=1 i i—-1 i i-1 i i-1
_(5{Insi = s{ Insiy)(asfTxi(1 = i) — asilx(l = sica)
_ 2
(57 —siy)
axi_ls‘."‘ll(l —s;i1)ns; 4 Dy R sf“lxi(l -5 axisf“l(l — s;)Ins;
- - ; +
s - sl 1 ; ! 1- s;?‘ 1- sf‘

+

ozxisiz"“llnsi(l —-5;) . s‘]’i‘lT*(l —57) aT*s%‘l(l —st)lnst
(1-s%)? 1-s5 1-s5
aT*S%"“llnsT(l —S7)
(1—s4)? ’
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where, s; = 6(x;; A) and st = 6(T*; A) .
From the above expressions, the approximate assymptotic VC matrix can be obtained
as follows

B ?’InP(a, A) _82lnP(0¢, A) -

15 1) = da’? dada
P@O=\ 2P, n)  PinPla, )

dadl 0A2 (a,1)=(,1)
[ var(@)  cov(a, A)

- cov(A, @) var(A) (3.6)

Now the 100(1 — 7) ACIs for a and A can be obtained, respectively, as follows
& + z¢ o AJoar(@) and A + z;jp \var(A) .

3.1.2 ACIs of S(t) and h(t)
Applying the delta method, we can obtain the approximated variances as follow

Vi = [DRI™ (@, )DR](yez1=1)

and
Vi, = [Dy I (@, Dy ey =1 -

Hence the ACIs of R(t) and h(t) can be obtained, respectively, as follow

R+ ZT/Q Vr (3.7)

and

4 Bayesian Estimation

The main focus of this section is to estimate a and A, as well as S(¢) and h(t), of the GE
distribution using Bayesian approaches. In this study, we obtain Bayesian estimates
(BEs) using both the likelihood function (LF) and the product spacing (PS) function,
thereby providing a comparison between the two approaches. The Bayesian estimation
utilizes both symmetric and asymmetric loss functions, including the squared error loss
(SEL) function and LINEX loss (LL) function.

The parameters @ and A are assumed to follow independent gamma prior distribu-
tions, G(a, b) and G(c, d), respectively, with PDFs given by

bu
mt1(a;a,b) = Ea“_le—b"‘ ;a,a,b>0 4.1)
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and

[
mo(A;c,d) = %Ac‘le"” ;A c,d>0. (4.2)
The joint prior distribution of & and A can be written in the following form.

n(a, A) oc @ TN TeTbardA -y 0 d >0 . (4.3)

4.1 Bayes estimators via LF-based

Based on the likelihood function in (1.1), the joint posterior distribution of @ and A is
given by the following expression

L(a, Alx)Tt(ar, A)

(MY = —5—= :
Al I L, Am(a, AdadA

Then the Bayes estimates of any function i of @ and A under SEL and LL functions can
be respectively obtained as follows.

~

_ fooo fooo (e, A)L(a, Alx)m(a, A)dadA

44
Vs [T [T Lie, A)m(@, A)dadA (4
and
“ [ e PN (o, Ax)m(a, A)dadA
EZA}LL = —(1) fo foooe — (@, (e, A)da p#0. (4.5)
pl 7 Lie, Aln)m(a, AdadA

Obviously, (4.4) and (4.5) cannot get an explicit solution. Hence, the Markov chain
Monte Carlo (MCMC) method is employed to generate samples from the posterior
density function, facilitating the computation of Bayesian estimation for the unknown
parameters.

By using the likelihood function in (2.1) and joint prior distribution in (4.3), the joint
posterior distribution of @ and A is given by

D, D,
T (a, A x) o aD2+“_1exp (=ba —dA)exp [—/\ Z xi) exp ((a -1) Z Ind(x;; /\)]
i=1 i=1

Dy
exp Z Riln[1 = [6(x;; A)]*] + R*In[1 — [0(x;; /\)]“]] . (4.6)

i=1
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From equation (4.6), the conditional distributions for @ and A can be obtained as

