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Abstract. In real experimentation, second order response surface models may in some
cases be inadequate and unrealistic due to lack of fit introduced by the presence of
third-order terms in the response surface model. This willingly opens the door for
augmentation of a second order response surface model to a third order model. The
third–order design that takes care of the estimates of the model in this work is aug-
mented Box Behnken Design (ABBD), which has always been confronted with missing
observation scenario. This scenario that has affected the power of its test and desir-
able fundamental properties of this design, often surfaces when an observation is lost,
ignored, miss-collected, etc. Therefore, this work constructed a minimaxloss design
for ABBD that is robust to two and three missing observations under minimaxloss
criterion.

Keywords. Box-Behnken Design, Lack of Fit, Response Surface Model, Second-order
Designs, Third-order Design, Robustness of Design, Missing Observations.
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1 Introduction

Response surface methodology is an efficient modern statistical tool which emanated
from Box and Wilson (1951). It has been widely used in building models and exploring
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relationships between one or more response variables and several explanatory variables
(Zhou and Xu, 2016; Ahmad and Gilmour, 2010). Its application has spanned many
fields, including; manufacturing industries for process development (Lamidi et al.,
2022), chemical and food industries (Yolmeh et al., 2017; Nwabueze, 2010; Akram 2002;
Baş et al., 2007), biological and biomedical (Safari et al., 2018; Malekjani, 2020), bio-
pharmaceutical (Rebollo-Hernanz et al., 2021), bioengineering and agriculture (Mead
and Pike, 1975).

However, in response surface methodology, second order models, may be inade-
quate in some cases and unrealistic due to lack of fit caused by the presence of third-
order or higher-order terms in the response surface model (Rashid et al., 2017). This
situation creates a need for a third-order or higher-order model and this third-order
or higher-order model can be obtained by augmenting the second order response sur-
face designs in order to estimate the third-order or higher order terms in the response
surface model. Although the augmented designs have large design points and are
efficient, experimenters usually prefer small response surface designs because it saves
costs.

Arshad et al. (2012) constructed augmented Box-Behnken designs which can handle
the estimates of the third-order models and these are known as third-order designs.
Rashid et al. (2019) investigated the robustness of Augmented Box-Behnken Designs
(ABBDs) and Augmented Fractional Box-Behnken Designs (AFBBDs) to one missing
observation using minimaxloss criteria. Rashid et al. (2022) investigated the impact
of missing one observation on the estimation and predictive capabilities as well as on
the relative A, D and G-efficiencies of Augmented Box-Behnken designs. These third-
order designs in general have been used in many experimental situations for response
surface modelling and however may have been faced with experiments that include
one or more missing observations.

Akram (2002) developed minimaxloss3 designs robust to three missing observa-
tions by using minimaxloss criteria, and then compared these designs with cuboidal,
orthogonal, rotatable, box and draper outlier robust designs, spherical, minimaxloss1
(loss due to one missing observation) and minimaxloss2 (loss due to two missing ob-
servations) designs for their robustness to a combination of three missing observations
and examined the consequences of missing three observations on different kinds of
CCDs which include cuboidal, spherical, orthogonal, rotatable, minimum variance,
Box and Draper outlier robust designs.

Missing observation is a phenomenon that surfaces even in a carefully planned
experiment, where some observations may be lost during the process of data collection,
damaged or may be suspicious in some way (Patchanok, 2015). Missing observation
affects the statistical power of a test, destroy some of the fundamental design properties
like: orthogonal, optimality, balanced structure of a design, offer biased estimates of
parameters and give invalid conclusions drawn from the data (Chen et al., 2017).
This phenomenon which is missing at random (MAR) in this setting, can be resulted
from many causes, for example, the loss of experimental units, cancellation of runs
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that take too long to achieve and miscoded data where their correct values are non-
tractable (MacEachern et al., 1995). Many researchers have presented ways of dealing
with missing observations which includes: Imputation method (Marina, 2013) and
robustness-to-missing value criteria (Andrews & Herzberg, 1979; Ghosh, 1979; Akhtar
& Prescott, 1986; Tanco et al., 2013).

