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Abstract. This study develops estimators for Cumulative Residual Extropy (CR Ex-
tropy) and Dynamic Cumulative Residual Extropy (DCR Extropy) of the equilibrium
distribution of order r of Lomax distribution under progressively Type-II censored data.
Maximum likelihood and Bayesian estimators are obtained. The Bayesian estimators
are evaluated based on LINEX loss functions. Non-informative and informative pri-
ors are considered for unknown parameters. By using Lindley’s approximation and
the Importance Sampling Methods, it is possible to approximate the closed-form ex-
pressions of the Bayesian estimators. The confidence intervals for the estimators are
calculated using the normal approximation method and bootstrap algorithms. We have
conducted simulation studies to evaluate how well the proposed estimators perform.
Additionally, we have tested the practical utility of these estimators using a real data.

Keywords. Bayesian Estimation, CR Extropy, DCR Extropy, Lomax Distribution, MLE,
Progressively Type-II Censoring.
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1 Introduction

Shannon (1948) established the concept of entropy as a way to quantify the uncertainty
related to a probability distribution. For non-negative absolutely continuous random
variable X having probability density function (pdf) f (x), the Shannon entropy is de-
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fined as

H(X) = −
∫
∞

0
f (x) log f (x)dx. (1.1)

A new addition to the area of application of entropy measures is reliability analysis.
Considering X as the lifetime of a device, the random variable Xt = (X − t|X > t) is the
lifetime remaining to the device after attaining age t. developed the idea of entropy of
residual life and is defined as

H(X, t) = −
∫
∞

t

f (x)
F̄(x)

log
f (x)
F̄(x)

dx. (1.2)

Rao et al. (2004) found an alternative measure of uncertainty which is more general than
Shannon entropy is called cumulative residual entropy(CRE). The density function is
calculated as the derivative of the distribution function. So, the cumulative distribution
exhibits a higher degree of regularity than probability density function. The cumulative
residual entropy is defined as

C(X) = −
∫
∞

0
F(x) log F(x)dx, (1.3)

where F(x) is the survival function of X. Asadi and Zohrevand (2007) developed
dynamic version of CRE (DCRE) defined as

C(X; t) = −
∫
∞

t

F(x)

F(t)
log

F(x)

F(t)
dx. (1.4)

Lad et al. (2015) developed the concept of extropy as a complementary dual for
Shannon’s entropy function and is defined as

J(X) = −
1
2

∫
∞

0
f 2(x)dx. (1.5)

Also, Qiu and Jia (2018) proposed residual extropy to measure residual uncertainty of
a non-negative random variables as

J(X, t) = −
1
2

∫
∞

t

f 2(x)
F̄2(t)

dx. (1.6)

Analogous to Cumulative Residual Entropy, Jahanshahi et al. (2020) proposed Cumu-
lative Residual Extropy (CR Extropy) and is defined as

ξJ(X) = −
1
2

∫
∞

0
F̄2(x)dx. (1.7)

developed dynamic version of CR Extropy (DCR Extropy), named it as Dynamic
Survival Extropy and is defined as

ξJ(X, t) = −
1
2

∫
∞

t

F̄2(x)
F̄2(t)

dx. (1.8)
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the concept of equilibrium distribution, first introduced in renewal theory, has
been crucial in establishing numerous theoretical conclusions as well as defining aging
concepts, stochastic orderings tests, replacement policies, etc. in reliability theory.
Several studies have been done to extend equilibrium distributions to higher orders in
order to find generalised ageing classes, stochastic orders, characterizations, and other
findings helpful in reliability modelling and analysis. More details can be found in
Harkness and Shantaram (1969), Gupta (1979), Pakes (1996), Nanda et al. (1996),
Pakes and Navarro (2007), Nair and Preeth (2008, 2009), and Nair and Sankaran (2010).

Suppose a sequence {Xr}, r = 0, 1, 2, ... of non-negative absolutely continuous ran-
dom variables with survival function of Xr as:

Sr(x) =

 1
µr−1

∫
∞

x Sr−1(t)dt x > 0, r = 1, 2, ...,

0 x ≤ 0,
(1.9)

where µr =
∫
∞

0 Sr(x)dx < ∞, is the mean of the random variable Xr associated with
Sr(x). Here X0 = X,S0(x) = F(x) and µ0 = E(X). Then the distribution specified by
Sr(x) of Xr as the equilibrium distribution of order r of X. Also, the survival function
of Sr−1(x), r = 0, 1, 2, ... is Sr(x).

Lomax (1954) developed the Lomax distribution as a model for business failure
data. When the experimenter assumes that the population is heavy-tailed, it provides
an alternative model to common lifetime distributions such as exponential, Weibull, or
gamma distributions as discussed by Bryson (1974). It finds applications in several
fields, including business, economics, actuarial science, queuing theory, and internet
traffic modelling.

The probability density function of a random variable X having the Lomax distri-
bution is given by:

f (x) =
α
λ

(
1 +

x
λ

)−(α+1)
; x > 0, α, λ > 0, (1.10)

where α is the shape parameter and λ is the scale parameter.

In life testing and reliability experiments, the experimenter may not always obtain
complete information about the failure times of all experimental units. Data obtained
from such experiments are called censored data. The two most common censoring
schemes are termed as Type-I and Type-II censoring schemes. They can be described
as follows: consider a reliability experiment in which n identical units are placed on
a life test. In the conventional Type-I censoring scheme, the experimenter decides to
conduct the life test for a prefixed time T. On the other hand, the conventional Type-II
censoring scheme, the experimenter decides to carry out the life test until the prefixed
number of units fails m ≤ n. The mixture of Type-I and Type-II censoring schemes is
known as a hybrid censoring scheme.

The fact that conventional Type-I, Type-II, or hybrid censoring schemes do not
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permit the removal of units at points other than the experiment’s endpoint is one of
their limitations. the progressively Type-II censoring scheme offers this benefit. It can
be described as follows: consider n units in a study and suppose that the integer m < n
and (R1,R2, ...,Rm) satisfying R1 + R2 + ... + m = n are fixed before the experiment. At
the time of the first failure, say X1:m:n, R1 of the remaining units are randomly removed.
Similarly, at the time of the second failure, say X2:m:n, R2 of the remaining units are
randomly removed and so on. Finally, at the time of the mth failure, say Xm:m:n, the
rest of the Rm units are removed. The detailed explanation of the progressively Type-II
censoring scheme is given by Balakrishnan et al. (2000).

this paper aims to define and study the estimators of CR Extropy and DCR Extropy
of equilibrium distribution of order r of Lomax distribution under progressively Type-II
censored data using different techniques.

The rest of the paper is organized as follows: We define higher order cumulative
residual extropies in section 2. In section 3, we present the parameter estimation of
equilibrium distribution of order r of Lomax distribution under progressively Type-II
censored data. Specifically, maximum likelihood estimation and Bayesian estimation
methods are carried out. We construct asymptotic confidence intervals using normal
approximation (NA) of the MLE and boot-p methods in section 4. In sections 5 and 6,
the simulation study and the real data analysis are carried out to illustrate theoretical
results respectively.

2 Higher Order Cumulative Residual Extropies

Analogous to the definition of CRE of order r developed by Unnikrishnan et al. (2021),
we propose the cumulative residual extropy of order r (CRExtropyr) as

ξJr(X) = −
1
2

∫
∞

0
(Sr(x))2dx, r = 0, 1, 2, ..., (2.1)

for a non-negative absolutely continuous random variable with E(Xr) < ∞. By virtue
of (2.1) the usual CR Extropy of X is ξJ0. The density function of Xr being fr, we also
have the extropy of order r as

Jr(X) = −
1
2

∫
∞

0
(Sr(x))2dx

= −
1
2

∫
∞

0

(Sr−1(x)
µr−1

)2
dx

=
ξJr−1(X)
µ2

r−1

, (2.2)

developing the relationship between CR Extropy of order r and extropy of order r.
In particular, r = 0 gives the relationship between extropy and cumulative residual
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extropy.

Example: The survival function of a random variable having the Lomax distribution
is given by

F(x) =
(
1 +

x
λ

)−α
; x > 0, α, λ > 0,

where α is the shape parameter and λ is the scale parameter. Some direct calculations
give

Sr(x) =
(
1 +

x
λ

)−(α−r)
, x > 0, α > r, λ > 0, (2.3)

and
µr(x) =

λ
(α − r − 1)

.

Thus
ξJr(X) = −

1
2

λ
(2(α − r) − 1)

. (2.4)

And, by using (2.2)

Jr(X) = −
1
2

α − r
λ(2(α − r) + 1)

.

