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Abstract. This article deals with the problems of testing the hypothesis and interval
estimation of the p-th quantile, & = u + noy, where n = —log(1 —p), (0 < p < 1) of the
first population when samples are available from several exponential populations with
a common location and possibly different scales. Several test procedures, such as tests
using a generalized variable approach, tests based on parametric bootstrap method,
and tests using a computational approach to test the null hypothesis against a suitable
alternative, have been proposed. Besides several interval estimators for the quantile
&, such as confidence intervals based on generalized variable approach, parametric
bootstrap approach and Bayesian intervals using Markov chain Monte Carlo (MCMC)
method have been suggested. The confidence intervals are compared through their
coverage probabilities and average lengths, whereas the test statistics are compared in
terms of powers and sizes numerically. The application of our model problem has been
shown using real-life data sets, and conclusions have been made there.
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1 Introduction

Applications of exponential quantiles are seen in the study of reliability, life testing,
survival analysis and related areas. Quantiles are also useful for comparing several
groups or populations. One may refer to Epstein, B. (1962), Albers and Lohnberg
(1984) and Rudolfer and Campbell (1985) for some practical applications of quantiles
in various fields of study.

Suppose we have Iy, Iy, ..., II; exponential populations with a common loca-
tion parameter y and possibly different scale parameters o1, 02, ..., 0y respectively.
Specifically, let (X1, Xi, . . ., Xin;) be a random sample from the i-th exponential popula-
tion I'l; ~Exp(u,0:);i=1,2,...,k. The population Exp(y, 0;) has the probability density
function

X —

f(xl‘u,ai):%exp{—( H)},ny, 0;>0,i=12,...,kj=1,2,...,n;. (1.1)

The parameter u is also known as the ‘'minimum guarantee time” and o; denotes the
‘residual life time” in the context of reliability and life testing experiments.

The main focus of this present study can be broadly divided into two major parts.
In first part, we test the hypothesis regarding the p-th quantile of the first population,
thatis, & = u + noy, where n = —log(1 — p) > 0;0 < p < 1. Mathematically, we state the
problem as, test the null hypothesis

Hp : & = & against H, : & # &, (1.2)

where &p is a known constant for a given value of 7). In the second part, the target will
be to obtain several confidence intervals for the quantile £ = u + noy, utilizing some of
the existing methodologies. Note that, in the first part, the other one-sided alternatives,
such as H: : £ > & or H, : & < & can also be considered and similar types of results
may be derived by doing little modification in the procedures that we have adopted in
this paper.

Inference on quantiles (mostly point estimation) in the case of shifted exponen-
tial distribution has been a focus of interest by several researchers due to its real-life
applications and the theoretical challenges involved in it. In this connection, several
authors have investigated the problem from classical and decision-theoretic points of
view and derived some nice theoretical results. In the case of a single shifted ex-
ponential population, Rukhin and Strawderman (1982) and Rukhin (1986) derived
certain decision-theoretic results, such as admissibility and minimaxity of the best affine
equivariant estimator for the quantile.

When samples are available from two or more shifted exponential populations
with a common location and different scale parameters, Sharma and Kumar (1994),
and Kumar and Sharma (1996) derived certain decision-theoretic results, such as
proving inadmissibility of the best affine equivariant estimators, improving upon the
maximum likelihood estimator (MLE) and the uniformly minimum variance unbiased
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estimator (UMVUE) on estimating the quantiles of the first population. Jin and Crouse
(1998) considered the same model problem, and using an identity, they compared the
performances of the MLE and the UMVUE of the quantiles. For some related results
and review on estimating exponential quantiles, we refer readers to Jena and Tripathy
(2019), and the references cited therein. Malekzadeh and Jafari (2018) considered the
problem of testing equality of quantiles for several shifted exponential populations.
Malekzadeh and Kharrati-Kopaei (2020) considered the simultaneous interval estima-
tion of differences of quantiles using progressive type-II censoring samples from shifted
exponential populations. The interval estimation of quantiles for a single shifted expo-
nential population has been considered by Balakrishnan et al. (2015), Krishnamoorthy
and Xia (2018) and Malekzadeh (2022). Inference of quantiles in the case of normal
distribution also has been considered by some researchers in the literature. One may
refer to Nagamani and Tripathy (2020), Khatun et al. (2020) and the references cited
therein for some recent updates on the inference on normal quantiles.

Under the current model set-up, Sharma and Kumar (1994) considered the point
estimation of the quantile £ = p+101 and obtained certain decision-theoretic results. To
the best of our knowledge, the problems of hypothesis testing and interval estimation
of the quantile & = u + no; have not been studied so far in the literature. In this
study, our target is to cover these two aspects. Let us consider a practical situation
where modeling of the problem leads to inferring the quantile of several exponential
populations with a common location and different scale parameters. Suppose there
are several brands of cellphones to be launched in the market and the lifetimes of each
of the cellphones follow exponential distributions. It is pretty evident that due to the
market competition, the minimum guarantee times of each of the brands of cellphones
will remain the same. In contrast, their mean residual lifetimes will vary due to several
factors such as methodologies used, the durability of the materials used, the expertise
of the human resources etc. It is essential to test the mean lifetime or, in general, the
quantile of any one of the brands in order to launch the new product.