Robustness of a design against missing observation is the ability of the design
to work well (being able to estimate parameters without too much loss of precision)
in the presence of uncontrollable conditions (missing observations). It could also be
expressed as the experimental designs which provide protection in the presence of
conditions such as outlying observations, missing observations, non-normality of error
distribution, inadequate response surface model and auto-correlation in time (Akram,
2002). The robustness of designs against missing observation has been studied by
several authors, including Hedayat and John (1974), John (1976), Kageyma (1980),
Ghosh (1978, 1980, 1981, 1982), Ghosh et al. (1983), Akhtar and Prescott (1986), Ahmad
and Gilmour (2010), Ahmad et al. (2012), Alrweili et al. (2019), and Georgiou et
al. (2014). Therefore, the goal of this paper is to construct a minimaxloss design for
augmented Box-Behnken design that is robust to two and three missing observations
using a minimaxloss criterion.

This paper is organized in this way, materials and methods, which captured source
of the design, third order model, robustness to missing observation criterion, min-
imaxloss criterion and construction of the proposed minimaxloss criterion are well
discussed in section two. Section three deliberated on robust designs and its appli-
cation, while section four and five presented results and conclusion and discussion
respectively.

2 Materials and Methods

This section is subdivided into source of designs, third order model, robust-to-missing
observations criteria, and construction of minimaxloss augmented Box-Behnken De-
signs.

2.1 Source of Designs

The design presented in Table 1 was obtained from a work titled augmented Box-
Behnken designs for fitting third order response surfaces by Arshad et al. (2012; table
5, page 4235).

In Table 1 above, B[3] = nb= b×2t = 3×22 = 12, is the number of Box Behnken points,
F[a]3 = n f=2k = 23 = 8, is the number of factorial points, A[α]3 = na=2k = 2(3) = 6,

is the number of axial points, nc is the number of center points which is replicated
three times and N is the total number of design points in augmented Box-Behnken
designs for factor k = 3. However, the design matrix for k = 3 factors in Augmented
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Box-Behnken Design (ABBD) is given as in Table 2 (note that here, values of factorial
points was coded as -1 and +1):

Table 1: Augmented Box-Behnken third-order designs (ABBD) for k = 3.

Factor (k) Original BBD +Added Points

Design Points

s

3

B[3] 12
F[a]3 8
A[α]3 6

N = 26 + nc

2.2 Third Order Model

A mathematical model is an equation that represents or describes the relationship
between a response variable and one or more explanatory (or predictor) variables. The
form of the relationship between the response and the predictor variables is unknown in
many response surface methodology cases and the curvature in the response function
and the presence of model lack of fit will not be adequately modeled by first and
second order model, respectively. Therefore, polynomial of higher-degree polynomials,
such as the third-order model in optimization experiments, is employed to obtain an
assessment of presence of lack of fit of the second order model. For k quantitative
factors denoted by x1, x2, . . . , xk, a third-order response model is

y = β0 +

k∑
i=1

βixi +

k∑
i=1

βiix2
i +

k−1∑
i=1

k∑
i< j

βi jxix j +

k∑
i=1

βiiix3
i +

k−1∑
i=1

k∑
i< j

βi j jxix2
j

+

k−1∑
i=1

k∑
i< j

βii jx2
i x j +

k−2∑
i=1

k−1∑
j=i+l

k∑
l= j+i

βi jlxix jxl + ε, (2.1)

where β0, βi, βii, βi j, βiii , βi j j , βii j and βi jl represents the intercept, linear, quadratic,
bilinear and cubic effects, respectively, and ϵi is a random error with mean zero,
variance σ2. The number of unknown parameters to be estimated is denoted as
p =
(
(k + 3) ∁ 3

=
(k+3)!
3! k!

)
or p = (k+d)!

k! d! where k represents the number of factor under
consideration and d is the order of the design under investigation. In other to have
sufficient degrees of freedom to estimate the model coefficients, the number of runs n
(number of observations) must be greater than or equal to p (the number of parameters
in the model). In matrix notation, equation (1) above can be written as:

y = Xβ + ε, (2.2)

where X is the n × p model matrix derived from the n × k design matrix with
x = (1, x1, x2, . . . , xk; x2

1, x
2
2, . . . , x

2
k ; x1x2, x1x3, . . . , xk−1xk; x3

1, x
3
2, . . . , x

3
k).
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Table 2: The design matrix for k = 3 factor in Augmented Box-Behnken Design (ABBD)
at nc = 3