Similarly, the cumulative extropy of the residual life of Xr, Xr,t = (Xr − t|X > t) is called
Dynamic Cumulative Residual Extropy of order r (DCRExtropyr) and is written as:

ξJr(X, t) = −
1
2

∫
∞

t

(Sr(x)
Sr(t)

)2
dx. (2.5)

For Lomax distribution, dynamic CR Extropy of order r is

ξJr(X, t) = −
1
2
λ(1 + (t/λ))

(2(α − r) − 1)
. (2.6)

3 Parametric Estimation

It is clear that for practical purposes, we need to develop some inference techniques
about the measures defined in (2.4) and (2.6). Maximum likelihood method and
Bayesian method are using to study the estimators of CR Extropy and DCR Extropy of
equilibrium distribution of order r of Lomax distribution under progressively Type-II
censored data.

3.1 Maximum Likelihood Estimation

Denote xi = Xi:m:n, i = 1, 2, ...,m. Let X = (x1, x2, ..., xm) be a progressive Type-II censored
sample with associated scheme (R1,R2, ...,Rm). The likelihood function of progressively
Type-II censored data is defined as

L(α, λ|X) = K
m∏

i=1

f (xi;α, λ) [1 − F(xi;α, λ)]Ri , (3.1)
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where α, λ > 0 and K = n(n − R1 − 1)(n − R1 − R2 − 2)...(n −
∑m−1

j=1 (R j + 1)). By using
(2.3) and its derivative, we have the likelihood function of α∗(for simplicity we take
α − r = α∗) and λ based on progressively Type-II censored sample X as follows:

L(α∗, λ|X) = K
(α∗
λ

)m
exp{−(α∗ + 1)Zλ(X) − α∗Wλ(X)}. (3.2)

where Zλ(X) =
∑m

i=1 log (1 + xi
λ ) and Wλ(X) =

∑m
i=1 Ri log (1 + xi

λ ). The log-likelihood
function of (3.2) as follows

l(α∗, λ) = log L(α∗, λ) = log K +m logα∗ −m logλ − (α∗ + 1)Zλ(X) − α∗Wλ(X). (3.3)

Taking derivatives with respect to α∗ in (3.3), and equated it to zero, we obtain the MLE
of α∗ as follows

α̂∗
λ
=

m
Zλ(X) +Wλ(X)

. (3.4)

Similarly, taking derivative with respect to λ in (3.3), and equated it to zero, we obtain
the MLE of λ as follows

λ̂ =
m

(α̂∗
λ
+ 1)

∑m
i=1

xi
λ(λ+xi)

+ α̂∗
λ

∑m
i=1

Rixi
λ(λ+xi)

. (3.5)

Note that (3.5) can be written in the form

λ̂ = h(λ) (3.6)

where h(λ) = m
(α̂∗
λ
+1)

∑m
i=1

xi
λ(λ+xi)

+α̂∗
λ

∑m
i=1

Rixi
λ(λ+xi)

. From (3.6), we use a simple iterative scheme

proposed by Kundu (2007) to solve for λ. Start with an initial guess of λ, say λ(0), then
obtain λ(1) = h(λ(0)) and proceed in this way iteratively to obtain λ(n+1) = h(λ(n)). Stop
the iterative procedure, when |λ(n+1)

− λ(n)
| < ϵ, some preassigned tolerance limit.

Thus, from (3.4) and (3.5), the maximum likelihood estimation of the CR Extropy
and DCR Extropy of equilibrium distribution of order r using progressively Type-II
censored data can be easily established as follows:

ξ̂Jr(X) = −
1
2

λ̂

(2α̂∗
λ
− 1)

ξ̂Jr(X, t) = −
1
2

λ̂(1 + ( t
λ̂

))

(2α̂∗
λ
− 1)

.

3.2 Bayesian Estimation

Prior distributions and loss functions are significant while studying estimation prob-
lems from a Bayesian approach. In particular, loss functions are used to describe
Bayesian statistical problems because they specify what constitutes a ’good’ estimator
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or ’excellent’ prediction. There are lots of symmetric and asymmetric loss functions
that exist. Here we consider LINEX (linear-exponential) loss function. Let δ be an ap-
proximate estimator to an unknown parameter θ. Then, LINEX loss function is given
by

Ll(θ, δ) = exp{p(δ − θ)} − p(δ − θ) − 1, p , 0.

From the posterior distributions, the Baye estimates of the unknown parameterθ under
the loss functions Ll(θ, δ) can be obtained as

θ̂l = −p−1 log
[
Eθ(exp {pθ}|x)

]
, p , 0. (3.7)

It can be challenging to choose a prior for the unknown parameters. In fact, there is
no established procedure for selecting a suitable prior for Bayesian estimation (Arnold
et al. (1983)). Prior distributions can be divided into two, Informative and Non-
informative. Presumably, each person has their own subjective prior and must contend
with all of its features. However, it is preferable to employ informative priors, which
are undoubtedly preferred over all other options, if we have sufficient knowledge
of the parameters. Otherwise, using ambiguous or non-informative priors may be
appropriate. First we consider non-informative priors for both α∗ and λ as

g1(α∗) =
1
α∗
, (3.8)

h1(λ) =
1
λ
. (3.9)

The joint posterior distribution of α∗ and λ can be obtained as

Π1(α∗, λ|X) =
1

K1
(α∗)m−1λ−(m+1) exp{−α∗(Zλ(X) +Wλ(X)) − Zλ(X)}, (3.10)

where

K1 =

∫
∞

0

∫
∞

0
(α∗)m−1λ−(m+1) exp{−α∗(Zλ(X) +Wλ(X))} exp{−Zλ(X)} dα∗dλ.

Making use of (3.7) and (3.10) , the Bayesian estimate of the ξJr(X) with respect to the
LINEX loss functions is obtained as

ξJl
r(X) = −

1
p

[ ∫ ∞

0

∫
∞

0
exp{−pCr}(α∗)m−1λ−(m+1) exp{−α∗(Zλ(X)+Wλ(X))−Zλ(X)}dα∗dλ

]
.

(3.11)

Secondly, due to flexibility, here we assume gamma prior for α∗ and inverse gamma
prior for λ as

g2(α∗, a, b) =
ba

Γa
(α∗)a−1e−bα∗ , α∗ > 0, a, b > 0, (3.12)

h2(λ, c, d) =
dc

Γc
λ−(c+1)e

−d
λ , λ > 0, c, d > 0. (3.13)
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After some calculations, the joint posterior distribution of α∗ and λ can be obtained as

Π2(α∗, λ|X) =
1
K

(α∗)m+a−1λ−(m+c+1) exp{−α∗(Zλ(X) +Wλ(X) + b) −
d
λ
− Zλ(X)}, (3.14)

where

K2 =

∫
∞

0

∫
∞

0
(α∗)m−1λ−(m+1) exp{−α∗(Zλ(X) +Wλ(X))} exp{−Zλ(X)} dα∗dλ.

Making use of (3.7) and (3.14) , the Bayesian estimate of the ξJr(X) with respect to the
LINEX loss function is obtained as

ξJl
r(X) = −

1
p

[ ∫ ∞

0

∫
∞

0
exp{−pCr}(α∗)D+a−1λ−(D+c+1)

× exp{−α∗(Zλ(X) +Wλ(X) + b) −
d
λ
− Zλ(X)} dα∗dλ

]
. (3.15)

Also, we may obtain the Bayes estimates of the ξJr(X, t) with respect to the above men-
tioned loss function and prior distributions by using a similar technique. It should be
noted that the closed form solutions of the ratio of the integrals (3.11) and (3.15) are
difficult to calculate. Thus, we use Lindley’s approximation technique.

Lindley’s Approximation Method: Lindley (1980) developed approximate method
for evaluating the posterior expectaion of U(θ) as

E(U(θ)|x) =
∫

U(θ)el(θ)+ρ(θ)dθ/
∫

el(θ)+ρ(θ)dθ,

is the Bayes estimate of U(θ) under any of the loss function(eg: Squared error loss
function, LINEX loss function, etc), where ρ(θ) = log(p(θ)), p(θ) is arbitrary function of
θ, and l(θ) is the logarithm of the likelihood function. In the two parameter case, when
θ = (θ1, θ2), Lindley’s approximately form reduces to the following form:

E(U(θ)|x) = U(θ)+A/2+ρ1A12+ρ2A21+ (1/2) [l30B12 + l21C12 + l12C21 + l03B21] , (3.16)

where A =
∑2

i=1
∑2

i=1 Ui jσi j, lηϵ = (∂η+ϵl/∂θη1∂θ
ϵ
2), η, ϵ = 0, 1, 2, 3, η + ϵ = 3.

For i, j = 1, 2, ρi = (∂ρ/∂θi), Ui = (∂U/∂θi), Ui j = (∂2U/∂θi∂θ j), Li j = (∂2l/∂θi∂θ j).
N = L11L22 − L12L21, σ11 = −L22/N, σ22 = −L11/N, σ12 = σ21 = L12/N. And for i , j,
Ai j = Uiσii +U jσ ji, Bi j = (Uiσii +U jσ ji)σii, Ci j = 3Uiσiiσi j +U j(σiiσ j j + 2σ2

i j).

