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Abstract. In this paper we propose a zero-inflated version of the extended alterna-
tive hyper-Poisson distribution of Kumar and Nair (2013b) and investigate some of its
important properties and applications. We derive expressions for its probability gen-
erating function, mean, variance, etc. along with recursion formulae for probabilities,
raw moments and factorial moments. The estimation of the parameters of the distribu-
tion is also attempted and it has been fitted to certain real life data sets for highlighting
its practical relevance. Further, generalized likelihood ratio test procedure is applied
for examining the significance of the parameters of the model and a simulation study
is conducted for assessing the performance of the maximum likelihood estimators of
the parameters of the distribution.
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1 Introduction

Count (or frequency) responses such as number of heart attacks, number of days
of alcohol drinking, number of suicide attempts, and number of unprotected sexual
encounters during a period of time arise quite often in biomedical and psychosocial
researchs. Poisson distribution models are widely used to study such situations. One
major limitation of the Poisson model is that the mean is identical to the variance. In
practice, heterogeneity in study populations due to data clustering or other factors
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often creates extra variability and consequently the variance will be larger than the
mean. This renders the Poisson distribution inappropriate for modeling count data in
such instances.

To model count data with excess zeros, Lambert (1992) considered the zero-inflated
Poisson (ZIP) distribution, whose probability mass function (pmf) is the following.

g1(x) = P(X = x) =
{
π + (1 − π)e−λ, x = 0
(1 − π) e−λλx

x! , x = 1, 2, ...,
(1.1)

where π ∈ [0, 1] and λ > 0. Many authors have utilized the ZIP distribution for
modeling count data with an excessive number of zeros in practical contexts and
considerable quantum of work has been done in this regard. For example, see Singh
(1962), Cohen (1963), Martin and Katti (1965), Goraski (1977), Bohning (1998), Kemp
(2002) Johnson et al. (2005) and references therein.

Kumar and Nair (2013b) developed an extended version of the alternative hyper-
Poisson distribution namely the extended alternative hyper-Poisson distribution (EAHPD)
through the pmf

g2(x) = P(X = x) (1.2)

=

[ x
m ]∑

k=0

{
[x − (m − 1)k]!

(λ)x−(m−1)k
ϕ[1 + x − (m − 1)k;λ + x − (m − 1)k;−(θ1 + θ2)]

×
θx−mk

1 θk
2

(x −mk)!k!

 ,
for x = 0, 1, 2, ..., λ > 0, θ1 > 0, θ2 ≥ 0, [k] denote the integer part of k, m is fixed
but positive integer and ϕ(a; b; x) is the confluent hypergeometric function (also called
Kummer M function). For more details on confluent hypergeometric series see Mathai
and Haubold (2008) or Slater (1966). Clearly, the EAHPD with m = 1 and/or θ2 = 0 is
the alternative hyper-Poisson distribution (AHPD) of Kumar and Nair (2012) whereas
when m = 2, the EAHPD reduces to the modified alternative hyper-Poisson distribution
(MAHPD) of Kumar and Nair (2013a). When λ is a positive integer, it reduces to the
generalized version of the displaced Poisson distribution of Staff (1964) and whenλ = 1,
the EAHPD reduces to the generalized Hermite distribution of Gupta and Jain (1974).
In addition to that, when λ = 1 and m = 2, it reduces to the Hermite distribution of
Kemp and Kemp (1965).

In this paper, we try to construct a zero-inflated version of the extended alternative
hyper-Poisson distribution through the name “the zero-inflated extended alternative
hyper-Poisson distribution (ZIEAHPD)". The rest of the paper is organized as follows.
In section 2, we present the definition of the ZIEAHPD and derive its probability
generating function, mean, variance and recursion formulae for probabilities, factorial
moments and raw moments. The identifiability condition of the model is also derived.
The estimation of the parameters of the ZIEAHPD is discussed in section 3 and a
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generalized likelihood ratio test procedure is suggested in section 4. In section 5, a
brief simulation study is carried out for assessing the performance of the maximum
likelihood estimators of the parameters of the distribution. Finally, certain real life
data applications are considered in section 6 for highlighting the usefulness of the
distribution.

2 Definition and Properties

Here first we present the definition of the zero-inflated extended alternative hyper-
Poisson distribution and discuss some of its properties.

Definition 2.1. Let ξ be a degenerate random variable at the point zero and let X follows
EAHPD with pmf (1.2) Assume that ξ and X are statistically independent. Then a
discrete random variable Y is said to follow “the zero-inflated extended alternative
hyper-Poisson distribution" or in short “the ZIEAHPD" if its pmf has the following
form:

f (y) = P(Y = y)
= πP(ξ = y) + (1 − π)P(X = y)

=



π + (1 − π) ϕ[1;λ;−(θ1 + θ2)], y = 0

(1 − π)
[ y

m ]∑
k=0

δ!
(λ)δ
ϕ[1 + δ;λ + δ;−(θ1 + θ2)]

θ
y−mk
1 θk

2
(y−mk)!k! , y = 1, 2, ...

0, otherwise,

(2.1)

in which δ = y − (m − 1)k, [ y
m ] denotes the integer part of y

m , π ∈ [0, 1], λ > 0, θ1 > 0,
θ2 ≥ 0 and m is a fixed but arbitrary positive integer.

In order to prove that the function f (y) given in (2.1) is a proper pmf, consider

∞∑
y=0

f (y) = π + (1 − π)ϕ[1;λ;−(θ1 + θ2)] + (1 − π)
∞∑

y=1

[ y
m ]∑

k=0

δ!
(λ)δ

×ϕ[1 + δ;λ + δ;−(θ1 + θ2)]
θ

y−mk
1 θk

2

(y −mk)!k!