Box Behnken point: nb = 12

S/N X0 X1 X2 X3
1 1 -1 -1 0
2 1 1 -1 0
3 1 -1 1 0
4 1 1 1 0
5 1 -1 0 -1
6 1 1 0 -1
7 1 -1 0 1
8 1 1 0 1
9 1 0 -1 -1
10 1 0 1 -1
11 1 0 -1 1

Factorial point: n f=8

12 1 0 1 1
13 1 -1 -1 -1
14 1 1 -1 -1
15 1 -1 1 -1
16 1 1 1 -1
17 1 -1 -1 1
18 1 1 -1 1
19 1 -1 1 1
20 1 1 1 1

Axial point: nα = 6

21 1 α 0 0
22 1 -α 0 0
23 1 0 α 0
24 1 0 -α 0
25 1 0 0 α
26 1 0 0 -α

Center point: nc = 3
27 1 0 0 0
28 1 0 0 0
29 1 0 0 0

2.3 Robust-to-Missing Observations Criterion

Robust-to-missing observation criterion is a criterion that is used to construct or eval-
uate the robustness of designs in the presence of missing observations. The following
are robust to missing observation criteria: Estimability criterion by Ghosh (1979, 1982),
Loss of D-efficiency by Ghosh (1979), and Minimaxloss criteria by Akhtar and Prescott
(1986). This research made use of minimaxloss criterion proposed by Akhtar and
Prescott (1986).
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2.3.1 Minimaxloss Criterion

Akhtar and Prescott (1986) developed a minimaxloss criterion which is minimization
of the maximum loss due to missing observations in the reduction of the determinant
of the information matrix denoted by

∣∣∣X′X∣∣∣. However, Andrews and Herzberg (1979)
established a relationship between the reduced determinants of the information matrix,
with m missing design points (m = 1, 2, ...), denoted by

∣∣∣Xr
′

Xr
∣∣∣ and the determinant

of the information matrix without any missing observation known as full or complete
information matrix

∣∣∣X′X∣∣∣which is expressed as∣∣∣Xr
′

Xr
∣∣∣∣∣X′X∣∣ =R j, (2.3)

where R j = 1 − hi j is the jth diagonal element of (I −H) and H is the hat matrix,
H = X(X

′

X)−1X
′

. Now the loss for the jth design point missing, is defined as

l j=1−

∣∣∣Xr
′

Xr
∣∣∣∣∣X′X∣∣ . (2.4)

Equation (2.2) can also be rewritten according to (Rashid et al. 2019) as

l j = 1 − R j = h j j. (2.5)

The loss l j is a relative measure of efficiency with 0 ≤ l j ≤ 1. It has been observed
that a small value of l j indicates a low reduction in the determinant of the information
matrix and in this sense, less loss of information. We will choose a design with a
smallest value of the maximumloss over design points (Ahmad and Gilmour, 2010).

2.3.2 Construction of the Proposed Minimaxloss Design.

The detailed procedure for constructing robust Augmented Box-Behnken Design (ABBD)
for two and three missing observations are presented as follows:

Algorithm

Step 1. Choose an ABBD for factor k = 3 (Rashid et al., 2022), we represent Box-
Behnken point by ′bb′, factorial point by ′ f ′, axial point by ′a′ and centre point by ′c′.
None of the design points are replicated, except for the center point which is fixed at 3
according to Akhtar and Prescott (1986).

Step 2. Calculate the loss function lbb, l f f , laa, lcc, lb f , lba, lbc, l f a, l f c and lac based on
X for the third-order model (1), where lbb is the loss for missing a pair of Box-Behnken
point, l f f is the loss for missing a pair of factorial points, laa is the loss for missing a
pair of axial points, lcc is the loss for missing a pair of center points, lb f is the loss for
missing one Box-Behnken point and one factorial point, lba is the loss for missing one
Box-Behnken point and one axial point, lbc is the loss for missing one Box-Behnken
point and one centre point, l f a is the loss for missing one factorial point and one axial
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point, l f c is the loss for missing one factorial point and one center point and lac is the
loss for missing one axial point and one center point.

Step 3. Numerically search for α value that minimizes the maximum losses of lbb,
l f f , laa, lcc, lb f , lba, lbc, l f a, l f c and lac

Step 4. Substitute the chosen α value in the chosen design.