In our case, θ = (α∗, λ), p1(θ) = p1(α∗, λ) = g1(α∗; a, b)h1(λ; c, d), where g1(α∗; a, b) and
h1(λ; , c, d) are given in (3.8) and (3.9). Thus we observe that, ρ1(α∗, λ) = log p1(α∗, λ) =
− logα∗ − logλ. And also, p2(θ) = p2(α∗, λ) = g2(α∗; a, b)h2(λ; c, d), where g2(α∗; a, b)
and h2(λ; , c, d) are given in (3.12) and (3.13). Similarly, ρ2(α∗, λ) = log p2(α∗, λ) =
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constant+ (a−1) logα∗− bα∗− (c+1) logλ−d/λ. For the case of the LINEX loss function
when estimating ξJr(X), we have , U(θ) = U(α∗, λ) = exp{−p ξJr(X)}. Further,

U1 = exp
( pλ
2α∗ − 1

)[ −pλ
(2α∗ − 1)2

]
,

U2 = exp
( pλ
2α∗ − 1

)[ p
2(2α∗ − 1)

]
,

U11 = exp
( pλ
2α∗ − 1

)[ (pλ)2

(2α∗ − 1)4
+

4pλ
(2α∗ − 1)3

]
,

U22 = exp
( pλ
2α∗ − 1

)[ p2

4(2α∗ − 1)

]
,

U12 = U21 = exp
( pλ
2α∗ − 1

)[ −p
(2α∗ − 1)2 +

−p2λ

2(2α∗ − 1)3

]
.

Thus, the Bayes estimate of ξJr(X) with respect to the LINEX loss function is obtained
as

ξ̂J
l
r(X) = −

1
p

log
[

exp{−p ξJr(X)} + A/2 + ρ1A12 + ρ2A21 + (1/2)

[l30B12 + l21C12 + l12C21 + l03B21]
]
. (3.17)

The Bayes estimates of DCR Extropy ξ̂J
l
r(X, t) of Equilibrium distribution of order r

with respect to the LINEX loss function can be obtained similarly.

Importance Sampling Method: For the purpose of computing Bayes estimates of
the unknown parametric functions provided by (2.4) and (2.6), in this subsection, we
examine the importance sampling approach. In this method, we need to rewrite the
joint posterior distribution of α∗ and λ in (3.14). It is given by

π(α∗, λ|x) ∝ IGλ(m + c, d) Gα∗|λ(m + a,Zλ(X) +Wλ(X) + b) K(λ), (3.18)

where K(λ) = e−Zλ(X)
(
Zλ(X)+Wλ(X)+ b

)−(a+m)
. To obtain Bayes estimates of a function,

say g(α∗, λ), with regard to the LINEX loss function, follow the procedures below.

Step 1: Generate λ from an inverse gamma distribution with shape parameter (m+c) and
scale parameter d−1 denoted by IGλ(m + c, d).

Step 2: For a given λ obtained in Step 1, generate α∗ from a gamma distribution with
shape parameter (m + a) and scale parameter (Zλ(X) +Wλ(X) + b)−1 denoted by
Gα∗|λ(m + a,Zλ(X) +Wλ(X) + b).

Step 3: Repeat Step 1 and Step 2 for N times to obtain (α∗1, λ1), (α∗2, λ2), ..., (α∗N, λN).
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Step 4: The Bayes estimate of a parametric function g(α∗, λ) under LINEX loss function
is given by

ĝl
be = −

1
p

ln
[∑N

i=1 exp{−pg(α∗i , λi)}K(λi)∑N
i=1 K(λi)

]
. (3.19)

Further, under LINEX loss function, the Bayes estimates of CR Extropy and DCR
Extropy can be computed from (3.19) when g(α∗, λ) = ξJ(X) and g(α∗, λ) = ξJ(X, t),
respectively.

4 Interval estimation

In the following section, we derive the asymptotic confidence intervals for the ξJr(X)
and ξJr(X, t) using the normal approximation of the MLE (NA) method.

4.1 NA Method

For obtaining asymptotic confidence intervals, the NA approach is a helpful tool. We
need the inverse of the observed Fisher information matrix of α∗ and λ to get the
100(1 − δ)% confidence intervals for ξJr(X) and ξJr(X, t). This is given by

Î−1(α̂∗, λ̂) =
(
−l20 −l11
−l11 −l02

)−1

=

 Var(α̂∗) Cov(α̂∗, λ̂)
Cov(α̂∗, λ̂) Var(̂λ)

 = (
η20 η11
η11 η02

)
,

where

l20 =
m

(α∗)2 ,

l11 =

m∑
i=1

(1 + Ri)
xi

λ(λ + xi)
,

l02 =
m
λ2 − (α∗ + 1)

m∑
i=1

(2λ + xi)xi

(λ(λ + xi))2 − α
∗

m∑
i=1

(2λ + xi)xiRi

(λ(λ + xi))2 .

Moreover, the approximate estimated variances of ξJr(X) and ξJr(X, t) are given by

V̂ar(ξ̂Jr(X)) =
[
Q
′

ξJr(X)̂I
−1(α̂∗, λ̂)QξJr

]
and V̂ar(ξ̂Jr(X, t)) =

[
Q
′

ξJr(X,t)̂
I−1(α̂∗, λ̂)QξJr(X,t)

]
.

Therefore, ξ̂Jr(X)−ξJr(X)
√

V̂ar(ξ̂Jr(X))
and ξ̂Jr(X,t)−ξJr(X,t)

√
V̂ar(ξ̂Jr(X,t))

asymptotically follow standard normal distri-

bution. Thus, the 100(1−δ)% asymptotic confidence intervals for the ξJr(X) and ξJr(X, t)
are respectively given by

ξ̂Jr(X) ± Zδ/2
√

V̂ar(ξ̂Jr(X)) and ξ̂Jr(X, t) ± Zδ/2
√

V̂ar(ξ̂Jr(X, t)),
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where Zδ/2 denotes the upper (δ/2)th percentile of the standard normal distribution.

In the following subsection, we construct the percentile bootstarp (Boot-p) (see
Efron and Tibshirani (1986)) confidence intervals for the CR Extropy and DCR Extropy
given in (2.4) and (2.6). Although it can be used to calibrate hypothesis tests or estimate
the bias and variance of an estimator, the bootstrap-based methods are frequently em-
ployed to estimate confidence intervals. We outline the procedures needed to estimate
the confidence intervals using Boot-p method in the subsection below.

4.2 Boot-p Method

Step 1: From Equations (3.4) and (3.5) under the original datasets xi, i = 1, 2, ...,m, we
obtain α̂∗ and λ̂, and then compute the estimates of the CR Extropy and DCR
Extropy measures. The estimates for the estimands given by (2.4) and (2.6)
are denoted by ξ̂Jr(X) and ξ̂Jr(X, t), respectively. The algorithm described in
Balakrishnan and Sandhu (1995) is used for the generation purpose.

Step 2: Generate a bootstrap sample x∗ = (x∗1, x
∗

2, ..., x
∗
m) from Step 1 based on the pre-

specified censoring scheme and compute the bootstrap estimates ξ̂J
∗

r(X) and
ξ̂J
∗

r(X, t).

Step 3: Repeat Step 2 for N = 1000 times. The we obtain ξ̂J
∗1
r (X), ξ̂J

∗2
r (X), ..., ξ̂J

∗1000
r (X) and

ξ̂J
∗1
r (X, t), ξ̂J

∗2
r (X, t), ..., ξ̂J

∗1000
r (X, t).

Step 4: Arrange ξ̂J
∗i
r (X) and ξ̂J

∗i
r (X, t), i=1, 2, ..., 1000 in ascending order and denote

ξ̂J
∗(1)
r (X), ξ̂J

∗(2)
r (X), ..., ξ̂J

∗(1000)
r (X) and ξ̂J

∗(1)
r (X, t), ξ̂J

∗(2)
r (X, t), ..., ξ̂J

∗(1000)
r (X, t), respec-

tively.

Then, the 100(1 − γ)% boot-p confidence intervals for CR Extropy and DCR Extropy
entropies are respectively given by(

ξ̂J
∗(i γ2 )
r (X), ξ̂J

∗(i(1− γ2 ))
r (X)

)
and

(
ξ̂J
∗(i γ2 )
r (X, t), ξ̂J

∗(i(1− γ2 ))
r (X, t)

)
.

Note that when N = 1000, the bootstrap percentile confidence intervals of ξJr(X) and

ξJr(X, t) at 95% level of confidence are
(
ξ̂J
∗(25)
r (X), ξ̂J

∗(975))
r (X)

)
and(

ξ̂J
∗(25)
r (X, t), ξ̂J

∗(975))
r (X, t)

)
, respectively.