Dy
7T (a|A; X) o aD2+”_1exp (=ba)exp {(a -1) Z In[6(x;; /\)]}

i=1
Dy
exp {Z Rin(1 = [5(x; )J%) + Reln(1 - [6(x; A)J“)} 47)
i=1

and

D, D>
*(Ala, x) o« AP+ lexp [—/\ Z] exp {(a —1) ) Inlo(x; /\)]}
i=1 i=1

Dy
exp {Z Riln(1 = [6(x;; M)]Y)) + R'In(1 — [6(x;; )\)]a)} - (4.8)
i=1

Moreover, the conditional posterior distributions of a and A in (4.7) and (4.8) cannot
be reduced analytically to well-known distributions and therefore it is not possible to
generate sample directly by standard methods, but the plots of them show that they
are similar to normal distribution. So, to generate sample from these distributions,
we use the M-H algorithm within the Gibbs Sampling scheme with normal proposal
distribution. For that we use the following algorithm:

1. Start with the initial values (@@, 1),
. Seti=1.

. Generate a” from n*(al/\(i_l);z) .

2
3
4. Generate A from *(Ala®; x) .
5 Seti=i+1.

6. Repeat steps 3-6 N times.

7

. The Bayes estimates 1sp and ¥ of 1) under SEL and LL functions, respectively,
are obtained as

N
e DL )
j=M+1
and
| ZN: e"’@”’] p#0 (4.10)
PIN-M 45, ,

where 1) stands for @ and A.
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8. Substituting a® and A into (1.6) and (1.7) to compute SV (), S@(t),---, SN(#)
and KD(¢), KA(t), -, KN(b)

9. An approximate Bayesian estimate of a function g(t) which could be S(t) and h(t)
under both the SEL and LL in a unified form as follows:

1 N
—_— D), under SEL,
A N_Mi:AZ/I‘Hg ®
8() . 1N
——log| —— exp (—pe®(t ), under LL.
; g(N—Mi:AZM p(-ps(1)

4.2 Bayesian Estimation via PS-based

In this section, we consider the Bayesian estimation procedure for the parameters
a and A, using PS. The concept was adapted from an idea by Coolen and Newby
(1994). Recently, many authors investigated Bayesian estimations of some life time
distributions utilizing the PS function; see, for example, (Nassar and Elshahhat, 2024;
Basu et al., 2019, 2017). Here, we obtain the BEs of a, A, S(t) and h(t) by using the PS
function as an alternative to the LF. Instead of deriving the joint posterior distribution
based on the LF, the joint posterior distribution is derived using the PS function in (3.1).
Then, the joint posterior distribution of a and A is as follows,

P(a, Alx)m(a, A)
B Pla, Axm(e, AdadA

mip(a, Al x) =

Combining (3.1) and (4.3), we get

Dy+1

(e, Alx) =a AT e 00 ey [ Y Il ) = (6(xi1; A)°] (4.11)
i=1

exp + R*In[1 — (6(T"; A))*] . (4.12)

Dy
Y Riln[1 = (6(x;; A))°]

i=1

Similar to the usual Bayesian estimation method, the Bayes estimates under SELF and
LLF can be obtained through the following formula.

I @ A)P(a, Ax)na, A)dadA

pse, (@, ) = SRS 413
Vse,(a, ) NN (4.13)
and
A 1 j(;oo j(;oo e_pIP(a'A)P(a//\IE)T((a, A)dad/\
A =-15 S 0. 4.14
Yl ) (P) fo fo P(a, Alx)m(ar, A)dadA P (4.14)
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Again, (4.13) and (4.14) cannot be obtained analytically, therefore, the MCMC tech-
nique can be implemented to obtain the BEs in this case. The conditional posterior
distributions of & and A can be expressed, respectively, as

i=1

Dy+1
(@A, x) o< a" e M exp [ Y Il(6(xi; A)Y*) = (6(xia; A)“n]

exp
i=1

D,
Y Riln[1 - (65(xi; 1))*] + RIn[1 = (6(T"; /\))“]] (4.15)

and

Dy+1

(e, x) oc Ao Mexp [ Nl A = (01 )]
i=1

exp

Dy
Z R;ln[1 = (6(x;; A))*] + R*In[1 — (6(T™; /\))“]\ . (4.16)
i=1

It is observed that the conditional posterior distributions in (4.15) and (4.16) do not
match any well-known distributions. Then, the M-H sampling technique is considered
to generate samples for & and A, then find the estimates similar to the method described
in section 4.1.