Step 5. Repeat step 2 by calculating the loss function lbbb, l f f f , laaa, lccc, lcca, lcc f , lccb,
l f aa, l f ac, l f f a, l f f c, lbaa, lbba, lbb f , lbbc, lb f f , lbac, lb f c, lb f a, and laac based on X for the
same model (1). lbbb is the loss for missing three Box-Behnken point, l f f f is the loss of
missing three factorial points, laaa is the loss for missing three obssrvations under axial
point, lccc is the loss for missing three observations of center point, whereas, lcca is the
loss for missing two center points and one axial point, lcc f is the loss for missing two
observations under center part and one factorial point, lccb is the loss of missing two
center points and one Box-Behnken part, l f aa is the loss of missing one factorial point
and two of axial point, l f ac is the loss for missing one factorial, one axial and one center
point respectively, l f f a is the loss for missing two factorial points and one axial point,
l f f c is the loss for missing two factorial points and one center point, lbaa is the loss for
missing one Box-Behnken point and two axial points, lbba is the loss for missing two
Box-Behnken points and one axial point, lbb f is the loss for missing two Box-Behnken
points and one factorial point, lbbc is the loss for missing two Box-Behnken points and
one center point, lb f f is the loss for missing one Box-Behnken point and two factorial
points, lbac is the loss for missing one Box-Behnken, one axial point and one center point,
lb f c is the loss for missing one Box-Behnken point, one factorial point and one center
point, lb f a is the loss for missing one observation in the Box-Behnken point, factorial
point, and axial point respectively and laac is the loss for missing two axial points and
one center point.

Step 6. Search for α value that minimizes the maximum losses of (lbbb, l f f f , laaa, lccc,
lcca, lcc f , lccb, l f aa, l f ac, l f f a, l f f c, lbaa, lbba, lbb f , lbbc, lb f f , lbac, lb f c, lb f a, and laac )

Step 7. Substitute the new α in the chosen design.

2.4 Robust Designs

To find the minimaxloss designs robust to two and three missing observations, we have
to explore the case design (ABBD) with number of factor k = 3, center point replications
nc = 3 and number of design points N = 29). In the structure of the augmented Box-
Behnken designs, all losses are classified into four types for all k, where k is the number
of factors; loss of Box-Behnken points, loss of factorial points, loss of axial points, and
loss of center points. To search the α (axial distance) value at which the maximum loss
is minimized for the case of missing two observations, loss of pairs of factorial points
(l f f ) is equated to the loss of pairs of axial points (laa) and the minimum value of α at
which (l f f ) is equal to (laa) is chosen as the value of α that makes the design robust.
However, for three missing observations, the value of α at which the maximum loss
is minimized, loss of missing a pair of factorial and one axial point (l f f a) is equated to
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the loss of missing a pair of axial points and one factorial point (l f aa) and the minimum
value of α at which l f f a is equal to l f aa is chosen as the value of α at which robustness
of the design occurred. Note that it is not always certain that the search for α (axial
distance) value that will make a design with missing observations robust exists. At
times some designs with missing observation is not robust because there existed no
such axial distance value that will make two functions to be equal.

2.5 Application of the Study

Practical Example: considering a study carried out by (Khuri and Cornell 1996, Table
4.2, Page 119) to evaluate the effects of temperature, pressure, and ethanol on the
extraction of oil and alkaloids from ground seeds, a three factor 12-points Box-Behnken
design was adopted. The design settings in its original and coded variables are listed
in Table 3. This example was used to obtain the Augmented Box-Behnken Design
(ABBD) by adding Factorial point of levels ′a′ denoted by F[a]k = n f = 2k = 8,
axial point denoted by A[α]3 = na = 2k = 6, of level ′α′ and center point, denoted
by (nc = 3) to the Box-Behnken design, where k = 3. This augmented Box-Behnken
design was then used to obtain the minimaxloss design robust to two and three missing
observations respectively. The loss after missing a (two and three) Box-Behnken point
(nb), a factorial point (n f ), an axial na and a center point (nc) of augmented Box-Behnken
design has been calculated for certain values of axial distances (α). The results of losses
are tabulated (Table 4 and 5) and plotted against the values of α (figure 1 and 2, for two
and three missing observations respectively) and the minimaxloss design is obtained by
using plots and also by an iteration. It is observed that minimum loss for missing two
observation is l f f = l f f = 0.9664 at α = 1.6021, and that of missing three observation
is l f aa = l f f a and that point is 0.9937 at α =1.5599. So, for three factors with nb = 12,
n f = 8, na = 6, nc = 3 for α = 1.6021 and 1.5599, the design is a minimaxloss augmented
Box-Behnken design robust to two and three missing observations respectively.