5 Simulation Study

In this section we carried out a numerical study of the measures defined in (2.5) and
(2.6). The MLEs and Bayes estimates are compared based on their mean squared errors
and average values. In this purpose 1000 progressively Type-II censored samples
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are used in each simulation. All the computations are performed using Monte Carlo
simulations via the statistical software RStudio 2022.07.2. Further, for the generation
of the progressively Type-II censored samples, we use the algorithm provided by
Balakrishnan and Sandhu (1995). Here, we consider two different sample sizes (n = 30
and 100), and the samples are 10% and 40% censored. For the simulation purpose, the
parameter values are taken to be α = 7 and λ = 2.75. Further, the notation (03, 2) used
in tables denotes the censoring scheme (0, 0, 0, 2). The Bayes estimates with respect
to the LINEX loss function are computed for the values of p = 20, 25. The values of
the hyper-parameters are taken as a = b = 1.25, c = d = 1.75 for convenience and
t = 1.8. The simulation results are presented in Tables 1-10. Before discussing the
findings based on the numerical data in the tables, each table (Tables 1-4) contains 11
columns.The first column has the value of r. The second column has the average values
and MSEs (in parenthesis) of the MLEs, while the third through sixth columns provide
the Bayes estimates of CR Extropy. Similarly, the table 4-8 gives the MLEs and Bayes
estimates of DCR Extropy. The values of ξJr(X) and ξJr(X, t) can be calculated for the
values from r = 0 to r = α− 2, but a small portion of the outputs are tabulated in Tables
1-8 for convenience. The actual values of ξJr(X) of orders 0,1,2, and 3 are as follows
ξJ0(X) = −0.1096, ξJ1(X) = −0.1308, ξJ2(X) = −0.1603, ξJ3(X) = −0.1945. Similarly,
the actual value of ξJr(X, t) of order 0,1,2,3 respectively as follows ξJ0(X, t) = −0.1783,
ξJ1(X, t) = −0.2120, ξJ2(X, t) = −0.2601, ξJ3(X, t) = −0.3203. Now, we provide findings
made from the presented tables.

1. From the sensitivity analysis, we observe that MLE consistently underestimates
the true values, while Lindley approximation and Important Sampling Methods
tend to provide estimates closer to the true values. The choice of prior (informa-
tive or non-informative) and the parameter p also influence the accuracy of the
estimates.

2. the average values and MSEs of the maximum likelihood and Bayesian estimates
of the ξJr(X) and ξJr(X, t) for various choices of (n,m) and censoring techniques are
shown in Tables 1 to 8. In terms of the MSEs, we observe that the Bayes estimates
by importance sampling method perform better than the MLEs in general. In
particular, Bayes estimates by importance sampling method shows better result
when p = 20.

3. Increasing the censoring percentage does not result in significantly higher differ-
ences in the estimates.

4. In general, we observe that when the value of r increases the value of both ξJr(X)
and ξJr(X, t) also increases.

5. We present the average length of 95% confidence intervals of the ξJr(X) and
ξJr(X, t) in Table 9 and 10 for different choices of (n,m) and censoring schemes.
The average interval lengths were determined using two different techniques.
The boot-p technique performs the best among them. Also, confidence interval
length increases when r value increases.
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Table 1: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X) when
(n,m) = (30, 27).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme= (3, 026)
0 -0.1782 -0.3712 -0.3265 -0.3741 -0.3296 -0.1091 -0.1504

(0.0053) (0.0866) (0.0593) (0.0875) (0.0598) (0.0006) (0.0213)
1 -0.1890 -0.3834 -0.3410 -0.3882 -0.3452 -0.1324 -0.1807

(0.0061) (0.0813) (0.0557) (0.0834) (0.0571) (0.0009) (0.0243)
2 -0.2359 -0.4079 -0.3667 -0.4104 -0.3690 -0.1675 -0.2509

(0.0070) (0.0784) (0.0537) (0.0776) (0.0533) (0.0019) (0.0295)
3 -0.3596 -0.4224 -0.3854 -0.4260 -0.3883 -0.2131 -0.2701

(0.0302) (0.0649) (0.0448) (0.0683) (0.0470) (0.0066) (0.0306)
Scheme=(026, 3)

0 -0.1297 -0.3963 -0.3469 -0.3931 -0.3448 -0.1058 -0.1592
(0.0007) (0.1012) (0.0689) (0.0981) (0.0669) (0.0005) (0.0030)

1 -0.1462 -0.4028 -0.3565 -0.4046 -0.3583 -0.1255 -0.2489
(0.0009) (0.0931) (0.0635) (0.0921) (0.0629) (0.0008) (0.0153)

2 -0.2285 -0.4309 -0.3853 -0.4375 -0.3907 -0.1584 -0.2726
(0.0059) (0.0898) (0.0614) (0.0925) (0.0632) (0.0016) (0.0164)

3 -0.2460 -0.4490 -0.4067 -0.4560 -0.4124 -0.1948 -0.3655
(0.0060) (0.0793) (0.0545) (0.0827) (0.0567) (0.0031) (0.0325)

Scheme=(13, 024)
0 -0.1835 -0.3661 -0.3223 -0.3719 -0.3278 -0.1098 -0.1656

(0.0061) (0.0840) (0.0575) (0.0860) (0.0588) (0.0006) (0.0036)
1 -0.2339 -0.3880 -0.3448 -0.3891 -0.3459 -0.1327 -0.1962

(0.0118) (0.0816) (0.0560) (0.0825) (0.0565) (0.0010) (0.0051)
2 -0.2525 -0.4024 -0.3624 -0.4013 -0.3616 -0.1663 -0.2077

(0.0199) (0.0731) (0.0503) (0.0724) (0.0498) (0.0023) (0.0132)
3 -0.2528 -0.4294 -0.3910 -0.4249 -0.3874 -0.2052 -0.2442

(0.0248) (0.0691) (0.0476) (0.0673) (0.0464) (0.0038) (0.0138)
Scheme=(024, 13)

0 -0.1289 -0.3876 -0.3400 -0.3940 -0.3455 -0.1065 -0.1845
(0.0007) (0.0959) (0.0654) (0.0988) (0.0673) (0.0005) (0.0064)

1 -0.1520 -0.4078 -0.3607 -0.4119 -0.3642 -0.1266 -0.1971
(0.0009) (0.0943) (0.0644) (0.0964) (0.0658) (0.0008) (0.0093)

2 -0.2124 -0.4208 -0.3772 -0.4355 -0.3891 -0.1559 -0.2114
(0.0037) (0.0822) (0.0564) (0.0922) (0.0630) (0.0018) (0.0105)

3 -0.3248 -0.4497 -0.4073 -0.4579 -0.4139 -0.1948 -0.2347
(0.0191) (0.0798) (0.0547) (0.0854) (0.0584) (0.0031) (0.0127)
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Table 2: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X) when
(n,m) = (30, 18).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(12, 017)
0 -0.1152 -0.3859 -0.3424 -0.3604 -0.3194 -0.1123 -0.1365

(0.0125) (0.0946) (0.0651) (0.0874) (0.0605) (0.0012) (0.0118)
1 -0.1731 -0.3906 -0.3518 -0.3818 -0.3393 -0.1390 -0.1502

(0.0126) (0.0872) (0.0605) (0.0833) (0.0570) (0.0021) (0.0124)
2 -0.2326 -0.3931 -0.3580 -0.3974 -0.3582 -0.1734 -0.2410

(0.0169) (0.0725) (0.0507) (0.0741) (0.0508) (0.0084) (0.0188)
3 -0.2921 -0.4270 -0.3886 -0.4276 -0.3895 -0.2098 -0.2749

(0.0224) (0.0699) (0.0481) (0.0680) (0.0469) (0.0098) (0.0193)
Scheme=(017, 12)

0 -0.1355 -0.4204 -0.3731 -0.4014 -0.3504 -0.1103 -0.1398
(0.0011) (0.1222) (0.0832) (0.1126) (0.0764) (0.0010) (0.0032)

1 -0.1919 -0.4214 -0.3829 -0.4243 -0.3736 -0.1322 -0.1439
(0.0049) (0.1139) (0.0793) (0.1124) (0.0763) (0.0015) (0.0108)

2 -0.2072 -0.4511 -0.4008 -0.4606 -0.4090 -0.1682 -0.1856
(0.0136) (0.1079) (0.0733) (0.1122) (0.0762) (0.0026) (0.0187)

3 -0.3294 -0.4845 -0.4350 -0.4847 -0.4353 -0.2072 -0.2111
(0.0229) (0.1054) (0.0717) (0.1034) (0.0704) (0.0048) (0.0195)

Scheme= (43, 015)
0 -0.1781 -0.3830 -0.3404 -0.3677 -0.3243 -0.1129 -0.2457

(0.0055) (0.0942) (0.0650) (0.0906) (0.0623) (0.0010) (0.0207)
1 -0.1946 -0.3903 -0.3526 -0.3889 -0.3453 -0.1421 -0.2717