The current research problem is interesting and also challenging in the sense that
the information available for inferring the ‘common location parameter” u through
the sufficient statistics of (4, 01, ..., 0x) can be utilized effectively to infer the ‘quantile’
& = u+noi. Note that when 7 = 0, the problem reduces to the problem of inference on the
‘common location parameter” u only and has been considered by several researchers
in the past from classical and decision-theoretic viewpoints. Below we give a brief
review on the problem of inference on y when the samples from two or more shifted
exponential populations are available. The problem of point estimation of u was first
considered by Ghosh and Razmpour (1984) from a classical point of view. They derived
various point estimators, such as the MLE, a modified version of the MLE (known as
modified MLE) and the UMVUE when the scale parameters are unknown. They have
also numerically compared the performances of these three estimators in terms of mean
squared error. For some more results on point estimation of i, we refer readers to Jin
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and Crouse (1998), Tripathy et al. (2014) and the references cited therein.

Researchers have also done some studies on hypothesis testing and interval es-
timation of the common location parameter p under the current model assumption.
Probably, Gunasekera (2009) was the first to consider the problem of testing u when
several shifted exponential populations are available with unknown scale parameters.
The author derived certain test procedures using the generalized p-value approach,
which was introduced by Tsui and Weerahandi (1989). Later on, Chang et al. (2013)
showed that there does not exist any exact test procedure to test the common location
parameter when the scale parameters are unknown. The authors proposed three test
statistics using the likelihood function and the point estimators of the common location
parameter u. Moreover, they used the parametric bootstrap method along with the
likelihood function to obtain the cut-off point for their proposed tests. Malekzadeh and
Kharrati-Kopaei (2017) proposed an exact test procedure to test the common location
parameter using complete as well as censored samples when the scale parameters are
unknown.

The major contribution of the current article can be presented in the following
manner. In Section 2, we discuss several test procedures for testing the null hypothesis
Hp : & = &p against the alternative hypothesis Hy : £ # &p. Particularly, in Subsection
2.1, we introduce the concept of generalized variable approach and using it, several
test statistics have been proposed. In Subsection 2.2, we derive test statistics using the
popular parametric bootstrap method and the likelihood ratio. In Subsection 2.3, the
computational approach test (CAT) and its modified version have been used to derive
certain test statistics. Besides, a comprehensive simulation study has been carried out
Section 2.4 to compare the performances of all the test statistics in terms of powers
and sizes. Section 3 is dedicated to confidence interval of the quantile & = p + noj.
Unlike the case of the common location parameter, here, we do not have the luxury to
obtain any exact confidence intervals. In Subsection 3.1, we propose some generalized
confidence intervals using the generalized variable method and some of the popular
point estimators of the common location u and scale parameters o;; i = 1,2,...,k.
Subsection 3.2 is devoted to the parametric bootstrap approach for deriving bootstrap
confidence intervals. In Subsection 3.3, we consider a Bayesian approach, such as the
Markov chain Monte Carlo (MCMC) procedure, to derive the confidence interval of the
quantile. In Subsection 3.4, we discuss the performances of all the interval estimators
in terms of their coverage probabilities (CPs) and average lengths (ALs). In Section
4, we discuss the application of the current model problem with the help of a real-life
example and conclude the remarks.

Remark 1. It may be noted that, in the current setup of several populations, with a
common location with unknown and possibly unequal scales, the quantile inference is
quite different from the one for a single population. In the case of a single population,
a typical quantile estimator involves an estimator of location parameter y and an
estimator of the scale parameter o which are statistically independent, but this is not
true in the case of a common location set up, where the estimator of ; depends on the
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estimatorofo;;i1=1,2,...,k, as the former includes the latter (except the MLE). Further,
the estimator of o1 involves the estimators of 0;;7 = 2,3, ..., k which are not statistically
independent. Moreover, the sufficient statistics for the two models are quite different,
which has a major impact on the inference procedures. However, the techniques we
have used (generalized variable, CAT, boot-p, boot-t, etc.) are surely extensions of their
one population counterparts.

2 Testing of Hypothesis Regarding the Quantile £ = u + 1oy

In this section, we discuss various test procedures in order to test the null hypothesis
Hy against the alternative H, regarding the quantile & = u + no;. We note that all the
test procedures are not exact and have been obtained computationally.

2.1 Test Using Generalized Variable Approach

In this subsection, we introduce the generalized variable for testing the hypothesis
(1.2) which was proposed by Tsui and Weerahandi (1989). This method has been
successfully used by Malekzadeh and Jafari (2018) for comparing the quantiles of
several exponential populations.

In order to derive the generalized test statistics for testing the hypothesis (1.2), one
needs to obtain the generalized test variable, and then the generalized p-value. The
following definitions will be useful in order to construct the generalized test variable
as well as the generalized p-value, which we have taken from Tsui and Weerahandi
(1989). Let us consider the hypothesis testing problem, say test the null hypothesis

Hp:y <yo against H,:y >y, (2.1)
where y is a known constant.

Definition 2.1. Suppose Y is a random variable whose distribution depends only on
(y, €), where y is the parameter of interest and C is the nuisance parameter involved in
the distribution. A variable H = H(Y; y, v, () is said to be a generalized test variable for
testing the hypothesis (2.1), if the following conditions are satisfied.