3 Results

3.1 Losses Due to Two Missing Observations in Augmented Box-Behnken
Design.

When a pair of design points are missing in an augmented Box-Behnken design there
are ten possible outcomes of the combination of their losses, which are: loss due to
missing a pair of Box- Behnken points (lbb), loss due to missing a pair of factorial points
(l f f ), loss due to missing a pair of axial points (laa), loss due to missing a pair of center
points (lcc), loss due to missing one factorial and one axial point (l f a), loss due to missing
one Box-Behnken and one factorial point (lb f ), loss due to missing one Box-Behnken
and one center point (lbc), loss due to missing one factorial and one center point (l f c),
loss due to missing one Box-Behnken and one axial point (lba) and loss due to missing
one axial and one center point (lac). The losses for all possible pairs of augmented
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Box-Behnken design with three factors k = 3, nc = 3, with no replication at any other
points except the center point, N = 29, NR = 27, with Box-Behnken points (nbb=12),
factorial points (n f = 8), axial point (na = 6) and center points (nc = 3), where NR is the
design point with a pair of missing observations and N is the total design points.

Table 3: Residual oil content after supercritical extraction

Coded design settings
Run Temperature() Pressure(MPa) Ethanol

(%)
x1 x2 x3

1 35 20.7 0 -1 0 -1
2 45 10.4 0 0 -1 -1
3 55 10.4 5 1 -1 0
4 35 20.7 10 -1 0 1
5 45 31.0 0 0 1 -1
6 55 20.7 0 1 0 -1
7 35 10.4 5 -1 -1 0
8 35 31.0 5 -1 1 0
9 45 10.4 10 0 -1 1
10 45 31.0 10 0 1 1
11 55 31.0 5 1 1 0
12 55 20.7 10 1 0 1

It is observed in Table 4 above that loss incurred by missing a pair of center points (lcc)
remain less than loss due to missing a pair of Box-Behnken points (lbb) and every other
pair of augmented Box-Behnken design for the whole ranges of axial point distance (α).
This is because of the location dependency of h j j. The minimaxloss design point for
augmented Box-Behnken design with k = 3, nc = 3 and a pair of observations missing
is chosen from the values of alpha (α) ranging from 0.25 to 4.00, for which the loss due
to missing a pair of factorial points (l f f ) is equal to the loss due to missing a pair of
axial points (laa). The minimaxloss design point occurs at a point where l f f = laa and
that point is 0.9664 at α = 1.6021.

Thus, a three factor augmented Box-Behnken design with total design points N = 29,
Box- Behnken points (nbb=12), factorial points (n f = 8), axial points (na = 6), center
points (nc = 3) and α = 1.6021 is a minimaxloss design robust to a pair of missing
observations (minimaxloss2). However, Figure 1 shows the plots of the loss due to
missing a pair of Box-Behnken, a pair of factorial, a pair of axial and a pair of center
points in an augmented Box-Behnken design for k = 3 and nc = 3. The minimaxloss
point is traced where the line plot of loss due to missing a pair of factorial points
intercepted that of the line plot of loss due to missing a pair of an axial point.
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Table 4: The maximum losses due to a pair of missing observations of augmented Box-
Behnken design at Box-Behnken, factorial, axial and center points for different values
of αwith k = 3 and nc = 3.

Axial point Loss in precision due to missing
distance (α) bb f f aa cc b f ba bc f a f c ac