(0.0109) (0.0866) (0.0603) (0.0852) (0.0583) (0.0031) (0.0229)
2 -0.2015 -0.3998 -0.3678 -0.4071 -0.3660 -0.1830 -0.2846

(0.0130) (0.0799) (0.0563) (0.0772) (0.0530) (0.0045) (0.0239)
3 -0.3398 -0.4272 -0.3887 -0.4276 -0.3895 -0.2056 -0.3229

(0.0266) (0.0704) (0.0484) (0.0681) (0.0469) (0.0132) (0.0240)
Scheme=(015, 43)

0 -0.1449 -0.4164 -0.3683 -0.4151 -0.3618 -0.1111 -0.1692
(0.0118) (0.1184) (0.0813) (0.1205) (0.0816) (0.0009) (0.0143)

1 -0.1522 -0.4239 -0.3763 -0.4238 -0.3734 -0.1338 -0.1869
(0.0120) (0.1074) (0.0750) (0.1080) (0.0794) (0.0015) (0.0144)

2 -0.1954 -0.4508 -0.4003 -0.4647 -0.4122 -0.1662 -0.1999
(0.0124) (0.1104) (0.0749) (0.1069) (0.0792) (0.0025) (0.0229)

3 -0.2664 -0.4859 -0.4360 -0.4824 -0.4335 -0.2043 -0.2554
(0.0216) (0.1052) (0.0716) (0.1026) (0.0698) (0.0050) (0.0261)
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Table 3: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X) when
(n,m) = (100, 90).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme= (10, 089)
0 -0.1633 -0.3843 -0.3382 -0.3747 -0.3205 -0.1103 -0.1953

(0.0031) (0.0890) (0.0609) (0.0806) (0.0554) (0.0002) (0.0076)
1 -0.2198 -0.3845 -0.3401 -0.3814 -0.3400 -0.1311 -0.1982

(0.0083) (0.0753) (0.0518) (0.0759) (0.0522) (0.0003) (0.0088)
2 -0.2254 -0.3851 -0.3406 -0.3975 -0.3444 -0.1624 -0.2167

(0.0107) (0.0576) (0.0399) (0.0609) (0.0421) (0.0006) (0.0090)
3 -0.3021 -0.3915 -0.3478 -0.3988 -0.3486 -0.1974 -0.245

(0.0124) (0.0426) (0.0298) (0.0455) (0.0319) (0.0009) (0.0131)
Scheme= (089, 10)

0 -0.1577 -0.4122 -0.3605 -0.3914 -0.3418 -0.1042 -0.1630
(0.0025) (0.1024) (0.0699) (0.0935) (0.0626) (0.0002) (0.0031)

1 -0.1675 -0.4249 -0.3749 -0.4025 -0.3550 -0.1245 -0.1711
(0.0036) (0.1000) (0.0682) (0.0915) (0.0619) (0.0003) (0.0049)

2 -0.2109 -0.4385 -0.3917 -0.4342 -0.3882 -0.1528 -0.1956
(0.0011) (0.0897) (0.0614) (0.0868) (0.0595) (0.0004) (0.0115)

3 -0.2162 -0.4396 -0.3976 -0.4435 -0.4024 -0.1848 -0.2425
(0.0109) (0.0716) (0.0493) (0.0772) (0.0530) (0.0007) (0.0128)

Scheme=(52, 088)
0 -0.1731 -0.3867 -0.3401 -0.3717 -0.3113 -0.1095 -0.1626

(0.0043) (0.0935) (0.0638) (0.0823) (0.0565) (0.0002) (0.0030)
1 -0.2413 -0.3815 -0.3408 -0.3752 -0.3350 -0.1321 -0.1740

(0.0127) (0.0759) (0.0522) (0.0710) (0.0490) (0.0003) (0.0021)
2 -0.2498 -0.3766 -0.3419 -0.3790 -0.3441 -0.1615 -0.2222

(0.0128) (0.0588) (0.0407) (0.0604) (0.0418) (0.0005) (0.0042)
3 -0.3159 -0.3675 -0.3420 -0.3876 -0.3446 -0.1992 -0.2352

(0.0156) (0.0457) (0.0321) (0.0449) (0.0316) (0.0010) (0.0121)
Scheme=(088, 52)

0 -0.1567 -0.4261 -0.3717 -0.3915 -0.3424 -0.1043 -0.1510
(0.0024) (0.1150) (0.0782) (0.0955) (0.0689) (0.0002) (0.0019)

1 -0.1585 -0.4283 -0.3736 -0.4104 -0.3639 -0.1246 -0.1912
(0.0030) (0.0968) (0.0662) (0.0919) (0.0646) (0.0002) (0.0039)

2 -0.1971 -0.4407 -0.3934 -0.4340 -0.3813 -0.1520 -0.2000
(0.0036) (0.0908) (0.0622) (0.0910) (0.0622) (0.0004) (0.0106)

3 -0.2382 -0.4419 -0.4011 -0.4478 -0.4059 -0.1852 -0.2311
(0.0118) (0.0736) (0.0506) (0.0774) (0.0532) (0.0123) (0.0007)
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Table 4: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X) when
(n,m) = (100, 60).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(059, 40)
0 -0.1449 -0.3859 -0.3394 -0.3787 -0.3137 -0.1100 -0.1644

(0.0116) (0.0905) (0.0619) (0.0850) (0.0583) (0.0003) (0.0033)
1 -0.1680 -0.3932 -0.3494 -0.3923 -0.3387 -0.1313 -0.2246

(0.0117) (0.0834) (0.0571) (0.0817) (0.0561) (0.0004) (0.0090)
2 -0.2406 -0.4037 -0.3637 -0.3961 -0.3576 -0.1627 -0.2520

(0.0171) (0.0717) (0.0494) (0.0674) (0.0465) (0.0008) (0.0091)
3 -0.2576 -0.4039 -0.3695 -0.3986 -0.3662 -0.2021 -0.2807

(0.0174) (0.0518) (0.0360) (0.0538) (0.0374) (0.0017) (0.0098)
Scheme=(40, 059)

0 -0.1519 -0.4554 -0.3951 -0.4006 -0.3413 -0.1075 -0.1301
(0.0020) (0.1362) (0.0921) (0.1081) (0.0791) (0.0002) (0.0006)

1 -0.1595 -0.4754 -0.4153 -0.4765 -0.3662 -0.1298 -0.1698
(0.0026) (0.1365) (0.0914) (0.1075) (0.0780) (0.0004) (0.0018)

2 -0.1844 -0.5034 -0.4436 -0.4794 -0.4004 -0.1625 -0.2023
(0.0029) (0.1344) (0.0910) (0.1046) (0.0748) (0.0006) (0.0022)

3 -0.2060 -0.5218 -0.4652 -0.4802 -0.4339 -0.1980 -0.2100
(0.0036) (0.1221) (0.0829) (0.1012) (0.0623) (0.0011) (0.0037)

Scheme= (058, 202)
0 -0.1739 -0.3821 -0.3363 -0.3655 -0.3191 -0.1103 -0.1618

(0.0045) (0.0887) (0.0607) (0.0895) (0.0613) (0.0003) (0.0030)
1 -0.1923 -0.3889 -0.3460 -0.3873 -0.3448 -0.1311 -0.1833

(0.0056) (0.0792) (0.0544) (0.0777) (0.0535) (0.0004) (0.0031)
2 -0.1996 -0.3968 -0.3582 -0.3969 -0.3583 -0.1633 -0.2177

(0.0097) (0.0682) (0.0471) (0.0692) (0.0477) (0.0008) (0.0038)
3 -0.2003 -0.3954 -0.3637 -0.3957 -0.3640 -0.2028 -0.2442

(0.0109) (0.0531) (0.0368) (0.0520) (0.0362) (0.0017) (0.0039)
Scheme= (202, 058)

0 -0.1436 -0.4549 -0.3947 -0.4068 -0.3562 -0.1084 -0.1269
(0.0014) (0.1356) (0.0938) (0.1183) (0.0735) (0.0002) (0.0005)

1 -0.1705 -0.4762 -0.4160 -0.4169 -0.36416 -0.1309 -0.1617
(0.0019) (0.1343) (0.0929) (0.1165) (0.0724) (0.0004) (0.0012)

2 -0.1871 -0.506 -0.4457 -0.4598 -0.4108 -0.1627 -0.1641
(0.0023) (0.1339) (0.0920) (0.1109) (0.0717) (0.0006) (0.0013)

3 -0.2027 -0.5164 -0.4609 -0.4804 -0.4272 -0.1989 -0.2285
(0.0035) (0.1176) (0.0799) (0.1009) (0.0667) (0.0010) (0.0018)
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Table 5: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X, t) when
(n,m) = (30, 27).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(3, 026)
0 -0.2388 -0.5018 -0.4459 -0.5029 -0.4468 -0.1929 -0.2716