= π + (1 − π)
∞∑

y=0

[ y
m ]∑

k=0

δ!
(λ)δ

ϕ[1 + δ;λ + δ;−(θ1 + θ2)]
θ

y−mk
1 θk

2

(y −mk)!k!

= π + (1 − π)
∞∑

y=0

f1(y),
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where f1(y) =
[ y

m ]∑
k=0

δ!
(λ)δ
ϕ[1 + δ;λ + δ;−(θ1 + θ2)]

θ
y−mk
1 θk

2
(y−mk)!k! is the pmf of the EAHPD given

in (1.2). Thus
∞∑

y=0
f (y) = 1.

Clearly,

1. When π = 0, ZIEAHPD→ EAHPD of Kumar and Nair (2013b).

2. When m = 1 or θ2 = 0, ZIEAHPD → zero-inflated alternative hyper-Poisson
distribution (ZIAHPD) of Kumar and Ramachandran (2021).

3. When m = 1 or θ2 = 0 and π = 0, ZIEAHPD → alternative hyper-Poisson
distribution (AHPD) of Kumar and Nair (2012).

4. When m = 1 and λ = 1, ZIEAHPD→ ZIPD (π, θ1 + θ2) of Lambert (1992).

5. When m = 2 and π = 0, ZIEAHPD→ modified alternative hyper-Poisson distri-
bution (MAHPD) of Kumar and Nair (2013a).

6. When λ = 1 and θ2 = 0, ZIEAHPD→ ZIPD of Lambert (1992).

7. When m = 2 and λ = 1, ZIEAHPD→ zero-inflated Hermite distribution (ZIHD)
of Kumar and Ramachandran (2020).

8. When m = 2, λ = 1 and π = 0 ZIEAHPD→ Hermite distribution (HD) of Kemp
and Kemp (1965).

Probability mass plots of ZIEAHPD for particular values ofπ,λ,θ1 andθ2, for m = 1, 2, 3
and 4 are given in Figure 1.
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Figure 1: Probability plots of ZIEAHPD for different values of its parameters.

Next we present certain properties of the ZIEAHPD through the following results.

Result 2.1. The probability generating function (pgf) G(t) of the ZIEAHPD with pmf (2.1) is
the following.

G(t) = π + (1 − π)ϕ[1;λ;θ1(t − 1) + θ2(tm
− 1)]. (2.2)
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Proof. By definition, the pgf of the ZIEAHPD is

G(t) = E(tY) =
∞∑

y=0

ty P(Y = y)

= π + (1 − π)ϕ[1;λ;−(θ1 + θ2)] + (1 − π)
∞∑

y=1

[ y
m ]∑
k0

[y − (m − 1)k]!
(λ)y−(m−1)k

×
(θ1t)y−mk(θ2tm)k

(y −mk)!k!
ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k;−(θ1 + θ2)]

= π + (1 − π)
∞∑

y=0

[ y
m ]∑

k=0

[y − (m − 1)k]!
(λ)y−(m−1)k

(θ1t)y−mk(θ2tm)k

(y −mk)!k!

× ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k;−(θ1 + θ2)].

Now on expanding the confluent hypergeometric function, in the light of the following
identity:

∞∑
r=0

∞∑
s=0

A(s, r) =
∞∑

r=0

[ r
m ]∑

s=0

A(s, r −ms), (2.3)

we get,

G(t) = π + (1 − π)
∞∑

y=0

∞∑
k=0

∞∑
r=0

(y + k)!
(λ)y+k

(θ1t)y(θ2tm)k

y!k!

(
1 + y + k

)
r [−(θ1 + θ2)]r

r!
(
λ + y + k

)
r

.

Next, apply the following identity:

∞∑
r=0

∞∑
s=0

A(s, r) =
∞∑

r=0

r∑
s=0

A(s, r − s), (2.4)
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results in:

G(t) = π + (1 − π)
∞∑

r=0

∞∑
y=0

y∑
k=0

y!
(λ)y

(θ1t)y−k(θ2tm)k

(y − k)!k!

(
1 + y

)
r [−(θ1 + θ2)]r

r!
(
λ + y

)
r

= π + (1 − π)
∞∑

r=0

∞∑
y=0


y∑

k=0

(
y
k

)
(θ1t)y−k(θ2tm)k


(
1 + y

)
r [−(θ1 + θ2)]r

r!
(
λ + y

)
r (λ)y

= π + (1 − π)
∞∑

r=0

∞∑
y=0

(θ1t + θ2tm)y
(
1 + y

)
r [−(θ1 + θ2)]r

r!
(
λ + y

)
r (λ)y

= π + (1 − π)
∞∑

r=0

∞∑
y=0

(θ1t + θ2tm)y
(
1 + y

)
r [−(θ1 + θ2)]r

r! (λ)y+r

= π + (1 − π)
∞∑

r=0

∞∑
y=0

ty(θ1 + θ2tm)y
(
y + r

)
! [−(θ1 + θ2)]r

y!r! (λ)y+r
.

On applying (2.4), we have

G(t) = π + (1 − π)
∞∑

r=0

r∑
y=0

(θ1t + θ2tmt)y r! [−(θ1 + θ2)]r−y

y!(r − y)! (λ)r
(2.5)

= π + (1 − π)
∞∑

r=0

r∑
y=0

(
r
y

)
(θ1t + θ2tm)y [−(θ1 + θ2)]r−y

(λ)r

= π + (1 − π)
∞∑

r=0

[(θ1t + θ2tm) + −(θ1 + θ2)]r

(λ)r
,

which leads to (2.2). □

By using Result 2.1, one can easily obtain the following remarks.