(i) The distribution of H = H(Y;y, y, () is free from the nuisance parameter C for a
given value of Y.

(ii) The value of H = H(Y; y, y, C) is free from any unknown parameters when Y = y
is fixed.

(iif) For fixed Y and (, the distribution of H = H(Y;y, ), () is either stochastically
increasing or decreasing as a function of y. That is, P(H > h : y) is an increasing
or decreasing function of y, for any & € R and for fixed Y and C.

The following definition gives the concept of generalized p-value for a given gen-
eralized test variable.
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Definition 2.2. Leth = H(y; y, v, C) be the value of H for fixed Y = y. If H is stochastically
increasing in y, then the generalized p-value for testing the hypothesis (2.1) is obtained
as
sup P{H(X;x,,C) 2 h} = P{H(Y;y,70,C) = h}, (2.2)
Hop
and if H(Y;y,y, () is stochastically decreasing in y, then the generalized p-value for
testing the hypothesis (2.1) is given by

sup P{H(Y;y,7,0) < h} = P{H(Y;y,0,C) < h}. (2.3)
Hy

In the next subsection, we will construct certain generalized test variables in order to
test the hypothesis (1.2) regarding the quantile £ = p+101 and obtain the corresponding
generalized p-values.

2.1.1 Generalized Test Variable for Testing the Quantile & = u + 1o

Let (X1, X2, ..., Xin;);1=1,2,...,k be the random sample of size n;, taken from the i-th
population Exp(u, 0;). Note that a complete and sulfficient statistic for (1, 01,02, ...,0%)
in the current model problem is given by (Z, Ty, T», . . ., Tx) where the random variables
Zand T;,i=1,..., kare defined as

X; = min (X;),Z = min(X;), T; = ;(XZJ—Z)

It is also noted that the statistics Z and T = (T4, T, ..., T\) are stochastically indepen-
dent. The probability density functions of Z and (T4, T>, ..., T) are given respectively

by

fz(z) = aexp{ —a(z - y)}, Z> U, —00< U<, (2.4)
and
1o i kgl =t /o,
fr@® = E[Z : H lr T | >0, (2.5)
i=1 i=1 1

wherea = Y =
1

In order to construct the generalized test variables for testing the quantile & = p+no1,
we define the following random variables which are slight variations of the complete
and sufficient statistics. Let us define

X; =min X;;, and §; _E(X’] X;) = ni(X; — X;), where X; = ZX”
1<j<n; ] =1

The random variable Q; = 2S;/0; ~ )(%ni_z, a chi-square distribution with degrees
of freedom 2n; — 2. Further the random variable V; = 2n(X; — p))/o; ~ )(% where
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ni(Xi — u) ~ Exp(0,0); i = 1,2,...,k (see Hsieh (1986)). Utilizing these results it can
be seen that the random Varlable Pl- = V;/Q; follows an F-distribution with degrees of
freedom 2 and 2n; — 2. Moreover, the random variable a(Z — ) follows an exponential
distribution with scale parameter 1, so that the random variable U = 2a(Z — u) follows
a chi-square distribution with degrees of freedom 2.

Utilizing the above results, and the observed sample values (x;1, x2, ..., Xjy,) from
the i-th population, we define the generalized pivot variable (generalized p-value) for
the common location parameter u as

siP;

W, =xj — ————,
FE T - 1)

(2.6)
where s; is the observed value of S;. Taking the weighted average of all these W;s, with
weights 25;/R;, where R; ~ )(2 , and is independent from Q;, fori = 1,2,...,k, we
propose the generalized pivot Varlable for the quantile £ = u +noy as

Tp=b— +n=2t, 2.7)

The generalized test variable to test the hypothesis (1.2) on quantile can be defined
using the statistic T;, as G, = T —&. It can be easily observed that G, satisfies the condi-
tions (i) and (i) of Definition 2.1. One can verify that, for a given sample (x;1, Xj2, . . ., Xin,)
and consequently s;, the probability P(T;, > r) = P(Gy > r — &) is stochastically decreas-
ing as a function of &, for fixed r € R. Thus the generalized p-value for testing the
hypothesis Hy : & = & against H, : £ # &g can be obtained as

2min(P(Ty 2 &o), P(Tw < o)) (2.8)

Note that, Ghosh and Razmpour (1984) proposed the MLE, the modified MLE and
the UMVUE for the common location parameter u. Utilizing these estimators, we will
construct the generalized pivot variables for the quantile. The MLE for estimating the
common location parameter y is given by f1,,; = Z. Using this estimator, we define the
generalized test variable for quantile £ as

z—Ml— iﬂ U+n (2.9)
m m Ql

S
i=1 !

where [1,,; is the observed value of ﬁml Thus the generalized test variable for testing the
hypothesis (1.2) is obtained as G,,;; = T, — &, and the generalized p-value is computed
as

2min(P(Ty; = o), P(Th < &0))- (2.10)
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The modified MLE of the common location parameter y is given by

N

n:

k
. 1 .
fomm = Z — 5 where 4, = Z

ml i1 i

H

Utilizing the modified MLE fl,,,,, of u, we construct the generalized pivot variable for
the quantile & as