(0.0341) (0.1210) (0.0821) (0.1223) (0.0830) (0.0009) (0.0104)
1 -0.3229 -0.5264 -0.4723 -0.5284 -0.4740 -0.2047 -0.3047

(0.0791) (0.1151) (0.0782) (0.1171) (0.0795) (0.0009) (0.0107)
2 -0.4858 -0.5689 -0.5160 -0.5698 -0.5168 -0.2557 -0.2720

(0.2445) (0.1117) (0.0760) (0.1108) (0.0754) (0.0015) (0.0116)
3 -0.7373 -0.6119 -0.5625 -0.6139 -0.5642 -0.3901 -0.2831

(0.9722) (0.0976) (0.0667) (0.1012) (0.0691) (0.0082) (0.0129)
Scheme=(026, 3)

0 -0.2508 -0.5229 -0.4628 -0.5177 -0.4586 -0.1402 -0.1723
(0.0134) (0.1364) (0.0923) (0.1326) (0.0898) (0.0018) (0.0019)

1 -0.3130 -0.5418 -0.4846 -0.5420 -0.4848 -0.1580 -0.2701
(0.0272) (0.1267) (0.0859) (0.1258) (0.0853) (0.0033) (0.0034)

2 -0.4235 -0.5882 -0.5315 -0.5924 -0.5348 -0.2477 -0.2959
(0.0849) (0.1235) (0.0838) (0.1263) (0.0851) (0.0036) (0.0038)

3 -0.5579 -0.6329 -0.5794 -0.6387 -0.5840 -0.2666 -0.3970
(0.1830) (0.1120) (0.0763) (0.1159) (0.0788) (0.0044) (0.0097)

Scheme=(13, 024)
0 -0.2557 -0.4964 -0.4416 -0.5000 -0.4444 -0.1987 -0.1794

(0.0423) (0.1176) (0.0799) (0.1201) (0.0815) (0.0011) (0.0016)
1 -0.3327 -0.5303 -0.4754 -0.5296 -0.4749 -0.2535 -0.2127

(0.0987) (0.1159) (0.0788) (0.1163) (0.0791) (0.0030) (0.0040)
2 -0.4908 -0.5629 -0.5113 -0.5605 -0.5093 -0.2739 -0.225

(0.2994) (0.1056) (0.0720) (0.1046) (0.0713) (0.0034) (0.0042)
3 -0.6380 -0.6180 -0.5674 -0.6131 -0.5635 -0.2740 -0.2649

(0.5206) (0.1023) (0.0698) (0.1002) (0.0684) (0.0037) (0.0046)
Scheme=(024, 13)

0 -0.2497 -0.5154 -0.4568 -0.5188 -0.4595 -0.1392 -0.1999
(0.0143) (0.1305) (0.0884) (0.1336) (0.0904) (0.0019) (0.0023)

1 -0.3165 -0.5474 -0.4891 -0.5494 -0.4907 -0.1643 -0.1373
(0.0298) (0.1290) (0.0874) (0.1310) (0.0887) (0.0027) (0.0059)

2 -0.4163 -0.5781 -0.5234 -0.5914 -0.5341 -0.2301 -0.2052
(0.1044) (0.1150) (0.0782) (0.1263) (0.0856) (0.0028) (0.0042)

3 -0.5659 -0.6340 -0.5802 -0.6415 -0.5862 -0.3523 -0.2546
(0.1895) (0.1129) (0.0768) (0.1192) (0.0810) (0.0035) (0.0056)
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Table 6: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X, t) when
(n,m) = (30, 18).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(12, 017)
0 -0.3059 -0.5019 -0.4458 -0.4935 -0.4498 -0.1454 -0.1549

(0.1100) (0.1231) (0.0835) (0.1205) (0.0816) (0.0010) (0.0012)
1 -0.4602 -0.5253 -0.4714 -0.5239 -0.4784 -0.1969 -0.1876

(0.2978) (0.1162) (0.0789) (0.1161) (0.0793) (0.0012) (0.0046)
2 -0.5933 -0.5565 -0.5062 -0.5572 -0.5087 -0.2656 -0.2750

(0.3160) (0.1031) (0.0703) (0.1057) (0.0690) (0.0022) (0.0032)
3 -0.6240 -0.6164 -0.5663 -0.6150 -0.5517 -0.3335 -0.2992

(0.3760) (0.1025) (0.0699) (0.1006) (0.0602) (0.0039) (0.0158)
Scheme= (017, 12)

0 -0.2565 -0.5323 -0.4701 -0.5257 -0.5008 -0.1536 -0.1819
(0.0161) (0.1494) (0.1007) (0.1461) (0.1149) (0.0012) (0.0019)

1 -0.3161 -0.5608 -0.4998 -0.5592 -0.5373 -0.2188 -0.1936
(0.0250) (0.1458) (0.0983) (0.1460) (0.1176) (0.0016) (0.0031)

2 -0.4155 -0.6057 -0.5455 -0.6117 -0.5799 -0.2364 -0.3263
(0.0499) (0.1407) (0.0950) (0.1456) (0.1118) (0.0024) (0.0083)

3 -0.5315 -0.6634 -0.6038 -0.6607 -0.6296 -0.3768 -0.2294
(0.0973) (0.1382) (0.0935) (0.1355) (0.1057) (0.0093) (0.0101)

Scheme=(43, 015)
0 -0.2970 -0.4965 -0.4415 -0.5002 -0.455 -0.2028 -0.2805

(0.0389) (0.1213) (0.0822) (0.1245) (0.0850) (0.0017) (0.0132)
1 -0.3226 -0.5219 -0.4687 -0.5309 -0.4747 -0.2791 -0.3105

(0.0597) (0.1145) (0.0778) (0.1185) (0.0764) (0.0071) (0.0136)
2 -0.4382 -0.5643 -0.5124 -0.5659 -0.5098 -0.2998 -0.3474

(0.0746) (0.1110) (0.0755) (0.1093) (0.0704) (0.0081) (0.0064)
3 -0.5276 -0.6161 -0.5660 -0.6131 -0.5495 -0.3880 -0.3981

(0.0988) (0.1026) (0.0700) (0.0997) (0.0588) (0.0116) (0.0167)
Scheme=(015, 43)

0 -0.2573 -0.5282 -0.4669 -0.5392 -0.5053 -0.1646 -0.1928
(0.0140) (0.1468) (0.0990) (0.1554) (0.1185) (0.0009) (0.0012)

1 -0.3220 -0.5492 -0.4905 -0.5587 -0.5373 -0.1848 -0.2131
(0.0266) (0.1369) (0.0985) (0.1413) (0.1169) (0.0096) (0.0098)

2 -0.4125 -0.6062 -0.5459 -0.6158 -0.5800 -0.2230 -0.2282
(0.0491) (0.1336) (0.0969) (0.1406) (0.1126) (0.0129) (0.0130)

3 -0.5234 -0.6653 -0.6053 -0.6591 -0.6381 -0.2893 -0.2918
(0.0997) (0.1315) (0.0936) (0.1349) (0.1110) (0.0182) (0.0198)
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Table 7: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X, t) when
(n,m) = (100, 90).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(10, 089)
0 -0.1857 -0.5146 -0.4562 -0.5011 -0.4456 -0.1665 -0.1992

(0.0029) (0.1260) (0.0855) (0.1164) (0.0792) (0.0003) (0.0007)
1 -0.2346 -0.5269 -0.4728 -0.5269 -0.4728 -0.2241 -0.1939

(0.0103) (0.1108) (0.0755) (0.1114) (0.0758) (0.0005) (0.0006)
2 -0.3059 -0.5458 -0.4976 -0.5502 -0.5011 -0.2298 -0.1984

(0.0324) (0.0914) (0.0626) (0.0951) (0.0651) (0.0014) (0.0051)
3 -0.4142 -0.5725 -0.5310 -0.5792 -0.5364 -0.3081 -0.2498

(0.0831) (0.0732) (0.0505) (0.0773) (0.0532) (0.0020) (0.0055)
Scheme=(089, 10)

0 -0.2283 -0.5362 -0.4735 -0.5083 -0.4552 -0.1608 -0.1663
(0.0038) (0.1390) (0.0941) (0.1206) (0.0852) (0.0005) (0.0008)

1 -0.2854 -0.5625 -0.5013 -0.5326 -0.4814 -0.1708 -0.1744
(0.0085) (0.1361) (0.0922) (0.1157) (0.0819) (0.0016) (0.0017)

2 -0.3662 -0.5969 -0.5385 -0.5915 -0.5320 -0.2252 -0.1994
(0.0180) (0.1251) (0.0850) (0.1147) (0.0827) (0.0016) (0.0040)