4.3 HPD credible intervals

To construct HPD credible interval estimates, we propose to utilise the method offered
by Chen and Shao (1999). First, arrange the MCMC samples of o, A, R(t) and h(t) after
taking first M iterations as burn-in period (aM+D) oo gy (AMHD) L

AN, RMHD) ... RNy and (hM*D, ... i) Applying the method proposed by Chen
and Shao (1999), the 100(1 — 7)% two-sided HPD credible intervals for « and A, R(¢) or
h(t) (say ¢) are given by

[I]D(j*), ¢(j*+(1—T)(N—M))] , (4.17)

where j* =M +1,M +2,---,N is chosen such that

(+A=DN-M) _ () = i (HA=DN=-M)) _ (). 418
Y ¥ 1gf§<‘ﬁlM)("b ) (4.18)

where [x] denotes the largest integer less than or equal to x. Using generated MCMC
samples based on both LF and PS functions, this method may be used to derive the
HPD credible intervals.
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5 Simulation Study

An extensive Monte Carlo simulation analysis is conducted to assess the behavior of
the theoretical results produced in the preceding sections. The performance of the
point estimates is compared based on the mean squared error (MSE) and interval esti-
mates is compared based on the average length (AL) of the intervals and the coverage
probability (CP). In the classical paradigm, we computed the ML estimates and the
95% approximate confidence intervals for a, A, S(t = 0.4) and H(t = 0.4). To obtain
Bayes estimates, the M-H algorithm has been used to generate MCMC samples. We
take p = 1 to evaluate Bayes estimators under the LINEX loss function L,. Hyper-
parameters are selected in a manner that the expectation of the prior distribution are
equal to the true values of the parameters. Thus we take the values for the hyper
parameters as (a,b,c,d) = (3.5,2,1.5,2). For generating IAPC-TII samples, we use the
following algorithm developed by Yan et al. (2021).

Step 1. Set the parameter values of @ and A

Step 2. Carried out an ordinary progressive Type-II censored sample using the algo-
rithm described by Balakrishnan and Sandhu (1995) as:

1. Generate wy, wy, ..., Wy from uniform distribution.
(i+27jn:m—i+l Rf)_l .

2. For a specific values of n,m and R;,i = 1,2,...,m, set v; = w;, ,i=
1,2,---,m.

3. Set U; = 1 —-0,0-1Up_izq fori = 1,2,...,m. Then, U;,i = 1,2,---,m, is a
progressive Type-II censored sample of size m from U(0, 1) distribution.

4. Generate progressive Type-II censored sample from GE(a,A) by using X; =
FYU;a,A),i=1,2, -+ ,m, where F is the CDF given in (1.3).

Step 3. Determine d; at given time Tj, and discard the remaining sample X;, i
dl +2,..,m.

Step 4. Generate the first m — d; — 1 order statistics from a truncated distribution
f()/[1 = F(xg,+1)] with sample sizen —d; — 1 - Z?zll Rias X492, , X

Step 5. The sample data under an IAPCS-TII will include one of the following scenarios,
such as:

1. If X,, < Ty, the experiment stops at X,, with failure times X;,i = 1,2,--- ,m, and
the remaining units 11 — n — Y./;' R; are removed from the test, that is Case-I.

2. If T1 < Xy < Ty, the experiment stops at X, with failure times X;,i = 1,2, ..., m,
and the remaining units n —m — Zf;l R; are removed from the test, that is Case-II.

3. If Tq < Tz < Xy, the experiment stops at T, with failure times X;,i =1,2,--- ,da,
and the remaining units n —d, — Z?i1 R; are removed from the test, that is Case-III.
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To conduct the simulation, several combinations of #n,m, T;, and T, have been taken
into account with various censoring schemes. Two distinct possibilities of n and m are
utilized for two time thresholds (T1, T2) = (0.8, 2) and (1.5, 3.0), where n = (40, 50) and
m = (20,30). Three different censoring schemes were employed in our study, specifi-
cally:

Schemel: R, =n—-m, R;=0,fori+m.