Ty = finn = [ 3, O 4 » i [+ n%, (2.11)

k k
= 5 = k nmQi 1U 1 vk W
i=1 i=1 X — | Xy 5 - Xia Wi

=i

where i, is the observed value of {1,,;. The generalized test variable for testing the
quantile & is thus given by G, = Ty — &, and its p-value is obtained as

2min(P(Tyum = &o), P(Tmm < &))- (2-12)

Finally, utilizing the UMVUE of the common location parameter p given by
‘ ni(n; — 1)7-1
ﬁmvzz_[z l '}1_] ’
i=1

we propose the generalized pivot variable for the quantile & as

e T e IR
my = Hmo 5 - i_[ P ni_Qi]_lu_% lewi ngll .

i=1 i i=1 T,

=i

where [1,,, denotes the observed value of fi,;,. Thus the generalized test variable for
testing the hypothesis (1.2) is given by Gp = Tyio — £. Thus the generalized p-value for
this test variable can be obtained as

2min(P(Tyo 2 €0), P(Tio < 0))- (2.14)

In all the above four generalized test variables, we reject the null hypothesis Hy given
in (1.2), if the p-values are less than the significance level a.

Remark 2. In order to make the presentation clean and also to make readers convenient,
we discuss the corresponding generalized confidence intervals for the quantile & using
the generalized pivot statistics in the Section 3.1 separately.

2.2 Parametric Bootstrap Method

In this section, we propose a parametric bootstrap method suggested by Chang et al.
(2010), which has certain advantages over the usual likelihood ratio test statistics. In
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order to apply this method, we will first derive the likelihood function in our model to
obtain the test statistics.

Note that the sufficient statistics for the underlying model is (Z, T, T», ..., Tx). Thus
the likelihood function using the sufficient statistics is given by

L((u,01,02,...,00I(Z, T, T2, ..., Tx)) = fz(2)hr(b), (2.15)

where f7(z) and hr(t) denote the probability density functionsof Zand T = (T, T, ..., T)
respectively, given in equations (2.4) and (2.5). In order to obtain the test statistics using
likelihood ratio approach, one needs to maximize the likelihood function L under the
null hypothesis Hy and under the whole parameter space © = {(y,01,02,...,0k), i €
R,0; > 0;i =1,2,...,k}, then take the ratio. Thus the LRT statistics in our model is
given by

su L
A= P (2.16)

supg L

and after some simplification we get

kL k
a ny G
1ml H Zml exp — Ao A + T1( + Z T;
010

(710 i) Glrm O1ml P Oiml Glrm

)] (2.17)

where 6, and d,,, are the MLEs of 0;;i = 2,3,...,k and a, respectively, under the null
hypothesis Hy and A = Z — 9. The MLEs under the null hypothesis are given by

1 P k
. LiLKij—po) . m n
airm:—:—+A,andarm:—+E = E
n; n; 010 j (510 P T; + AYll

—d
1 i—p Cirm

After substituting the MLEs of the parameters, the likelihood ratio statistic A simplifies
to

k n " Ak‘Tl LI
n1010 H T; +An1 p[_(ﬁ_w+i=2 Ti+A”i) +;nl—(0—10+i=2 Ti+Ani)].

i=2
(2.18)

Taking logarithm on both sides of (2.18), we get the likelihood ratio statistics as

k

A =logA = n1[1 + log(anC:lO) - ailg] + Z n; log(Ti f;lnz) ;10 (2.19)

Note that, the exact distribution of the likelihood ratio statistic A1 under the null
hypothesis is quite difficult to derive, due to its complicated structure. Moreover, we
can not use the Chi-square distribution for (-21;) under Hy (see Chang et al. (2013)).
Motivated by the results of Chang et al. (2010), we employ the parametric bootstrap
method to test the quantile & = u + noj here. In this method, one can find the suitable
cut-off point numerically using simulation technique. The details of the parametric
bootstrap method to test the quantile £ = £y against & # &y consists of some algorithmic
steps which we describe below.
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Step-1: Using the original samples (Xj1, Xp, ..., Xi,;) from the exponential populations
Exp(u,0i);i=1,2,...,k compute the statistic A1 as given in (2.19).

Step-2: Under the null hypothesis Hy, generate (X’il, Xipreves X’inl) from Exp(uo,010) and
X5, X5y oo, X3 ) from Exp(uo, Girm); i = 2,3,..., k, a large number of times, say
B times, where 6, is the MLE of ¢; under Hy. Then compute A; based on these
sample values and denote it as /\;.

Step-3: Arrange the values of A] in the increasing order as May S M S -+ < Ay

Then define the lower and upper cut-off points as A}, = A} (#B) and A}, = A] (1-2By
2 2

where «a is the level of significance.

Step-4: Accept the null hypothesis Hy, if A; falls between the lower and upper cut-off
points, that is, if A <M <AY, otherwise reject Hy. The power of this test is

Br,, = P(h1 < Ay [ A > A7), (2.20)

In a very similar manner, one can obtain the test statistics using the modified MLE
and the UMVUE of the common location parameter p in place of the MLE. Then
utilizing those test statistics, the cut-off points and the powers can be easily obtained
numerically for testing Hy against H,. The test statistics are obtained as

/\2 = )\1 + ﬁml(Z - [Jmm), and A3 = /\1 + lﬁml(Z - Hmv)/ (2.21)

where A; and A3 denote the likelihood ratio test statistics obtained by using the modified
MLE and the UMVUE of p. The power of these two tests are respectively given by

BB = P2 < Ay | A2 > Ay, and By, = P(ls < Ay | JAs > A3 222)

*

The upper and lower cut-off points A7, , A3, and A7, A, are obtained numerically in
a very similar manner, using the parametric bootstrap method as described above.