3 -0.4615 -0.6297 -0.5767 -0.6354 -0.5813 -0.2405 -0.2473
(0.0325) (0.1063) (0.0726) (0.1128) (0.0768) (0.0104) (0.0158)

Scheme=(52, 088)
0 -0.1861 -0.5166 -0.4579 -0.4961 -0.4434 -0.1765 -0.1658

(0.0037) (0.1305) (0.0884) (0.1184) (0.0805) (0.0003) (0.0004)
1 -0.2386 -0.5265 -0.4725 -0.5201 -0.4673 -0.2461 -0.1774

(0.0134) (0.1112) (0.0757) (0.1054) (0.0719) (0.0017) (0.0024)
2 -0.3125 -0.5470 -0.4985 -0.5505 -0.5014 -0.2540 -0.2266

(0.0372) (0.0926) (0.0634) (0.0949) (0.0650) (0.0025) (0.0026)
3 -0.4094 -0.5803 -0.5372 -0.5801 -0.5371 -0.3221 -0.2399

(0.0896) (0.0784) (0.0540) (0.0772) (0.0532) (0.0029) (0.0069)
Scheme=(088, 52)

0 -0.2288 -0.5503 -0.4848 -0.5087 -0.4755 -0.1598 -0.1539
(0.0040) (0.1532) (0.1034) (0.1424) (0.0964) (0.0006) (0.0008)

1 -0.2824 -0.5610 -0.5001 -0.5464 -0.4890 -0.1616 -0.1950
(0.0075) (0.1329) (0.0901) (0.1303) (0.0836) (0.0027) (0.0036)

2 -0.3644 -0.5991 -0.5402 -0.5910 -0.5335 -0.2010 -0.2035
(0.0168) (0.1266) (0.0860) (0.1258) (0.0820) (0.0038) (0.0061)

3 -0.4566 -0.6343 -0.5805 -0.6385 -0.5838 -0.2429 -0.2357
(0.0304) (0.1092) (0.0745) (0.1130) (0.0769) (0.0064) (0.0076)
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Table 8: Average values and MSEs of the MLEs & Bayes estimates by Lindley’s
approximation method and Importance Sampling Method (ISM) of ξJr(X, t) when
(n,m) = (100, 60).

MLE Bayesian Estimation
Lindley’s approximation ISM

Non- informative prior Informative prior
r p=20 p=25 p=20 p=25 p=20 p=25

Scheme=(40, 059)
0 -0.2023 -0.5137 -0.4555 -0.5066 -0.4392 -0.1617 -0.1695

(0.0101) (0.1263) (0.0857) (0.1201) (0.0817) (0.0024) 0.0004
1 -0.2487 -0.5348 -0.4791 -0.5139 -0.4703 -0.1733 -0.2317

(0.0219) (0.1183) (0.0804) (0.1067) (0.0788) (0.0028) 0.0039
2 -0.3466 -0.5672 -0.5147 -0.5558 -0.5067 -0.2482 -0.2600

(0.0699) (0.1062) (0.0724) (0.1010) (0.0720) (0.0029) 0.0048
3 -0.4981 -0.5934 -0.5477 -0.5984 -0.5652 -0.2658 -0.2896

(0.2249) (0.0850) (0.0584) (0.0878) (0.0687) (0.0037) 0.0079
Scheme=(059, 40)

0 -0.2403 -0.5750 -0.5046 -0.5103 -0.4649 -0.1567 -0.1341
(0.0056) (0.1741) (0.1172) (0.1407) (0.0985) (0.0007) (0.0021)

1 -0.2978 -0.6069 -0.5368 -0.5407 -0.4985 -0.1652 -0.1751
(0.0104) (0.1740) (0.1170) (0.1348) (0.0988) (0.0035) (0.0037)

2 -0.3861 -0.6527 -0.5831 -0.6087 -0.5503 -0.1902 -0.2087
(0.0210) (0.1711) (0.1152) (0.1366) (0.0983) (0.0053) (0.0081)

3 -0.4809 -0.6980 -0.6313 -0.6558 -0.6016 -0.2125 -0.2166
(0.0356) (0.1579) (0.1065) (0.1267) (0.0917) (0.0121) (0.0123)

Scheme=(202, 058)
0 -0.2000 -0.5096 -0.4522 -0.4931 -0.4446 -0.1794 -0.1669

(0.0101) (0.1240) (0.0841) (0.1202) (0.0843) (0.0003) (0.0004)
1 -0.2570 -0.5308 -0.4759 -0.5292 -0.4739 -0.2087 -0.1890

(0.0272) (0.1139) (0.0775) (0.1122) (0.0705) (0.0005) (0.0009)
2 -0.3548 -0.5610 -0.5097 -0.5611 -0.5037 -0.2152 -0.2246

(0.0745) (0.1022) (0.0698) (0.1032) (0.0700) (0.0060) (0.0068)
3 -0.5022 -0.5950 -0.5490 -0.5957 -0.5436 -0.2757 -0.2519

(0.2161) (0.0866) (0.0594) (0.0856) (0.0581) (0.0082) (0.0104)
Scheme=(058, 202)

0 -0.2421 -0.5743 -0.5040 -0.5259 -0.4758 -0.1481 -0.1309
(0.0058) (0.1734) (0.1167) (0.1462) (0.1047) (0.0011) (0.0024)

1 -0.3009 -0.6080 -0.5376 -0.5475 -0.4982 -0.1758 -0.1668
(0.0108) (0.1751) (0.1178) (0.1337) (0.1034) (0.0017) (0.0028)

2 -0.3864 -0.6558 -0.5855 -0.6089 -0.5536 -0.1821 -0.1692
(0.0213) (0.1732) (0.1166) (0.1271) (0.1016) (0.0090) (0.0096)

3 -0.4832 -0.6926 -0.6270 -0.6464 -0.6003 -0.2691 -0.2358
(0.0355) (0.1530) (0.1033) (0.1247) (0.0912) (0.0108) (0.0128)
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Table 9: Average length of the interval estimates of ξJr(X) and ξJr(X, t) when n = 30.
r (n, m)=(30, 27) (n, m)=(30, 18)

ξJr(X) ξJr(X, t) ξJr(X) ξJr(X, t)
NA Boot p NA Boot p NA Boot p NA Boot p

Scheme=(3, 026) Scheme = (12, 017)
0 0.0896 0.0808 0.0952 0.0875 0.3567 0.1227 0.2133 0.1388
1 0.1109 0.1083 0.1187 0.1143 0.4111 0.2683 0.2877 0.1439
2 0.1367 0.1306 0.1484 0.1388 0.5027 0.1711 0.3233 0.1495
3 0.1907 0.1856 0.1866 0.1783 0.5901 0.1870 0.4618 0.2797

Scheme=(026, 3) Scheme=(017, 12)
0 0.0874 0.0778 0.1079 0.0607 0.1316 0.0792 0.1703 0.0615
1 0.1097 0.1084 0.1303 0.0682 0.1589 0.1097 0.2051 0.0684
2 0.1319 0.1237 0.1628 0.1163 0.1987 0.1450 0.2564 0.1170
3 0.1642 0.1620 0.2027 0.0939 0.2488 0.1630 0.3231 0.1952

Scheme=(13, 024) Scheme= (43, 015)
0 0.0761 0.0374 0.0988 0.0927 0.3090 0.1383 0.1306 0.1253
1 0.0987 0.0833 0.1201 0.1104 0.4337 0.1237 0.1617 0.1430
2 0.1242 0.1163 0.1494 0.1304 0.4952 0.1460 0.2038 0.1727
3 0.1738 0.1573 0.1853 0.1544 0.6781 0.2169 0.2610 0.2150

Scheme=(024, 13) Scheme= (015, 43)
0 0.0873 0.0866 0.1078 0.0802 0.1306 0.0905 0.1705 0.0808
1 0.1053 0.1042 0.1373 0.1351 0.1578 0.1136 0.2052 0.1351
2 0.1317 0.1233 0.1628 0.1549 0.1978 0.1546 0.2560 0.1555
3 0.1637 0.1273 0.2087 0.2066 0.2473 0.2267 0.3236 0.2063

Table 10: Average length of the interval estimates of ξJr(X) and ξJr(X, t) when n = 100.
r (n, m)=(100, 90) (n, m)=(100, 60)

ξJr(X) ξJr(X, t) ξJr(X) ξJr(X, t)
NA Boot p NA Boot p NA Boot p NA Boot p

Scheme=(10, 089) Scheme = (40, 059)
0 0.0586 0.0421 0.2958 0.0424 0.0680 0.0658 0.1231 0.0652
1 0.0721 0.0533 0.3227 0.0593 0.0731 0.0718 0.2389 0.0834
2 0.0996 0.0646 0.3588 0.0647 0.0928 0.0910 0.3103 0.1248
3 0.1143 0.1111 0.3753 0.1505 0.1196 0.1135 0.4558 0.2132