Scheme?2: Ry =n—-m, R;=0,fori#+1.

Scheme3: Riy41y2 =n—m, R;=0,fori# (m+1)/2;itmisodd Ry, =n-m, R; =0,
for i # (m)/2; if m is even.

The MLE and MPSE results of o, A, S(t) and H(t) are given in Table 2, the two-side
95% ACI and HPD credible intervals of a and A are constructed in Table 5. Table
3 presents the MSE of Bayesian estimation by MCMC method under SEL function
and LL function for a« and A. Similarly, the MSE of Bayesian estimation by MCMC
method under squared error loss function and LINEX loss function for S(t) and h(t) are
presented in Table 4. Based on the above tables, we can infer the following conclusions.

1. Based on the results of point estimation for a, A, S(t) and h(t), it can be observed
that when the sample size n is held constant, the MSE decreases with an increase
in m. Besides, for a fixed value of m, the MSE decreases when n increases from 40
to 50.

2. The 95% asymptotic intervals and HPD credible intervals are presented in Table
5.5. The ACI method demonstrates competitive performance with the HPD
method in terms of interval length. Based on the presented values, it can be
concluded that ACI and HPD credible intervals using the PS function outperform
the LF function for both time points, (0.8, 2) and (1.5, 3). For the parameter «,
HPD credible intervals outperform ACI, while for A, ACI outperforms HPD for
both time points. Additionally, all three intervals exhibit satisfactory coverage
probabilities. Furthermore, as n increases, the average interval lengths decrease
across all cases.

3. As evident from Table 2, the MPSE exhibits superior performance compared to
MLE for estimating parameters a, A, S(t) and h(t) in terms of smaller MSE.

4. Furthermore, analysis of the data presented in Tables 3 and 4 reveal that the
MCMC method employing PS exhibits superior performance in comparison to
MCMC using LF across both time points.

5. Additionally, in the context of Bayesian estimation for @ and A, LF exhibits su-
perior performance at the time point (Tq, T2) = (0.8,2), while PS exhibits better
performance at (T1, T2) = (1.5,3). Similarly, for S(t) and h(t), LF shows superior
performance at (T1, T2) = (0.8,2), whereas PS outperforms it at (Tq, T2) = (1.5, 3).
Thus, LF is favored with early stopping, while PS performs better with longer
observation.
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6. There is no significant difference in the performance of MSE based on the SEL
and LL functions, for all parameters a, A, S(t) and h(t), for both time points.

7. We employed heatmaps (see Figures 2 to 7) to facilitate an intuitive comparison
of the MSE performance of MLE and Bayesian methods for parameters a, A, S(t),
and h(t) across various censoring schemes. Color assignments were based on
the magnitude of the MSE values, with smaller values represented in white and
larger values in red.

8. From the heatmaps of MSE for @ and A based on SEL and LL functions using
LF and PS functions, we can infer that there is no significant colour variation
observed between SEL and LL functions of both @ and A. Also, for S(t) and h(t),
the SEL and LL functions are nearly identical.

9. Across all heatmaps, it is evident that estimates derived from the PS function
outperform those from the LF method, in terms of MSE.

Table 2: The MSEs of the MLE and MPSE estimates of a,A,S5(0.4), and H(0.4) are
presented for various values of n and m, given o = 1.75, A = 0.75, and (T, T2) = (0.8,2)
and (1.5, 3).

o A S() h(t)

(Th,T;) n m CS MLE MPSE MLE MPSE MLE MPSE MLE MPSE

40 20 1 0.2600 0.1993 0.0450 0.0278 0.0052 0.0030 0.0358 0.0104
40 20 II  0.3495 0.2258 0.0560 0.0299 0.0049 0.0019 0.0395 0.0062
40 20 IOI 03551 0.2399 0.1096 0.0313 0.0051 0.0017 0.0419 0.0095
40 30 1 0.2269 0.1807 0.0314 0.0179 0.0041 0.0023 0.0321 0.0074
(08,2) 40 30 I 03171 0.1909 0.0384 0.0216 0.0042 0.0017 0.0335 0.0056
40 30 I 0.3413 0.1952 0.0870 0.0209 0.0044 0.0018 0.0352 0.0076
50 30 1 0.2697 0.1517 0.0301 0.0158 0.0033 0.0025 0.0266 0.0067
50 30 I 02154 0.1755 0.0325 0.0252 0.0019 0.0016 0.0383 0.0056
50 30 III 0.3253 0.1668 0.1026 0.0186 0.0038 0.0013 0.0303 0.0058