2.3 The Computational Approach Test (CAT)

In this subsection, we apply the CAT for testing the hypothesis Hy against H, which
was proposed by Pal et al. (2007). This method works as good as other exact methods,
and is easy to apply. In this method, it is not required to obtain the exact distribution of
the test statistics, however one needs to handle the computation carefully. Exploiting
the superior computational facilities available in hand, we try to test the hypothesis
(1.2) and compute the size and power of the test statistics numerically.

This method is applied by using both the MLE and the Modified MLE of the
common location parameter u. Using the Monte- Carlo simulation procedure, we test
the hypothesis Hy : & = & against H, : & # &. The details of the numerical algorithm
is given below for computing the size and power of the test.
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Step-1:

Step-2:

Step-3:

Step-4:

Step-5:

Step-6:
Step-7:

Given the sample values (X1, X2, ..., Xi,) from Exp(u,0;),i = 1,2,...,k, compute
the MLEs of the parameters y and o;. Utilizing the MLEs of the parameters u and
o1, compute the MLE of the quantile £ = u + noj as

(Eml = ﬁml + n61m1~

Generate the artificial sample values, say (Y11, Y12,..., Y14,) under the null hy-
pothesis Hy, that is from Exp(o, 010). The artificial samples (Yi1, Yo, ..., Yiy,) are
generated from the populations Exp(uo, 6irm);i = 2,3, ..., k, where 6, is the MLE
of o; under the null hypothesis Hy.

Using these artificial samples, compute the MLE of £ = u + no; and denote it as
Somt = flom + N 10m1-

Repeat the Steps 2 and 3, a large number of times, say A times, and get the
estimates as 501ml, Eoomly - - ) Eoami- Arrange these estimates in the increasing

order as 50 ml < 50(2 ml < - 50 (Ayml-

The lower and upper cut-off points are obtained as & = 50(% A and &y =
50((1-%)/;),111 respectively.

Reject the null hypothesis Hy if &> Euor &,y < &L, otherwise accept it.

The power of the test, denoted by fc, ,, is computed as,

Be,, = P > Eu U Em < &L). (2.23)

The above procedure can be slightly modified by considering the hypothesis

Hy 2 h(&) = (£ — &)* = 00s H} : h(&) > 0.

Let us call the modification of the test as modified computational approach test (MCAT).
The details of the algorithm for applying it, can be described as follows.

Step-1:

Step-2:

Step-3:

For given random samples, generate the artificial samples as discussed above
and similarly compute hy = (EAOml — &) fora large number of times, say A times,
to obtain fp1, figo, coe iy and then arrange these values in increasing order as
foqy < ho) < ... < hoay-

Compute the statistic & = (,,; — £)?. Then reject the null hypothesis Hy if 6 >
flo((l_a) A), otherwise accept it.

The power of the test MCAT, say Baic,,, can be computed as,

Bumc,, = PO > hoq—an)). (2.24)



78 H. Khatun and M. R. Tripathy

Further, using the MLE and the modified MLE of the common location parameter
U, we can construct the statistics for CAT and MCAT. The modified MLE of £ is given
by Enm = Umm + 101, Utilizing this we obtain the power of the test CAT as

By = PEmm > Emu U Enm < Emn), (2.25)

where &y and &y are the upper and lower cut-off points of the test CAT. The power
of the modified CAT, when the MLE of u is replaced by the modified MLE of u is
computed as A

BMC,y = P(OM > hvio((1-a)4)), (2.26)

where 01 = (&m — &o)? is obtained using the original sample and o = Eomm — E0)? is
obtained using the artificial sample.

Remark 3. All the four tests, discussed in this section are compared in terms of their
sizes and powers numerically in Section 2.4.

2.4 Computational Results: Power and Size Comparison of Test Procedures

In this section a comprehensive simulation study has been carried out in order to com-
pare the performances of all the proposed test procedures which had been derived in the
previous subsections (Subsections 2.1-2.3) numerically using Monte-Carlo simulation
method in terms of their sizes and powers.

It can be easily seen that, all the proposed test procedures for testing the hypothesis
Hy : & = &g against H,, : & # &, could not be obtained in closed forms, in the sense that
the powers/sizes can not be obtained analytically. However, from an application point
of view, it is quite necessary to compare their performances. In view of this and taking
advantages of modern computational facilities, we try to compare the performances of
all the proposed test procedures numerically in terms of power and size.

In order to evaluate and compare the performances of test procedures, 20,000
random samples each from the k(> 2) exponential populations Exp(u, o;) of sample
sizes n;; i = 1,2,...,k, have been generated using the ‘R-software” (version 3.6.2). In
our simulation study, we have considered o = 1, 0190 = 1 and 1 = —log(1 - 0.95), (95-th
quantile) so that g = 3.999 for convenience. Note that all the test statistics are location
invariant. The nominal level for testing the hypothesis is taken as @ = 0.05. The power
of all the tests depends on sample sizes as well as p; = g;/01;1 = 2,3, ..., k. The effect of
pi on size has been seen by fixing 01 and varying ;i = 2,3, ..., k, from small to large,
so that p; varies from small to large.