Remark 1. Mean and Variance of the ZIEAHPD with pgf (2.2) are, respectively,

Mean = G′(1) =
(1 − π)(θ1 +mθ2)

λ
= η, (2.6)

and

Variance = G′′(1) + G′(1) − G′(1)2

=
(1 − π)
λ

(
(θ1 +mθ2)2

{
π
λ
+

λ − 1
λ(λ + 1)

}
+ (θ1 +m2θ2)

)
.

Proof is straight forward, hence we omit it.
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Remark 2. The third and fourth factorial moments of the ZIEAHPD are, respectively,

µ[3] = E[Y(Y − 1)(Y − 2)] =
(1 − π)θ2m(m − 1)

λ

{
1 +

2(θ1 +mθ2)
λ + 1

+
12(θ1 +mθ2)2

(λ + 1)(λ + 2)

}
, (2.7)

and

µ[4] = E[Y(Y − 1)(Y − 2)(Y − 3)] =
(1 − π)θ2m(m − 1)

λ

{
(m − 2)

(θ1 +mθ2)
(λ + 1)

+18
(θ1 +mθ2)

(λ + 2)2 + 6
(θ1 +mθ2)

(λ + 2)
+ (m − 2)

2
(λ + 1)

m(m − 1)θ2 + 12m(m − 1)

θ2
(θ1 +mθ2)2

(λ + 2)

}
. (2.8)

By using Remark 1 and Remark 2, we have computed measures of skewness and
kurtosis with the help of Mathematica software and plotted the values in Figures 2 and
3. From the figures, it can be seen that the distribution enjoys positively and negatively
skewed nature and both platykurtic and leptokurtic behaviour.

Remark 3. The ZIEAHPD is over dispersed when λ > 1 and under dispersed when
λ < 1 provided

[1 − λ
1 + λ

+ π
] (θ1 +mθ2)2

λ
< m(m − 1)θ2,

for m > 1 and θ2 ≥ 0.
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Figure 2: Plots of skewness of ZIEAHPD for particular values of its parameters.
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Figure 3: Plots of kurtosis of ZIEAHPD for particular values of its parameters.
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Result 2.2. The following is a simple recursion formula for probabilities fy(λ∗) of the ZIEAHPD
with pgf (2.2)

f1(λ∗) =
θ1

λ

{
f0(λ∗) − π

}
, f or y = 0, 1, ...,m − 1, (2.9)

and
(y + 1) fy+1(λ∗) =

1
λ

(
θ1 fy(λ∗ + 1) +mθ2 fy−m+1(λ∗ + 1)

)
, f or y ≥ m. (2.10)

Proof. From (2.2), we have

G(t) = π + (1 − π)ϕ(1;λ;θ1(t − 1) + θ2(tm
− 1)) (2.11)

=

∞∑
y=0

ty fy(λ∗). (2.12)

On differentiating (2.11) and (2.12) with respect to t, we obtain the following:

(1 − π)
λ

ϕ[2;λ + 1;θ1(t − 1) + θ2(tm
− 1)](θ1 +mθ2tm−1) =

∞∑
y=0

(y + 1) fy+1(λ∗)ty. (2.13)

Replacing λ by λ + 1 in (2.11) and (2.12) results in the following equality:

π + (1 − π)ϕ[2;λ + 1;θ1(t − 1) + θ2(tm
− 1)] =

∞∑
y=0

fy(λ∗ + 1)ty. (2.14)

Combining (2.13) and (2.14) together leads to:

1
λ

 ∞∑
y=0

ty fy(λ∗ + 1) − π

 (θ1 +mθ2tm−1) =
∞∑

y=0

(y + 1) fy+1(λ∗)ty, (2.15)

that is,
∞∑

y=0

(y + 1) fy+1(λ∗)ty =
(θ1 +mθ2tm−1)

λ

 ∞∑
y=0

ty fy(λ∗ + 1) − π

 . (2.16)

Now, on equating the coefficients of t0 on both sides of (2.16), we get (2.9), and on
equating the coeffients of ty on both sides of (2.16), we get (2.10). □

Result 2.3. A simple reccursion formula for factorial moments µ[r](λ∗) of the ZIEAHPD, for
r ≥ 1, is the following:

µ[r+1](λ∗) =
1
λ

θ1µ[r](λ∗ + 1) +mθ2

m−1∑
k=0

(
m − 1
k

)
r!

(r − k)!
µ[r−k](λ∗ + 1)

 , (2.17)

in which µ[0](λ∗) = 1 and µ[1] =
(1−π)(θ1+mθ2)

λ .
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Proof. The factorial moment generating function F(t) of the ZIEAHPD with pgf (2.2)
has the following series representation:

F(t) = G(1 + t)
= π + (1 − π)ϕ[1;λ;θ1t + θ2((1 + t)m

− 1)] (2.18)

=

∞∑
r=0

µ[r](λ∗)
tr

r!
. (2.19)

Differentiate (2.18) and (2.19) with respect to t to obtain

(1 − π)
λ

ϕ[2;λ + 1;θ1t + θ2((1 + t)m
− 1)](θ1 +mθ2(1 + t)m−1) =

∞∑
r=0

µ[r+1](λ∗)
tr

r!
. (2.20)

By replacing λ by λ + 1 in (2.18) and (2.19), we get the following equality from (2.20):

π + (1 − π)ϕ[2;λ + 1;θ1t + θ2((1 + t)m
− 1)] =

∞∑
r=0

µ[r](λ∗ + 1)
tr

r!
. (2.21)

Combining (2.20) and (2.21) together we get:

∞∑
r=0

µ[r+1](λ∗)
tr

r!
=

1
λ
θ1

 ∞∑
r=0

µ[r](λ∗ + 1)
tr

r!
− π

 + mθ2

λ

 ∞∑
r=0

m−1∑
k=0

(
m − 1

k

)

µ[r](λ∗ + 1)
tr+k

(r + k)!
− π

m−1∑
k=0

(
m − 1

k

)
tk

k!