40 20 I 0.2525 0.1960 0.0410 0.0213 0.0043 0.0027 0.0307 0.0087
40 20 II 02751 0.1903 0.0641 0.0218 0.0046 0.0009 0.0315 0.0081
40 20 II 02932 0.1928 0.0639 0.0209 0.0049 0.0019 0.0306 0.0078
40 30 1 0.2074 0.1497 0.0211 0.0124 0.0035 0.0025 0.0230 0.0064
(15,3) 40 30 I 02198 0.1688 0.0342 0.0132 0.0039 0.0150 0.0262 0.0063
40 30 I 02222 0.1723 0.0368 0.0133 0.0037 0.0018 0.0259 0.0055
50 30 I 0.1827 0.1347 0.0275 0.0119 0.0031 0.0021 0.0219 0.0069
50 30 II 01921 0.1736 0.0274 0.0249 0.0019 0.0011 0.0380 0.0032
50 30 III 0.2308 0.1430 0.0271 0.0136 0.0034 0.0012 0.0231 0.0034
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Table 3: The MSEs of the Bayesian estimates of &« and A under SE and LINEX loss
functions with different values of n and m, when a = 1.75, A = 0.75, (T1, T2) = (0.8,2)
and (1.5, 3) based on LF and PS.

LF PS
n m CS &g arp, AseL ALL [ aser A ASEL ALL
(T =0.8,T, =2)
40 20 I 0.00663 0.00676 0.00680 0.00678 0.00425 0.00426 0.00427 0.00430

40 20 1T 0.00741 0.00754 0.00677 0.00678 0.00438 0.00439 0.00418 0.00420
40 20 11T 0.00665 0.00653 0.00807 0.00798 0.00361 0.00362 0.00429 0.00433
40 30 1 0.00518 0.00527 0.00651 0.00660 0.00345 0.00347 0.00316 0.00320
40 30 I 0.00718 0.00720 0.00628 0.00637 0.00362 0.00377 0.00392 0.00398
40 30 1II 0.00639 0.00649 0.00681 0.00667 0.00345 0.00343 0.00314 0.00337
50 30 1 0.00562 0.00555 0.00614 0.00615 0.00319 0.00348 0.00299 0.00302
50 30 I 0.00554 0.00540 0.00633 0.00623 0.00343 0.00315 0.00282 0.00282
50 30 111 0.00568 0.00571 0.00618 0.00620 0.00307 0.00341 0.00310 0.00321

(T1 =15,T, =3)

40 20 I 0.01018 0.01021 0.00831 0.00835 0.00357 0.00358 0.00350 0.00350
40 20 1T 0.01106 0.01133 0.01110 0.01131 0.00382 0.00382 0.00355 0.00314
40 20 I 0.01055 0.01078 0.00971 0.00985 0.00329 0.00329 0.00339 0.00352
40 30 1 0.00840 0.00846 0.00761 0.00763 0.00338 0.00366 0.00299 0.00300
40 30 I 0.01015 0.01047 0.00978 0.00985 0.00356 0.00355 0.00333 0.00271
40 30 I 0.01032 0.01022 0.00872 0.00889 0.00309 0.00319 0.00316 0.00322
50 30 1 0.00791 0.00791 0.00677 0.00681 0.00285 0.00283 0.00233 0.00233
50 30 I 0.00996 0.00988 0.00971 0.00980 0.00317 0.00318 0.00267 0.00236
50 30 111 0.00790 0.00793 0.00827 0.00832 0.00311 0.00313 0.00237 0.00336

Table 4: The MSEs of the Bayesian estimates of S(0.4) and /(0.4) under SE and LINEX
loss functions with different values of n and m, whena = 1.75, A = 0.75, (T, T») = (0.8, 2)
and (1.5, 3) based on LF and PS.