The simulation study was conducted using k = 2,3,4,5 populations and various
combinations of sample sizes (1;) and parameter ranges. However, for presentation
purposes, we have reported the simulation results only for the case k = 2. The other
simulation results will be available for readers on request to authors. While presenting
the simulation results for k = 2 populations, we used the notation p, = p in tables.

In the case of computational approach test procedures (that is CAT and MCAT) and
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parametric bootstrap test procedure, the number of replications have been taken as
2500, that is the values A = B = 2500. Also in the case of generalized variable approach
test, the same number of replications for the inner loop has been considered. A high
level of accuracy has been achieved in computing the size/power in the sense that the
standard error of the simulation is approximately bounded above by 0.005.

The size and power of all the proposed tests have been computed for various
combinations of sample sizes and parameter ranges. The criterion for choosing the tests
in terms of their size values has been discussed in Xu and Tian (2017), Malekzadeh and
Kharrati-Kopaei (2020), and Malekzadeh and Mahmoudi (2020). Accordingly, a lower

bound of the 95% confidence interval for the estimated sizes is 0.05 —1.96 / %. If the

estimated size of a method is lower or upper than it, we conclude that the method is
liberal or conservative, respectively. For illustration purposes, we have presented the
sizes for some selected sample sizes and parameters in Table 1. The powers of some
selected test procedures have been presented in Tables 2-3. In tables, corresponding to
one choice of p or o, there correspond eight values which present the sizes/powers of
the test for eight combinations of sample sizes. Below we discuss the outcomes of our
comprehensive simulation study, which we write in the forms of some remarks.

Remark 4. The 95% lower bound for estimated size of all the tests is 0.047. From our
computational results as well as Table 1, it has been observed that the test G, is neither
liberal nor conservative. The generalized tests G, and Gy, are liberal, whereas the
other tests are conservative. It is also observed that these two liberal tests, G,,;; and
Guw, do not attain the size within 20% of the nominal level @ = 0.05, and hence have
been excluded for comparing the performances in terms of powers.

In Tables 2-3 we have presented the powers of all the tests except G, and G
for some selected combinations of sample sizes and parameters. In Table 2, the power
comparison has been done by varying the common location parameter u and fixing o1,
where as in Table 3, the same has been done by fixing u and varying o;.

Remark 5. (a) All the three parametric bootstrap tests, B, Bum, and By, have very
similar performance in terms of power. Further, it is seen that these three tests come
just after the generalized tests G, and G,,;, when we vary u and fix o1. However, when
we fix y and vary over o1 in order to vary &, the performance of the parametric bootstrap
tests worsens in terms of power.

(b) The MCAT always perform better than the CAT. When we analyze further, we

see that the MCAT as well as the CAT based on the MLE (M,,; and C,,;;) and the modified
MLE (M, and Cy;,) have similar performances.

(c) The generalized test based on the MLE, that is G, performs better than all the
other tests in terms of powers for all combinations of samples sizes and parameters.

(d) A very similar type of pattern in terms of power/size has been seen for other
combinations of sample sizes and parameters.
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Remark 6. The simulation study also has been carried out for other choices of &y such as
99-th and 90-th quantile, however a similar pattern in terms of performances has been

noticed, and thus the thus the computational results have not been presented here.

Table 1: Sizes of All the Proposed Tests for Various Combinations of Sample Sizes and

a = 0.05.

P (nlz 712) Gy Gl Gium G B Bium B Cot Cinm M, Myum
0.25 (5,5) 0.0470 0.0533 0.0425 0.0410 0.0475 0.0475 0.0475 0.0482 0.0484 0.0502 0.0496
(15,15)  0.0491 0.0547 0.0431 0.0430 0.0529 0.0529 0.0529 0.0519 0.0522 0.0504 0.0511

(25,25) 0.0463 0.0507 0.0396 0.0395 0.0506 0.0506 0.0506 0.0501 0.0501 0.0507 0.0515

(40,40) 0.0516 0.0542 0.0447 0.0448 0.0492 0.0492 0.0492 0.0530 0.0530 0.0536 0.0529

(5,10) 0.0488 0.0542 0.0425 0.0419 0.0496 0.0496 0.0499 0.0490 0.0490 0.0510 0.0515

(15,25) 0.0492 0.0579 0.0500 0.0497 0.0502 0.0502 0.0505 0.0510 0.0510 0.0485 0.0481

(10,5) 0.0468 0.0565 0.0365 0.0353 0.0490 0.0490 0.0482 0.0474 0.0473 0.0479 0.0478

(25,15)  0.0501 0.0511 0.0364 0.0364 0.0548 0.0548 0.0548 0.0486 0.0486 0.0494 0.0492

0.50 (5,5) 0.0432 0.0533 0.0343 0.0334 0.0519 0.0519 0.0519 0.0534 0.0533 0.0516 0.0520
(15,15)  0.0472 0.0489 0.0352 0.0345 0.0532 0.0532 0.0532 0.0526 0.0525 0.0523 0.0528