 .
(2.22)

Now, on equating the coefficients of tr

r! on both sides of (2.22), we get (2.17). □

Result 2.4. The following is a simple recursion formula for the raw moments µr(λ∗) of the
ZIEAHPD, for r ≥ 0:

µr+1(λ∗) =
1
λ

r∑
j=0

(θ1 +m j+1θ2)
[(

r
j

)
µr− j(λ∗ + 1) − π

]
. (2.23)

Proof. For any t ∈ R = (−∞,∞) and i =
√
−1, the characteristic function of the ZIEAHPD

is

ϕ(t) = G(eit)

=

∞∑
r=0

µr(λ∗)
(it)r

r!
(2.24)

= π + (1 − π)ϕ[1;λ;θ1(eit
− 1) + θ2(emit

− 1)]. (2.25)
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On differentiating (2.24) and (2.25) with respect to t, we get the following:

(1 − π)
λ

ϕ[2;λ + 1;θ1(eit
− 1) + θ2(emit

− 1)]
(
θ1eit +mθ2emit

)
=

∞∑
r=0

µr+1(λ∗)
(it)r

r!
. (2.26)

By replacing λ by λ + 1, we get the following from (2.26):

π + (1 − π)ϕ[2;λ + 1;θ1(eit
− 1) + θ2(emit

− 1)] =
∞∑

r=0

µr(λ∗ + 1)
(it)r

r!
. (2.27)

Combining (2.26) and (2.27), we get

∞∑
r=0

µr+1(λ∗)
(it)r

r!
=

1
λ

(
θ1eit +m θ2emit

)  ∞∑
r=0

µr(λ∗ + 1)
(it)r

r!
− π

 . (2.28)

Expanding the exponential terms and on rearranging the terms of (2.28), and on equat-
ing the coefficients of (it)r

r! , we get (2.23). □

2.1 Model Identifiability

Let Y be a discrete random varible with pmf p(y) = P(Y = y) of the form p(y) =

π1p1(y)+π2p2(y)+ ...+πgpg(y), where for each j = 1, 2, . . . , g; π j > 0 such that
g∑

j=1
π j = 1,

p j(y) ≥ 0 and
g∑

j=1
p j(y) = 1. Then, we say that Y has a mixture distribution and p(y) is

a finite mixture of distributions. The parameters π1, π2, . . . , πg are known as mixing
weights and p1, p2, . . . , pg are the components of the mixture. We denote Ψ as the
collection of all distinct parameters occuring in the components andΘ as the complete
collection of all distinct parameters occuring in the mixture model.

A parametric family of densities f (y j;Ψ) is identifiable if distinct values of the
parameter Ψ determine distinct members of the family of densities

{
f (y j;ψ) : ψ ∈ Ω

}
,

where Ω is a specified parameter space; that is

f (y j;ψ) = f (y j;ψ∗), (2.29)

if and only if
ψ = ψ∗. (2.30)

Identifiability for mixture distribution is slightly different. Suppose that f (y j;ψ)
has two component densities, say, fi(y j; β j) and fh(y j; β j), that belongs to the same
parametric family.
Let

f (y j;ψ) =
g∑

i=1

πi fi(y j; βi),
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and

f (y j;ψ∗) =
g∑

i=1

πi fi(y j; β∗i ),

be any two members of a parametric family of mixture densities. The class of finite
mixtures is said to be identifiable for ψ ∈ Ω if f (y j;ψ) ≡ f (y j;ψ∗) if and only if g = g∗
and we can permute the component labels so that πi = π∗i and fi(y j; βi) = fi(y j; β∗i ) for
i = 1, 2, ..., g.

Now, we use the following lemma which we need in the sequel for establishing the
identifiability condition of the model considered in this paper.

Lemma 2.1. (Titterington et al., 1985) A necessary and sufficient conditionthat a model to
be identifiable is that the distribution function of convex combination of mixture densities is
linearly independent over the field of real numbers.

Definition 2.2. A random variable Y is said to have g component mixture model of
zero-inflated extended alternative hyper-Poisson distribution if it has the following

pmf p(y), in which 0 ≤ π j ≤ 1, for j = 1, 2, ..., k,
k∑

j=1
π j = 1 and y = 0, 1, 2, ...

f (y) =
k∑

j=1

π jq j(y), (2.31)

where

q j(y) =
[ x

m ]∑
k=0

{
[x − (m − 1)k]!

(λ j)x−(m−1)k
ϕ[1 + x − (m − 1)k;λ j + x − (m − 1)k;−(θ1 j + θ2 j)]

×

θx−mk
1 j θk

2 j

(x −mk)!k!

 , (2.32)

with λ j > 0, θ1 j > 0 and θ2 j ≥ 0 for each j = 1, 2, . . . , k.

Result 2.5. The ZIEAHPD with p.m.f f (y) given in (2.1) is identifiable with respect to the
parameters λ, θ1 and θ2.