Scheme =(089, 10) Scheme = (059, 40)
0 0.0485 0.0355 0.0727 0.0364 0.0595 0.0228 0.0938 0.0232
1 0.0586 0.0371 0.0877 0.0377 0.0719 0.0290 0.1128 0.0319
2 0.0731 0.0504 0.1096 0.0502 0.0899 0.0351 0.1410 0.07255
3 0.0909 0.0712 0.1379 0.0716 0.1118 0.0489 0.1779 0.1488

Scheme=(52, 088) Scheme = (202, 058)
0 0.0595 0.0484 0.3025 0.0491 0.0544 0.0472 0.0939 0.0850
1 0.0720 0.0635 0.3247 0.0635 0.0672 0.0595 0.1270 0.0895
2 0.0895 0.0838 0.3587 0.0839 0.0845 0.0775 0.2002 0.1175
3 0.1164 0.1066 0.4063 0.1454 0.1109 0.1104 0.2191 0.1306

Scheme= (088, 52) Scheme= (058, 202)
0 0.0484 0.0361 0.0729 0.0369 0.0595 0.0247 0.0937 0.0251
1 0.0586 0.0470 0.0877 0.0472 0.0719 0.0286 0.1127 0.0290
2 0.0732 0.0418 0.1094 0.0491 0.0899 0.0369 0.1411 0.0327
3 0.0910 0.0736 0.1378 0.0742 0.1119 0.0395 0.1774 0.0697
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6 Real Data Analysis

In this section, we consider a real data set from Lawless (1982) to illustrate the proposed
estimators. In this data set, 36 appliances were put through an automatic life test and
the results include failure or censoring times for each unit. The dataset is given below.

Dataset: 11, 35, 49, 170, 329, 381, 708, 958, 1062, 1167, 1594, 1925, 1990, 2223, 2327, 2400,
2451, 2471, 2551, 2565, 2568, 2694, 2702, 2761, 2831, 3034, 3059, 3112, 3214, 3478, 3504,
4329, 6367, 6976, 7846, 13403.

In order to determine which distribution fits best for the data, we take into con-
sideration of various distributions, including Lomax, Gamma, Lindley, and Logistic
distribution. The histogram of the real dataset related to the failure time of appliances
and the density plots of four lifetime distributions are presented in Figure 1.

Histogram of Data

Values

D
en

si
ty

0 2000 4000 6000 8000 10000 12000 140000.
00

00
0

0.
00

02
5

Lomax
Gamma
Lindley
Logistic

Figure 1: The histogram of the real data considered in Section 6 and the plots of the
probability density functions of the fitted Lomax, gamma, Lindley and logistic models

Also, we consider various methods to apply goodness of fit test statistic and infor-
mation criteria. These are Kolmogorov-Smirnov(KS) statistic, negative log-likelihood
criterion, Akaikes-Information Criterion (AIC = 2k − 2 log L), the associated second-
order information criterion (AICc = AIC + 2k(k+1)

n−k−1 ) and Bayesian Information Criterion
(BIC = k log n − 2 log L), where k is the number of parameters of the model, n is the
number of observations in the dataset, L is the maximum value of the likelihood func-
tion for the model. The values of the MLEs and five goodness of fit test statistics are
presented in Table 11. The best distribution corresponds to the lowest values for BIC,
AICc, AIC, − log L, and KS statistic. In contrast to other distributions, the numerical
values in Table 11 indicate that the Lomax distribution fits the data well.

The data set has been analysed by Kundu and Joarder (2006) and they created
artificial progressively Type-II censored data from this data set. The artificially created
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Type-II progressively Type-II censored dataset is given below:

Type-II progressively censored dataset: {11, 35, 49, 170, 329, 958, 1925, 2223, 2400, 2568} ,
where (n,m) = (36, 10), T = 2600, D = m = 10 and Scheme=(2, 2, 2, 2, 2, 2, 2, 2, 2, 8).

Table 11: The MLEs, BIC, AICc, AIC, − log L and KS statistic for the real data set.
Model α̂ λ̂ BIC AICc AIC − log L KS

Lomax 977.6461 2692.858 × 103 649.5444 646.7410 646.3774 321.1887 0.10585
Gamma 1.1381 2422.322 650.1319 647.3285 646.9649 321.4824 0.17441
Lindley 0.00073 660.8157 659.3499 659.2322 328.6161 0.47170
Logistic 2399.374 1153.39 663.3787 660.5753 660.2117 328.1059 0.45466

We deduced from the simulation analysis that Bayes estimates by importance sam-
pling method are superior to MLEs. As a result, we solely present Bayes estimates
by importance sampling method here and we took t = 50. In Table 12, we presented
Bayes estimates by importance sampling method of ξJr(X) and ξJr(X, t) for the Type-II
progressively censored dataset. In Table 13, we present the interval estimate of ξJr(X)
and ξJr(X, t) of Type-II progressively censored dataset by using the NA and Boot-p
method.

Table 12: Bayes estimates by importance sampling method of ξJr(X) and ξJr(X, t).
r ξJr(X) ξJr(X, t)
0 -1185.87 -1185.90
1 -1190.06 -1190.08
2 -1194.27 -1194.29
3 -1198.50 -1198.52

Table 13: Interval estimate of ξJr(X) and ξJr(X, t) by using NA and Boot p method.
ξJr(X) ξJr(X, t)

r NA Boot p NA Boot p
0 (-1613.11, -758.63) (-1668.12, -680.06) (-1613.14, -758.65) (-1668.15, -680.07)
1 (-1617.74, -762.38) (-1689.16, -688.20) (-1617.77, -762.40) (-1689.19, -688.21)
2 (-1622.39, -766.15) (-1664.20, -666.45) (-1622.42, -766.17) (-1664.23, -666.46)
3 (-1631.75, -773.76) (-1661.17, -680.38) (-1631.78, -773.77) (-1661.20, -680.39)

7 Conclusion

This study uses the progressively Type-II censored sample to examine various ap-
proaches for estimating the CR Extropy and DCR Extropy measures of the equilibrium
distribution of order r of Lomax distribution. Many experimenters believe that us-
ing this kind of censored sample efficiently reduces the time and expense involved
in a study. We utilized maximum likelihood and Bayesian estimators for estimation.
LINEX loss function was taken into account when establishing Bayesian estimators. We
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have observed that the proposed Bayesian estimators can not be obtained in explicit
forms. Because of this, Lindley’s approximation and Importance Sampling Methods
are used. Additionally, the confidence intervals are constructed for the estimators.
The NA and boot-p methods are used to obtain the confidence intervals. We use the
Monte Carlo Simulation approach to conduct a thorough simulation study to compare
the performance of the given estimators. It has been found that Bayes estimate by
importance sampling method performs better than MLEs. A real dataset is consid-
ered to demonstrate an application of the suggested theoretical results for illustrative
purposes.

Acknowledgements

The authors would like to thank the reviewers for their valuable comments and sug-
gestions which definitely improved the quality and presentation of the paper.

References

Abd-Elfattah, A.M., Alaboud, F.M. and Alharby, A.H. (2007). On sample size estimation
for Lomax distribution, Australian Journal of Basic and Applied Sciences, 1(4), 373–378.

Asgharzadeh, A. and Valiollahi, R. (2010). Estimation of the scale parameter of the
Lomax distribution under progressive censoring, International Journal of Statistics
Economics, 6(S11), 37–48.

Cramer, E. and Schmiedt, A.B. (2011). Progressively Type-II censored competing risks
data from Lomax distributions, Computational Statistics Data Analysis, 55(3), 1285–
1303.

Helu, A. and Samawi, H. (2021). Statistical analysis based on adaptive progressive
hybrid censored data from Lomax distribution, Statistics, Optimization Information
Computing, 9(4), 789.

Lomax, K.S. (1954). Business failures: Another example of the analysis of failure data,
Journal of the American Statistical Association, 49(268), 847–852.

Bryson, M.C. (1974). Heavy-tailed distributions: properties and tests, Technometrics,
16(1), 61–68.

Chahkandi, M. and Ganjali, M. (2009). On some lifetime distributions with decreasing
failure rate, Computational Statistics Data Analysis, 53(12), 4433–4440.

Johnson, N.L., Kotz, S. and Balakrishan, N. (1994). Continuous Univariate Distributions,
Volume 2. Wiley.

Rajab, M., Aleem, M., Nawaz, T. and Daniyal, M. (2013). On five parameter beta Lomax
distribution, Journal of Statistics, 20(1).



Statistical Inference on the CR Extropy and DCR Extropy 143

El-Bassiouny, A.H., Abdo, N.F. and Shahen, H.S. (2015). Exponential Lomax distribu-
tion, International Journal of Computer Applications, 121(13).

Cordeiro, G.M., Ortega, E.M.M. and Popović, B.V. (2015). The gamma-Lomax distribu-
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