(25,25) 0.0486 0.0487 0.0347 0.0344 0.0497 0.0497 0.0497 0.0530 0.0530 0.0528 0.0528

(40,40) 0.0485 0.0476 0.0363 0.0359 0.0514 0.0514 0.0514 0.0535 0.0534 0.0529 0.0536

(5,10) 0.0463 0.0518 0.0416 0.0407 0.0523 0.0523 0.0525 0.0493 0.0495 0.0519 0.0517

(15,25) 0.0483 0.0511 0.0409 0.0406 0.0507 0.0507 0.0509 0.0489 0.0489 0.0457 0.0456

(10,5) 0.0426  0.0538 0.0321 0.0313 0.0470 0.0470 0.0459 0.0518 0.0513 0.0508 0.0505

(25,15) 0.0480 0.0510 0.0341 0.0339 0.0536 0.0536 0.0537 0.0508 0.0508 0.0536 0.0519

1.00 (5,5) 0.0443 0.0553 0.0342 0.0337 0.0501 0.0501 0.0501 0.0530 0.0531 0.0526 0.0532
(15,15)  0.0470 0.0501 0.0350 0.0347 0.0477 0.0477 0.0477 0.0487 0.0489 0.0492 0.0482

(25,25) 0.0450 0.0472 0.0306 0.0306 0.0523 0.0523 0.0523 0.0508 0.0505 0.0521 0.0522

(40,40) 0.0503 0.0526 0.0389 0.0384 0.0528 0.0528 0.0528 0.0478 0.0478 0.0478 0.0476

(5,10) 0.0464 0.0520 0.0376 0.0371 0.0513 0.0513 0.0522 0.0483 0.0481 0.0485 0.0481

(15,25) 0.0469 0.0501 0.0329 0.0330 0.0488 0.0488 0.0490 0.0486 0.0489 0.0489 0.0492

(10,5) 0.0436  0.0523 0.0395 0.0389 0.0514 0.0514 0.0505 0.0469 0.0468 0.0455 0.0453

(25,15) 0.0460 0.0545 0.0368 0.0369 0.0510 0.0510 0.0509 0.0503 0.0503 0.0506 0.0507

2.00 (5,5) 0.0452 0.0563 0.0384 0.0366 0.0488 0.0488 0.0488 0.0521 0.0516 0.0524 0.0536
(15,15)  0.0463 0.0490 0.0321 0.0323 0.0474 0.0474 0.0474 0.0492 0.0495 0.0503 0.0504

(25,25) 0.0519 0.0499 0.0332 0.0333 0.0517 0.0517 0.0517 0.0474 0.0472 0.0475 0.0472

(40,40) 0.0520 0.0470 0.0371 0.0367 0.0493 0.0493 0.0493 0.0541 0.0543 0.0517 0.0524

(5,10) 0.0465 0.0540 0.0349 0.0341 0.0497 0.0497 0.0497 0.0529 0.0529 0.0520 0.0515

(15,25) 0.0479 0.0471 0.0323 0.0320 0.0501 0.0501 0.0503 0.0509 0.0509 0.0516 0.0517

(10,5) 0.0482 0.0522 0.0412 0.0404 0.0545 0.0545 0.0540 0.0511 0.0508 0.0491 0.0499

(25,15) 0.0459 0.0474 0.0373 0.0373 0.0503 0.0503 0.0501 0.0500 0.0500 0.0484 0.0495

4.00 (5,5) 0.0492 0.0545 0.0410 0.0404 0.0489 0.0489 0.0489 0.0495 0.0492 0.0497 0.0485
(15,15)  0.0508 0.0525 0.0429 0.0424 0.0520 0.0520 0.0520 0.0477 0.0477 0.0507 0.0491

(25,25) 0.0536 0.0504 0.0413 0.0409 0.0494 0.0494 0.0494 0.0509 0.0510 0.0506 0.0512

(40,40) 0.0517 0.0537 0.0429 0.0429 0.0567 0.0567 0.0567 0.0547 0.0547 0.0570 0.0564

(5,10) 0.0457 0.0560 0.0346 0.0330 0.0484 0.0484 0.0491 0.0491 0.0489 0.0493 0.0495

(15,25)  0.0523 0.0515 0.0347 0.0345 0.0544 0.0544 0.0546 0.0520 0.0523 0.0535 0.0523

(10,5) 0.0471 0.0541 0.0434 0.0435 0.0514 0.0514 0.0505 0.0490 0.0490 0.0489 0.0485

(25,15)  0.0520 0.0495 0.0443 0.0442 0.0527 0.0527 0.0526 0.0527 0.0527 0.0528 0.0525

5.00 (5,5) 0.0439 0.0493 0.0362 0.0356 0.0550 0.0550 0.0550 0.0507 0.0511 0.0515 0.0505
(15,15)  0.0515 0.0496 0.0375 0.0377 0.0539 0.0539 0.0539 0.0518 0.0512 0.0509 0.0523

(25,25) 0.0493 0.0482 0.0381 0.0381 0.0529 0.0529 0.0529 0.0570 0.0574 0.0567 0.0558