Proof. Consider the equation

a1G1(y) + a2G2(y) = 0, (2.33)

where a1 and a2 are any two arbitrary real numbers and G1(y) =
∑y

j=1 f ( j) and G2(y) =∑y
j=1 h( j), for y = 0, 1, ..., where h j obtained from f j by replacing λ j by σ j, θ1 j by ρ j and

θ2 j by τ j. Assume that for each j = 1, 2, λ j , σ j, θ1 j , ρ j and θ2 j , τ j. Thus,
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G1(y) = π + (1 − π)ϕ[1 + j;λ + j;−(θ1 + θ2)] (2.34)

+

y∑
j=1

(1 − π)
[ y

m ]∑
k=0

δ!
(λ j)δ

ϕ[1 + δ;λ + δ;−(θ1 + θ2)]
θ

y−mk
1 j θk

2 j

(y −mk)!k!
,

and

G2(y) = π + (1 − π)ϕ[1 + j; σ + j;−(ρ + τ)] (2.35)

+

y∑
j=1

(1 − π)
[ y

m ]∑
k=0

δ!
(σ j)δ

ϕ[1 + δ; σ + δ;−(ρ + τ)]
ρ

y−mk
j τk

j

(y −mk)!k!
.

Combining (2.33), (2.34) and (2.35), we have

a1

y∑
j=0

[ y
m ]∑

k=0

δ!
(λ1)δ

ϕ[1 + δ;λ1 + δ;−(θ11 + θ21)]
θ

y−mk
11 θk

21

(y −mk)!k!
= a2

y∑
j=0

[ y
m ]∑

k=0

δ!
(σ1)δ

×ϕ[1 + δ; σ1 + δ;−(ρ1 + τ1)]
ρ

y−mk
1 τk

1

(y −mk)!k!
, (2.36)

and

a1

y∑
j=0

[ y
m ]∑

k=0

δ!
(λ2)δ

ϕ[1 + δ;λ2 + δ;−(θ12 + θ22)]
θ

y−mk
12 θk

22

(y −mk)!k!
= a2

y∑
j=0

[ y
m ]∑

k=0

δ!
(σ2)δ

×ϕ[1 + δ; σ2 + δ;−(ρ2 + τ2)]
ρ

y−mk
2 τk

2

(y −mk)!k!
. (2.37)

Eliminate a1 using (2.31) and (2.32), we have a2 = 0. From (2.31), we obtain a1 = 0
shows that G1 and G2 are linearly independent. □

3 Maximum Likelihood Estimation

Here we consider the estimation of the parameters π, λ, θ1 and θ2 of the ZIEAHPD
by the method of maximum likelihood. For any y = 0, 1, 2, ..., let A(y) be the observed
frequency of y events and let z be the highest value of y observed. Then the likelihood
function of the sample is given by

L(Θ; y) =
z∏

y=0

[ f (y)]A(y),
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where f (y) is the pmf of the ZIEAHPD given in (2.1).
Now, L(Θ; y) can be written as

L(Θ; y) = ( f0)s
z∏

y=1

(
f1(y)

)A(y),

where s = A(0), f0 is the pmf of the ZIEAHPD when y = 0 and f1(.) is the pmf of the
distribution when y = 1, 2, ... .

Then the log-likelihood function can be written as

ln L(θ; y) = s ln
(
π + (1 − π)ϕ[1;λ;−(θ1 + θ2)]

)
+

z∑
y=1

A(y) ln(1 − π)

+

z∑
y=1

A(y) ln


[ y

m ]∑
k=0

(y − (m − 1)k)!
(λ)y−(m−1)k

× ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k;−(θ1 + θ2)]
}

+

z∑
y=1

A(y) ln


[ y

m ]∑
k=0

θ
y−mk
1 θk

2

(y −mk)!k!

 . (3.1)

Assume that π̂, λ̂, θ̂1 and θ̂2 be the maximum likelihood estimators of the parametersπ,
λ, θ1 and θ2 of the ZIEAHPD. Now, on differentiating the log-likelihood function (3.1)
with respect to π, λ, θ1 and θ2 and equating to zero, we obtain the following likelihood
equations:

∂ log L
∂π

= 0,

s
(
1 − ϕ[1;λ;−(θ1 + θ2)]

)
π + (1 − π)ϕ[1;λ;−(θ1 + θ2)

−

z∑
y=1

A(y)
1

(1 − π)
= 0, (3.2)

∂ log L
∂λ

= 0 =⇒
s (1−π)

π+(1−π)ϕ[1;λ;−(θ1+θ2)]
∑
∞

r=0
[−(θ1+θ2)]r

(λ)r
[ψ(λ) − ψ(λ + r)] +

∑z
y=1 A(y)

∑[ y
m ]

k=0

(y − (m − 1)k)!θy−mk
1 θk

2

(y −mk)!k![(λ)y−(m−1)k]2

{∑
∞

r=0
(1+y−(m−1)k)r
(λ+y−(m−1)k)r

[−(θ1+θ2)r]
r!

[
ψ(λ + y − (m − 1)k) − ψ(λ + y − (m − 1)k + r)]

− ϕ[1;λ;−(θ1 + θ2)] 1
(λ) y−(m−1)k[

ψ(λ + y − (m − 1)k) − ψ(λ + y − (m − 1)k + r)]
}
= 0, (3.3)
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∂ log L
∂θ1

= 0 =⇒
−s (1−π)

λ ϕ[2;λ + 1;−(θ1 + θ2)]
π + (1 − π)ϕ[1;λ;−(θ1 + θ2)]

+
∑z

y=1 A(y) 1
ξ{∑[ y

m ]
k=0

(y − (m − 1)k)!θy−(m−1)k−1
1 θk

2

(λ)y−(m−1)k(y − (m − 1)k − 1)!k!

ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k;−(θ1 + θ2)]

−
∑[ y

m ]
k=0

(y − (m − 1)k)!θy−(m−1)k
1 θk

2

(λ)y−(m−1)k(y −mk)!k!
(1+y−(m−1)k)
(λ+y−(m−1)k)

ϕ[2 + y − (m − 1)k;λ + 1 + y − (m − 1)k;−(θ1 + θ2)]
}
= 0. (3.4)

and

∂ log L
∂θ2

= 0 =⇒
−s (1−π)

λ ϕ[2;λ + 1;−(θ1 + θ2)]
π + (1 − π)ϕ[1;λ;−(θ1 + θ2)]

+
∑z

y=1 A(y) 1
ξ{∑[ y

m ]
k=0

(y − (m − 1)k)!θy−mk
1 θk−1

2

(λ)y−(m−1)k(y −mk)!(k − 1)!

ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k;−(θ1 + θ2)]

−
∑[ y

m ]
k=0

(y − (m − 1)k)!θy−mk
1 θk

2(1 + y − (m − 1)k)

(λ)y−(m−1)k(y −mk)!k!(λ + y − (m − 1)k)

ϕ[2 + y − (m − 1)k;λ + 1 + y − (m − 1)k;−(θ1 + θ2)]
}
= 0. (3.5)

in which ψ(λ) = ∂
∂λ log λ(λ) and

ξ =
∑[ y

m ]
k=0

(y − (m − 1)k)!θy−mk
1 θk

2

(λ)y−(m−1)k(y −mk)!k!
ϕ[1 + y − (m − 1)k;λ + y − (m − 1)k; (θ1 + θ2)].

On solving the likelihood equations (3.2), (3.3), (3.4), and (3.5) with the help of Math-
ematical software, say Mathematica, one can obtain the maximum likelihood estimators
of the parameters of the proposed distribution.

4 Generalized Likelihood Ratio Test

Now we consider the generalized likelihood ratio test (GLRT) procedure for testing the
significance of the additional parameters of the model. The null hypotheses considered
here are

1. H(1)
0 : θ2 = 0 against the alternative hypothesis H(1)

1 : θ2 , 0

2. H(2)
0 : π = 0 against the alternative hypothesis H(2)

1 : π , 0



154 C. S. Kumar and R. Ramachandran

3. H(3)
0 : θ2 = 0, λ = 1 against the alternative hypothesis H(3)

1 : θ2 , 0, λ , 1.

The test statistic is

−2 lnψ = 2 (ι1 − ι2) , (4.1)

where, ι1 = ln L(Θ̂; y), Θ̂ is the maximum likelihood estimator forΘ = (π, λ, θ1, θ2) with
no restrictions, ι2 = lnL(Θ̂∗; y), and Θ̂∗ is the maximum likelihood estimator forΘ under
the null hypothesis H0. The test statistic given in (4.1) follows chi-square distribution
with one degree of freedom for those hypotheses having one parameter restriction and
two degrees of freedom for those hypotheses having two parameter restrictions.

5 Simulation

It is quite difficult to compare the theoretical performances of the estimators of different
parameters of the ZIEAHPD obtained by the method of maximum likelihood. So, in this
section, we have attempted a brief simulation study for comparing the performances of
the estimators, and computed their absolute bias and standard errors. Since we cannot
apply inverse transformation method to simulate ZIEAHPD random samples, we have
generated the samples as per the following steps:

1. Specification of the values of the parameter sets as (π, λ, θ1, θ2) = (0.7, 0.3,
0.25, 0.6) and (0.2, 0.3, 0.1, 0.7) in case of over-dispersion and under-dispersion,
respectively.

2. Specification of the sample size. Here we considered samples of sizes 100, 200
and 500.

3. Generation of pseudo-random sample of ZIEAHPD utilizing Metropolis-Hastings
algorithm for computation of the maximum likelihood estimates of the parame-
ters using maximum likelihood estimation.

4. Generation of 1000 samples.

5. Computation of Bias and standard errors.

The numerical results thus obtained are summarised in Table 1. We have used the R
Software (R Core Team, 2019) to find the estimates and sample generation. Probability
plots corresponding to the simulated data sets in case of over dispersion and under
dispersion are as given in Figures 4, 5 and 6. From Table 1 and Figures 4, 5 and 6, it
can be observed that both the absolute bias and standard errors of the parameters are
in the decreasing order as the sample size increases.



Zero-inflated Extended Alternative Hyper Poisson Distribution 155

Table 1: Absolute bias and standard errors (given in paranthesis) corresponding to the
estimates obtained via MLE for simulated samples in case of both parameter sets for
m = 1, 2 and 3.

MLE
m Parameter set Sample size π̂ λ̂ θ̂1 θ̂2
1 (1) 100 0.36 0.06 0.24 0.86

(0.09) (0.032) (0.151) (0.12)
200 0.05 0.006 0.098 0.078

(0.01) (0.0026) (0.064) (0.098)
500 0.0015 0.0015 0.006 0.0087

(0.0025) (0.00059) (0.00124) (0.00066)
(2) 100 0.32 0.04 0.24 0.15

(0.14) (0.0222) (0.024) (0.089)
200 0.11 0.0026 0.11 0.06

(0.068) (0.00719) (0.002) (0.0054)
500 0.079 0.00078 0.006 0.0078

(0.0012) (0.00067) (0.0006) (0.00099)
2 (1) 100 0.113 0.04 0.0987 0.088

(0.06) (0.095) (0.012) (0.0025)
200 0.025 0.01 0.0102 0.0088

(0.0018) (0.010) (0.0026) (0.0010)
500 0.009 0.0025 0.0089 0.00074

(0.00065) (0.00113) (0.0009) (0.00014)
(2) 100 0.55 0.08 0.61 0.99

(0.012) (0.025) (0.105) (0.015)
200 0.06 0.002 0.11 0.01

(0.0087) (0.0016) (0.025) (0.0021)
500 0.0087 0.0009 0.0025 0.0012

(0.00042) (0.00047) (0.000235) (0.0006)
3 (1) 100 0.26 0.01 0.32 0.24

(0.012) (0.08) (0.01) (0.05)
200 0.0014 0.007 0.04 0.08

(0.006) (0.01) (0.006) (0.0048)
500 0.00098 0.00085 0.002 0.0059

(0.001) (0.0004) (0.00063) (0.0003)
(2) 100 0.74 0.15 0.123 0.24

(0.032) (0.06) (0.096) (0.023)
200 0.12 0.08 0.012 0.0147

(0.008) (0.009) (0.0058) (0.0087)
500 0.025 0.009 0.00456 0.00485

(0.0004) (0.000123) (0.00054) (0.000156)