0.25 0.9691 0.9710 0.8505 0.2105 0.9804 0.9156 0.8098 0.9323 0.8480 0.6532
0.50 0.9657 0.9715 0.8508 0.2314 0.9796 0.9154 0.8075 0.9334 0.8514 0.6603
0.75 0.9534 0.9722 0.8646 0.2722 0.9767 0.9162 0.7961 0.9381 0.8573 0.6888
1.10 0.9207 0.9729 0.9078 0.3782 0.9680 0.9213 0.7691 0.9500 0.8695 0.7617
1.25 0.9064 0.9724 0.9273 0.4394 0.9631 0.9244 0.7614 0.9547 0.8741 0.7915
1.50 0.8883 0.9689 0.9561 0.5198 0.9536 0.9321 0.7548 0.9617 0.8727 0.8334
1.60 0.8834 0.9665 0.9661 0.5260 0.9495 0.9371 0.7511 0.9650 0.8672 0.8501
1.6021* 0.8833 0.9664 0.9664 0.5259 0.9494 0.9372 0.7510 0.9651 0.8670 0.8505
1.6025 0.8833 0.9664 0.9665 0.5259 0.9494 0.9371 0.7510 0.9651 0.8670 0.8503
1.6050 0.8832 0.9655 0.9666 0.5257 0.9493 0.9374 0.7509 0.9652 0.8668 0.8510
1.75 0.8781 0.9629 0.9785 0.4992 0.9439 0.9468 0.7416 0.9709 0.8549 0.8767
2.00 0.8728 0.9583 0.9912 0.4000 0.9379 0.9643 0.7185 0.9807 0.8333 0.9185
2.25 0.8697 0.9564 0.9965 0.3047 0.9356 0.9774 0.6973 0.9879 0.8190 0.9484
2.50 0.8676 0.9559 0.9986 0.2389 0.9351 0.9856 0.6822 0.9923 0.8113 0.9668
2.75 0.8662 0.9560 0.9994 0.1966 0.9352 0.9905 0.6722 0.9949 0.8074 0.9780
3.00 0.8652 0.9563 0.9997 0.1690 0.9355 0.9935 0.6655 0.9965 0.8054 0.9814
3.25 0.8645 0.9566 0.9998 0.1505 0.9359 0.9954 0.6609 0.9976 0.8044 0.9892
3.50 0.8640 0.9569 0.9999 0.1376 0.9363 0.9967 0.6576 0.9982 0.8038 0.9921
3.75 0.8637 0.9571 1.0000 0.1283 0.9366 0.9975 0.6553 0.9987 0.8036 0.9941
4.00 0.8634 0.9573 1.0000 0.1214 0.9368 0.9981 0.6535 0.9990 0.8034 0.9955

At that intercept, the axial distance value (α) is 1.6021 and the loss value is 0.9664.
In Figure 1 also, other loss line plots due to missing a pair of Box-Behnken points and
a pair of center points were sighted. The line plot of center point is always lower than
every other plots displayed and that was justified by its loss values as seen in Table
4. This is because of the closeness of the central points to the explanatory points. The
shape of the line plot due to missing a pair of center point is bell shaped.

3.2 Losses Due to Three Missing Observations in Augmented Box-Behnken
Design.

When three of design points are missing in an augmented Box-Behnken design with k =
3, nc = 3, there are about twenty plus possible outcomes of the combination of their
losses. This researchworked with those losses that are of interest to the researcher. The
losses that are of interest are those losses that do not give a singular matrix. This work
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considered about twenty different losses at three possible combinations of the factor.
Those losses considered were: loss due to missing three Box-Behnken points (lbbb), loss
due to missing three factorial points (l f f f ), loss due to missing three axial points (laaa),
loss due to missing three center points (lccc), loss due to missing two Box-Behnken and
one factorial points

(
lbb f

)
, others were loss due to missing two Box- Behnken and one

axial points (lbba), loss due to missing one Box-Behnken and two factorial points (lb f f ),
loss due to missing one Box-Behnken, one factorial and one axial points (lb f a).

Figure 1: Loss due to two Box-Behnken, two factorial, two axial and two center points
missing for k = 3 and nc = 3.

Among the losses were loss due to missing one Box-Behnken and two axial points
(lbaa), loss due to missing one Box-Behnken, one factorial and one center points (lb f c),
loss due to missing two Box- Behnken and one center points (lbbc) was also included.
Others losses were: loss due to missing a Box-Behnken and two center points (lbcc), loss
due to missing two Box-Behnken and one center points (lbbc), loss due to missing two
factorial and one axial points (l f f a), loss due to missing a factorial and two axial points
(l f aa), loss due to missing one factorial, one axial and one center points (l f ac), loss due
to missing two factorial and one center points (l f f c), loss due to missing one factorial
and two center points (l f cc), loss due to missing two axial and one center points (laac),
loss due to missing one axial and two center points (lacc).

There might be a scenario where one encounters more than one loss value in a
particular combination, for instance when considering lbbb, picking serial number l1,2,3 to
represent the lbbb and another serial number l1,5,12, to represent the same lbbb at the same
alpha value, remembering that in augmented Box-Behnken designs, Box- Behnken
point is represented as (b × 2t = 3 × 22 = 12). In this situation, some combination
of the possible serial numbers of the considered loss will give the same loss value.
For example, l1,2,3 and l1,2,5 gave the same loss value for missing three Box-Behnken
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points in an augmented Box-Behnken design but some combinations will offer either
a singular matrix (a design matrix with zero determinant) or a different loss value. In
this work, we tried to be consistent across all the combinations considered.