LF PS
n m  CS  S(HskL S(H)LL h(t)seL hee | S()serL S(H)LL h(t)seL h(t)LL

(T =08,T, =2)

40 20 I 0.00138 0.00127 0.00346 0.00349 0.00070 0.00072 0.00185 0.00187
40 20 s 0.00143 0.00139 0.00346 0.00344 0.00074 0.00074 0.00169 0.00171
40 20 11T 0.00150 0.00150 0.00380 0.00379 0.00068 0.00067 0.00169 0.00162
40 30 I 0.00124 0.00125 0.00309 0.00312 0.00062 0.00063 0.00162 0.00164
40 30 1T 0.00110 0.00138 0.00330 0.00333 0.00071 0.00072 0.00153 0.00152
40 30 I 0.00140 0.00143 0.00302 0.00321 0.00065 0.00065 0.00162 0.00169
50 30 1 0.00124 0.00118 0.00254 0.00254 0.00060 0.00061 0.00155 0.00155
50 30 I 0.00137 0.00138 0.00251 0.00253 0.00059 0.00060 0.00133 0.00134
50 30 111 0.00110 0.00112 0.00301 0.00292 0.00058 0.00058 0.00146 0.00145

(T1 =15,T, =3)

40 20 ! 0.00216 0.00216 0.00364 0.00364 0.00066 0.00066 0.00178 0.00178
40 20 s 0.00235 0.00242 0.00497 0.00502 0.00067 0.00068 0.00141 0.00141
40 20 I 0.00214 0.00215 0.00464 0.00473 0.00066 0.00066 0.00165 0.00164
40 30 I 0.00195 0.00197 0.00336 0.00336 0.00062 0.00062 0.00157 0.00158
40 30 I 0.00230 0.00235 0.00422 0.00427 0.00064 0.00064 0.00125 0.00125
40 30 I 0.00197 0.00197 0.00429 0.00302 0.00062 0.00063 0.00147 0.00148
50 30 1 0.00183 0.00182 0.00298 0.00301 0.00055 0.00055 0.00129 0.00128
50 30 I 0.00176 0.00180 0.00391 0.00396 0.00052 0.00053 0.00129 0.00129
50 30 111 0.00187 0.00190 0.00300 0.00434 0.00056 0.00056 0.00109 0.00109




Table 5: Average length (AL) and coverage probability (CP) of 95% asymptotic confidence interval and HPD credible interval

for parameters, when a = 1.75, A = 0.75 at two time points (T1, T2) = (0.8,2) and (T4, T>2) = (0.8, 2).

(T, = 0.8,T, =2)

ACI_LF

ACI_Ps

HPD_LF

@

)

(@)

(1)

@)

(1)

CS

AL

cr

AL

cP

AL

cr

AL

cP

AL

cp

AL

cP

cp

cr

II
III

II
III

II
III

2.5355
2.5168
1.8223
2.2082
2.1823
1.7352
2.1170
1.9700
1.4508

0.94
0.98
0.77
0.95
0.99
0.88
0.98
0.96
0.62

0.9610
0.9616
0.8162
0.8181
0.7401
0.6863
0.8159
0.7328
0.6158

0.98
0.95
0.57
0.96
0.99
0.89
0.98
0.92
0.42

2.0232
2.1584
1.6169
1.8619
1.7316
1.4847
1.8070
1.6394
1.2487

0.86
0.91
0.57
0.85
0.87
0.64
0.88
0.88
0.43

0.9615
0.9218
0.7950
0.8064
0.7096
0.6534
0.7970
0.6828
0.5736

0.92
0.91
0.52
0.93
0.94
0.63
0.93
0.90
0.28

1.2973
1.3874
1.2823
1.2922
1.3124
1.2649
1.2889
1.2239
1.2647

0.80
0.73
0.76
0.62
0.78
0.79
0.76
0.75
0.70

1.1089
1.0897
1.1301
1.0317
1.0794
1.0713
0.9530
1.0394
1.0537

0.79
0.82
0.82
0.75
0.80
0.79
0.76
0.76
0.76

1.1286
1.0848
1.5143
1.1487
1.0826
1.2589
1.0390
1.0652
1.0994

0.91
0.90
0.76
0.85
0.90
0.59
0.83
0.80
0.73

0.93
0.98
0.92
0.92
0.96
0.89
0.92
0.91
0.83

(T; =15,T, =3)