●

●

●

●

●

● ● ● ● ● ●

■

■

■

■

■ ■ ■ ■ ■ ■ ■

◆

◆

◆

◆

◆
◆ ◆ ◆ ◆ ◆ ◆

▲

▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲

● π 0.7, λ 0.3, θ1 0.25, θ2 0.6, m 1

■ π 0.34, λ 0.24, θ1 0.01, θ2 0.26, m 1

◆ π 0.65, λ 0.294, θ1 0.152, θ2 0.522, m 1

▲ π 0.6985, λ 0.2985, θ1 0.244,θ2 0.5913, m 1

2 4 6 8 10
y

0.2

0.4

0.6

0.8

●

●

●

●

●

● ● ● ● ● ●

■

■

■

■

■

■ ■ ■ ■ ■ ■

◆

◆

◆

◆

◆

◆ ◆ ◆ ◆ ◆ ◆

▲

▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲

● π 0.2, λ 0.3, θ1 0.1, θ2 0.7, m 1

■ π 0.12, λ 0.26, θ1 0.14, θ2 0.55, m 1

◆ π 0.09, λ 0.2974, θ1 0.01, θ2 0.64, m 1

▲ π 0.121, λ 0.2993, θ1 0.094,θ2 0.6922, m 1

2 4 6 8 10
y

0.1

0.2

0.3

0.4

0.5

0.6

Figure 4: Probability plots corresponding to parameter set-1 and parameter set-2 for
m = 1
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Figure 5: Probability plots corresponding to parameter set-1 and parameter set-2 for
m = 2

●

●

●

●

●

●

●

●

●

●
●

■

■

■

■

■

■ ■

■

■ ■ ■

◆

◆

◆

◆

◆

◆

◆

◆
◆

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

● π 0.7, λ 0.3, θ1 0.25, θ2 0.6, m 3

■ π 0.34, λ 0.29, θ1 0.07, θ2 0.35, m 3

◆ π 0.5986, λ 0.293, θ1 0.21, θ2 0.52, m 3

▲ π 0.599, λ 0.299, θ1 0.248,θ2 0.5941, m 3

2 4 6 8 10
y

0.1

0.2

0.3

0.4

0.5

0.6

0.7

f (y)

●

●

●

●

●

●

●

●

●

●

●

■

■

■

■

■

■

■

■
■

■

■

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

● π 0.2, λ 0.3, θ1 0.1, θ2 0.7, m 3

■ π 0.54, λ 0.15, θ1 0.023, θ2 0.46, m 3

◆ π 0.08, λ 0.22, θ1 0.088, θ2 0.6853, m 3

▲ π 0.175, λ 0.291, θ1 0.09544,θ2 0.695, m 3

2 4 6 8 10
y

0.1

0.2

0.3

0.4

0.5

0.6

Figure 6: Probability plots corresponding to parameter set-1 and parameter set-2 for
m = 3

6 Applications

In this section, we illustrate all the procedures discussed in sections 3 and 4 with the
help of certain real life data sets.

The first data set is on the distribution of Ribes (Fracker and Brischle, 1944) and
the second data is on the distribution of the counts of red mites on apple leaves (Bliss
and Fisher, 1953). We have fitted the ZIEAHPD to these two data sets and consid-
ered the fitting of the models - zero-inflated alternative hyper-Poisson distribution
(ZIAHPD), ZIPD, zero-inflated Hermite distribution (ZIHD) and extended alternative
hyper-Poisson distribution (EAHPD) for comparison. For comparing the models, we
computed the values of χ2 and information measures, such as Akaike’s Information
Criterion (AIC), Bayesian Information Criterion (BIC) and Corrected Akaike’s Infor-
mation Criterion (AICc). The numerical results obtained are presented in Tables 2 and
3. Based on the computed values of χ2, AIC, BIC and AICc, as presented in Tables 2
and 3, it can be observed that ZIEAHPD for m = 3 gives a better fit in the case of the
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first data set and for m = 4 in the case of second data set considered in the paper.

We have also plotted the observed frequency curves of the data sets along with the
fitted densities corresponding to the ZIAHPD, ZIPD, ZIHD, EAHPD and the ZIEAHPD.
From Tables 2 and 3 and Figure 7, it can be seen that these models do not provide the
best fit to the data sets while the ZIEAHPD gives best fit based on the p-value and
chi-square value. The values of information measures like AIC, BIC and AICc also
support the fact that the ZIEAHPD can be considered as a suitable model compared to
the other models discussed in the paper.

Table 2: Distribution of Ribes (Fracker and Brischle, 1944) and the expected frequencies
computed using ZIAHPD, ZIEAHPDm=2, ZIPD, ZIHD, EAHPDm = 3, EAHPDm = 4
and ZIEAHPDm=3.