If lbbb = l1,2,3 was considered at α = 0.25, then the same lbbb = l1,2,3 will be considered
when looking at 0.50 ≤ α ≤ 3.00, etc. This will create a consistency in their loss values.
The losses for all possible combination of three design points missing in augmented
Box-Behnken design with three factors k = 3, nc = 3, with no replications of any other
design points, N = 29, NR = 26, Box-Behnken points (nbb=12), factorial point (n f = 8),
axial point (na = 6) and center point (nc = 3), where NR is the total design points with
three missing observations and N is the total number of design points, is presented.

Table 5 above, shows the loss values for all different three combination of points
when three observations are declared missing in augmented Box-Behnken design.
From the Table 5 above, it was observed that the loss value due to missing triple
center points lccc remains lower than loss value due to missing any other triple possible
combination of points for the whole ranges of axial point distance(α). Finding the
minimax loss (minimaxloss3) design for ABBD with k = 3 and nc = 3, is searching for
that value of alpha (α) from the whole ranges of alpha (0.25 ≤ α ≤ 3.00) values for which
loss due to missing one factorial point and two axial points l f aa is equal to the loss due to
missing two factorial points and one axial point l f f a. That is l f aa = l f f a. The minimaxloss
occurs at a point where l f aa = l f f a and that point is 0.9937 at α =1.5599. Thus a three
factor augmented Box-Behnken design with total design points N = 29 and NR = 26,
Box- Behnken points (nbb=12), factorial points (n f = 8), axial points (na = 6), center
points (nc = 3) and α = 1.5599 is a minimaxloss design robust to a three missing
observations (minimaxloss3).

Figure 2 shows the plots for the loss due to missing three Box-Behnken points, three
factorial points, three axial points, two factorial and one axial points, one factorial and
two axial points and three center design points in an augmented Box-Behnken designs
for k = 3 and nc = 3. The minimaxloss point is tracked where the line plot of loss due to
missing two factorial points and one axial point intercepted that of the line plot of loss
due to missing one factorial point and two axial points. At that intercept, α =1.5599
and the loss value is 0.9937. Figure 2 also contained other loss line plots due to missing
three Box-Behnken points, three factorial points, three axial points and three center
points respectively. The line plot of center point is always lower than every other plots
displayed in the Figure 2 above and that was justified by its loss values as seen in Table
5. The shape of the line plot due to missing three center points is bell shaped.
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Figure 2: Loss due to three Box-Behnken, three factorial, three axial, one factorial and
two axial, two factorial and one axial and three center points missing for k = 3 and
nc = 3.

4 Discussion and Conclusion

In response surface modeling, robustness to missing observations is a desirable prop-
erty good response surface designs should hold, which is crucial to experimenters and
therefore, designs that are minimally affected by the external sources of variability
(such as missing observations) are desirous. Designs that are robust to missing obser-
vations are required so as to reduce the effects of the missing observations and also in
such robust designs, the parameters of the assumed model can be estimated without
much loss of efficiency. However, the augmented Box-Behnken design is one of the
augmented third-order response surface designs for response surface exploration. The
unique structure of the augmented Box-Behnken design with four components, the
Box-Behnken, the factorial, the axial and the center design points, makes the design
very flexible to use in industrial experiments. In this work, an augmented Box-Behnken
design that is robust to two and three missing observations were constructed by using
the minimaxloss criteria. It was shown that for k = 3, nb = 12, n f = 8, na = 6, and
nc = 3, with α = 1.6021 and α = 1.5599 are minimaxloss augmented Box-Behnken
design robust to two and three missing observations respectively (minimaxloss2 and
minimaxloss3). That is, the axial point distance (α) at the point at which l f f = laa and
l f f a = l f aa, obtained from the plot of loss against the axial point distance α, where l f f
is the loss incurred from losing a pair of factorial design points, laa is the loss acquired
from losing a pair of axial design points, l f f a is the loss encountered from missing three
observations of a pair of factorial and axial points and l f aa is the loss experienced from
missing three observations of a pair of axial and factorial points.
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