ACI_Ps

(@)

(A)

CS

cp

AL

cr

AL

cpP

cr

CcpP

cp

cr

II
III

II
III

II
I

2.1678
2.1576
2.3262
2.0842
1.9961
1.8897
1.9908
1.9993
1.8401

0.98
0.90
0.95
0.99
0.98
0.92
0.98
0.97
0.98

1.9787
1.9096
2.0420
1.7331
1.7718
1.8019
1.7094
1.6672
1.6964

0.86
0.87
0.90
0.88
0.89
0.93
0.87
0.91
091

0.8401
0.7407
0.9263
0.6905
0.6687
0.7265
0.6885
0.6747
0.7205

0.90
0.73
0.95
0.96
0.93
0.92
0.93
0.93
0.94

1.5414
1.4486
1.5513
1.2254
1.1358
1.4340
1.1743
1.0531
1.3551

0.63
0.66
0.68
0.78
0.87
0.51
0.83
0.87
0.70

0.82
0.73
0.10
0.70
0.80
0.64
0.79
0.80
0.83

1.3832
1.3186
1.3996
1.3109
1.2797
1.2290
1.2641
1.2535
1.2596

0.74
0.72
0.09
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Heatmap for the MSE of a and A using MLE and
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Figure 2: The heatmaps of MSE for « and A, based on MLE and MPSE methods, are presented for
(T1, T2) values of (0.8, 2) and (1.3, 5).
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6 Illustrations using real data

To show the adaptability of methodologies proposed to a real phenomenon, an engi-
neering application using a real-life data set is analyzed. Here, we shall use a real-life
data set originally reported by Murthy et al. (2004). This data set shows the time be-
tween failures for 30 items of repairable mechanical equipment (RME) and is given
below.

0.11, 0.30, 0.40, 0.45, 0.59, 0.63, 0.70, 0.71, 0.74, 0.77, 0.94, 1.06, 1.17, 1.23, 1.23, 1.24,
1.43,1.46,1.49,1.74,1.82,1.86,1.97, 2.23,2.37, 2.46, 2.63, 3.46, 4.36, 4.73.
Recently, Elshahhat et al. (2023) reanalyzed this RME data set for AT-II PCS following
weighted-exponential distribution. Before proceeding with the analysis, it is important
to determine whether the proposed model adequately fits the data. We use Kolmogorov
Smirnov test for checking the goodness of fit. The value for the Kolmogorov Smirnov
test statistic is 0.06505 and the corresponding P-value is 0.9996. In light of the high
P-value, we fail to reject the null hypothesis indicating that the data is derived from the
GE distribution. Then we consider the estimation of two parameters under IAT-II PC
data. By using the original dataset we have generated random sets of IAT-II PC samples
for different censoring schemes and are given in Table 7. The different combinations
for m and CS are given in Table 6. We have obtained the MLEs and Bayes estimates of
a, A, 5(0.4) and H(0.4), which are given in Table 8. For the Bayesian estimation we used
the same values for the hyper parameters as those used in the simulation study.

Table 6: IAT-II PC with n =30

SINo. m CS Censoring number

1 5 1 R=(0,0,0,0025)

2 5 1 R=(459502)

3 5 1 R=(5555,5)

4 10 IV R=(0,0,0,0,0,0,0,0,0,20)
5 10 V. R=(241231,1,12,3)
6 10 VI R=(22,22222222)

Based on the RME data and censoring scheme VI from Table 7, traceplots based on
10,000 chain values of & and A under LF and PS functions are plotted in Figures 8 to 11
to evaluate the convergence of the MCMC procedure. All plots for @ and A under both
LF and PS functions exhibit consistent fluctuations around a stable mean, indicating
that the chains have achieved convergence.
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Table 7: Improved adaptive Type-II progressive censored samples generated from the
data under different censoring schemes.