Count Observed frequency ZIAHPD ZIEAHPDm=2 ZIPD ZIHD EAHPDm=3 EAHPDm=4 ZIEAHPDm=3

0 43 11.23 48.12 59.55 38.28 33.85 33.3 41.72
1 15 19.345 8.05 9.42 5.3 21.52 23.03 13.27
2 8 29.85 7.03 5.1 8.4 14.09 13.04 6.4
3 6 14.27 6.5 3.5 5.7 5.38 5.39 7.5
4 3 4.2 5.13 1.7 5.2 2.9 2.91 5.85
5 4 0.95 3.29 0.68 6.06 1.55 1.55 4.7
6 0 0.16 1.15 0.041 5.66 0.68 0.75 0.06
7 1 0.025 0.73 0.009 5.4 0.03 0.03 0.5

Total 80 80 80 80 80 80 80 80

df 1 1 1 1 1 1 1

Estimates π=0.59 π=0.7 π=0.85 π=0.49 λ=0.8 λ=0.81 π=0.79
λ=0.20 λ=0.9 λ=1.5 λ=18.8 θ1=0.51 θ1=0.5 λ=0.20
θ=0.90 θ1=0.3 θ=0.41 θ2=0.15 θ2=0.15 θ1=0.30

θ2=0.35 θ2=0.35

χ2-value 155.99 97.48 64.40 63.49 41.13 44.45 2.12
P-value 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0828

AIC 375.3 343.8 354.9 1129.7 329.6 339.7 303.34
BIC 375.6 344.2 354.99 1129.9 330.1 340.2 303.6

AICc 381.34 357.1 357.2 1135.7 335.6 345.7 316.67

Now by adopting the test procedure discussed in section 4, we test H(1)
0 : θ2 = 0

against the alternative hypothesis H(1)
1 : θ2 , 0, H(2)

0 : π = 0 against the alternative
hypothesis H(2)

1 : π , 0, and H(3)
0 : θ2 = 0, λ = 1 against the alternative hypothesis

H(3)
1 : θ2 , 0, λ , 1. The numerical results obtained are given in Table 4.

Based on the computed values of GLRT and its p-values from Table 4, one can
observe that the null hypotheses are rejected for both data sets, which indicate the
suitability of the proposed model ZIEAHPD for both data sets considered in this paper.
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Table 3: Distribution of the counts of red mites on apple leaves (Bliss and Fisher, 1953)
and the expected frequencies computed using ZIAHPD, ZIEAHPDm=2, ZIPD, ZIHD,
EAHPDm = 3, EAHPDm = 4, ZIEAHPDm=3 and ZIEAHPDm=4.

Count Observed frequency ZIAHPD ZIEAHPDm=2 ZIPD ZIHD EAHPDm=3 EAHPDm=4 ZIEAHPDm=3 ZIEAHPDm=4
0 70 38.8 99.4 87.34 100.74 62.572 63.1 79.3 68.55
1 38 56.6 19.2 24.5 17.5 45.2 45.17 18.5 32.16
2 17 38.23 10.3 19.8 16.06 26.6 26.3 5.3 15.07
3 10 11.3 7.5 3.6 8.4 10.32 10.1 18.9 12.27
4 9 4.51 5.6 8.39 4.6 3.8 3.567 12.5 11.3
5 3 0.52 4.3 3.7 2.1 1.16 1.4 2.8 5.18
6 2 0.037 1.6 1.85 0.5 0.27 0.28 7.6 3.33
7 1 0.0027 1.2 0.8 0.1 0.06 0.068 4.5 1.4
8 0 0.000312 0.9 0.02 0 0.0182 0.015 0.6 0.74

Total 150 150 150 150 150 150 150 150

df 1 1 3 2 1 1 3 2

Estimates π=0.58 π=0.8 π=0.75 π=0.5 λ=0.82 λ=0.81 π=0.76 π=0.58
λ=0.21 λ=0.91 λ=1.25 λ=0.67 θ1=0.51 θ1=0.51 λ=0.2 λ=0.5
θ=0.601 θ1=0.3 θ=0.4 θ2=0.16 θ2=0.15 θ1=0.31 θ1=0.9

θ2=0.35 θ2=0.3 θ2=0.7

χ2-value 62.5 34.8 22.7 38.9 22.7 22.8 60.08 4.25
P-value 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.2

AIC 709.9 699.4 698.8 814.1 634.6 659 645.4 627.5
BIC 710.5 700.1 699.2 814.8 635.1 659.9 646.18 628.3

AICc 714.7 709.4 700.8 818.9 639.4 663.8 658.7 637.5

Table 4: Computed values of L(θ̂∗; y), L(θ̂; y), generalized likelihood ratio test statistics
and p-values of the ZIEAHPD.

Data Test L(θ̂∗; y) L(θ̂; y) GLRT d.f Chi-square value P-value
(tabled value)

Dataset 1 Test 1 -184.67 -147.67 74 1 3.84 0.0001
Test 2 -161.8 -147.67 28.3 1 3.84 0.0001
Test 3 -175.4 -147.67 55.4 2 5.99 0.0001

Dataset 2 Test 1 -351.9 -309.8 84.8 1 3.84 0.0001
Test 2 -326.5 -309.8 33.4 1 3.84 0.0001
Test 3 -347.5 -309.8 75.4 2 5.99 0.0001
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Figure 7: Frequency curves corresponding to various models based on data set 1 and
data set 2.
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7 Conclusion

This article introduces a more flexible class of the zero-inflated Poisson distribution
namely ”the zero-inflated extended alternative hyper-Poisson distribution (ZIEAHPD).”
The statistical properties of the distribution such as moments, generating function, re-
cursion formulae, etc are presented. The estimation of the parameters of the distribution
have been obtained using maximum likelihood estimation. The generalized likelihood
ratio test procedure is constructed for testing the significance of the additional param-
eters of the model and a brief simulation study has been carried out for assessing the
efficiency of the estimation procedure discussed in the paper. Finally, two real life
data applications are considered for illustrating the usefulness of the proposed model
compared to the other existing models such as ZIAHPD, ZIPD, ZIHD and EAHPD.
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