(T1,T;) | m | CS Data di | d | R*| T
I 0.11,0.30,0.40,0.45,0.59 5|5 |25 059
5 II 0.11,0.59,1.17,1.23,1.86 2 5 |16 | 1.86

(0.8,2.0) I 0.11,0.63,1.74,1.97 2|14 |16| 20
IV | 0.11,0.30,0.40,0.45,0.59,0.63,0.70,0.71,0.74,0.77 | 10 | 10 | 20 | 0.77
10 | V |0.11,0.63,0.74,0.94,1.23,1.24,1.46,1.74,1.82,1.97 | 3 | 10 | 13 | 1.97

VI 0.11,0.63,0.71,0.77,1.06,1.24,1.43,1.97 4 |7 112 20
I 0.11,0.30,0.40,0.45,0.59 5|5 |25 059
5| 1I 0.11,0.71,1.23,1.74,1.86 3|5 171186
(1.5,3.0) III 0.11,0.70,1.06,1.82,1.97 3 5 (10| 1.97
IV | 0.11,0.30,0.40,0.45,0.59,0.63,0.70,0.71,0.74,0.77 | 10 | 10 | 20 | 0.77

10| V | 0.11,0.45,0.63,0.77,1.23,1.46,1.74,1.86,1.97,263 | 6 | 10 | 7 | 2.63

VI 0.11,0.45,0.70,0.71,0.94,1.06,1.49,2.23,2.63 7191730
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Figure 8: The trace plots of (a) : a, and (b) : A using the LF function from RME data when (Ty, T) = (0.8,2)

Table 8: Estimates derived using various estimation procedures for the dataset using
censoring scheme VI, when (T1, T7) = (1.5, 3.0)

Methods a A S(0.4) h(0.4)
MLE 1.8519 0.8196 0.5449 0.8133
MPSE 1.7599 0.7898 0.9058 0.3532
SEL (LF-Based) 1.7388 0.7593 0.5902 0.3623
LINEX (LF-Based) 1.738 0.7584 0.5908 0.3622
SEL (PS-Based) 1.7428 0.7736 0.5835 0.3703
LINEX (PS-Based) 1.7421 0.7729 0.584 0.3701
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Figure 9: The trace plots of (1) : @, and (b) : A using the PS function from RME data

when (T1, T2) = (0.8, 2)
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7 Conclusions

In this paper, we focused on the estimation problem of the unknown parameters, re-
liability, and hazard rate functions based on IAT-II PCS samples from the Generalized
exponential distribution. The maximum likelihood and maximum product of spacing
as classical estimation methods were employed for this purpose. To obtain the Bayes
estimates, the MCMC technique was employed. Under the assumption of a gamma
prior distribution, Bayesian estimates based on both LF and PS function were obtained
under the squared error loss function and LINEX loss function. From the simulation
study, we noticed that the mean-squared error decreases when n and m increase. Point
estimations based on MLE and MPSE, demonstrates that MPSE outperforms MLE in
terms of MSE. Also, the MCMC method using PS demonstrates superior performance
compared to MCMC using LF, in terms of least bias. Average interval length using
the PS function outperforms the LF function for both time points (0.8, 2) and (1.5, 3).
For the parameter @, HPD credible intervals outperform ACI, while for A, ACI out-
performs HPD for both time points. A real dataset was also employed to demonstrate
the estimation procedures developed in this paper. Although the proposed MLE and
MPS methods demonstrated satisfactory performance, several limitations should be ac-
knowledged. The inferential procedures depend on asymptotic normality, which may
be unreliable for small or heavily censored samples. These methods further assume
that lifetime data follow the generalized exponential distribution; thus, model mis-
specification may reduce estimation accuracy. Additionally, the absence of closed-form
solutions for MLE, MPS, and Bayesian approaches necessitates numerical optimiza-
tion, increasing computational complexity and the risk of convergence issues under
the improved adaptive Type-II progressive censoring scheme. Since this study is lim-
ited to this specific censoring scheme, future research should extend the framework to
alternative censoring mechanisms and compare them with other estimation methods,
including least squares, weighted least squares, percentile estimation, method of mo-
ments, probability-weighted moments, and shrinkage estimation.
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