(40,40) 0.0525 0.0498 0.0397 0.0397 0.0502 0.0502 0.0502 0.0509 0.0509 0.0523 0.0519

(5,10) 0.0510 0.0554 0.0363 0.0358 0.0578 0.0578 0.0582 0.0503 0.0500 0.0509 0.0509

(15,25)  0.0490 0.0461 0.0341 0.0343 0.0530 0.0530 0.0533 0.0506 0.0505 0.0517 0.0516

(10,5) 0.0494 0.0484 0.0422 0.0415 0.0523 0.0523 0.0518 0.0506 0.0504 0.0509 0.0502

(25,15) 0.0496 0.0514 0.0448 0.0451 0.0556 0.0556 0.0557 0.0523 0.0524 0.0522 0.0513
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Remark 7. Though we have obtained the theoretical results for a general k(> 2) popula-
tion, it is not possible to provide simulation results for a general k. We have conducted
the simulation study considering the number of populations up to k = 5 only. The
conclusions regarding the performances of test statistics in terms of their power and
size remain very similar even if we increase the number of populations from k = 2 to 5.

Table 2: Powers of Some Selected Tests for Various Combinations of Sample Sizes and

a=0.050,=1

U (n1,12) Gu Gl B Bm B Cui Cinm M Miym
1.05 (5,5) 0.0401 0.0457 0.0404 0.0404 0.0404 0.0552 0.0554 0.0560 0.0560
(15,15)  0.0559 0.1111 0.0884 0.0884 0.0884 0.0519 0.0520 0.0541 0.0548

(25,25) 0.1324 0.3226 0.2135 0.2135 0.2135 0.0482 0.0484 0.0516  0.0507

(40,40) 0.4191 09425 0.6493 0.6493 0.6493 0.0498 0.0499 0.0515 0.0515

(5,10) 0.0392 0.0564 0.0475 0.0475 0.0480 0.0518 0.0518 0.0544 0.0547

(15,25) 0.0826 0.2010 0.1375 0.1375 0.1377 0.0506 0.0504 0.0520 0.0519

(10,5) 0.0394 0.0586 0.0483 0.0483 0.0480 0.0512 0.0508 0.0535 0.0529

(25,15) 0.0787 0.1972 0.1387 0.1387 0.1387 0.0548 0.0544 0.0562  0.0569

1.10 (5,5) 0.0428 0.0764 0.0526 0.0526 0.0526 0.0434 0.0432 0.0532 0.0511
(15,15)  0.1586 0.5323 0.3017 0.3017 0.3017 0.0491 0.0490 0.0527 0.0518

(25,25) 0.6240 0.9962 0.9251 09251 0.9251 0.0528 0.0528 0.0562  0.0548

(40,40) 09992 1.0000 1.0000 1.0000 1.0000 0.0539 0.0540 0.0549 0.0536

(5,10) 0.0354 0.1263 0.0860 0.0860 0.0863 0.0444 0.0447 0.0516 0.0496

(15,25) 0.2829 0.8994 0.6083 0.6083 0.6084 0.0506 0.0502 0.0554 0.0545

(10,5) 0.0368 0.1324 0.0900 0.0900 0.0895 0.0509 0.0508 0.0535 0.0508

(25,15) 0.2785 0.8978 0.6239 0.6239 0.6239 0.0535 0.0536 0.0566  0.0560

1.50 (5,5) 0.1648 0.8791 0.6679 0.6679 0.6679 0.0523 0.0531 0.0751 0.0704
(15,15)  1.0000 1.0000 1.0000 1.0000 1.0000 0.0829 0.0852 0.0989 0.0949

(25,25) 1.0000 1.0000 1.0000 1.0000 1.0000 0.1120 0.1136 0.1263  0.1219

(40,40)  1.0000 1.0000 1.0000 1.0000 1.0000 0.1626 0.1650 0.1746  0.1700

(5,10) 0.4755 09991 09860 09860 0.9871 0.0560 0.0569 0.0822  0.0790

(15,25)  1.0000 1.0000 1.0000 1.0000 1.0000 0.0827 0.0844 0.1044 0.1005

(10,5) 0.4353 0.9983 1.0000 1.0000 1.0000 0.0748 0.0764 0.0900 0.0829

(25,15)  0.9999 1.0000 1.0000 1.0000 1.0000 0.1159 0.1191 0.1278 0.1210

2.00 (5,5) 0.6244 09993 1.0000 1.0000 1.0000 0.0894 0.0956 0.1276 0.1191
(15,15)  1.0000 1.0000 1.0000 1.0000 1.0000 0.2012 0.2078 0.2316  0.2231

(25,25)  1.0000 1.0000 1.0000 1.0000 1.0000 0.3201 0.3278 0.3480 0.3391

(40,40) 1.0000 1.0000 1.0000 1.0000 1.0000 0.5056 0.5119 0.5293 0.5209

(5,10) 0.8610  1.0000 1.0000 1.0000 1.0000 0.0821 0.0866 0.1227 0.1191

(15,25)  1.0000 1.0000 1.0000 1.0000 1.0000 0.2019 0.2076  0.2360  0.2280

(10,5) 0.8170  1.0000 1.0000 1.0000 1.0000 0.1422 0.1481 0.1649 0.1536

(25,15)  1.0000 1.0000 1.0000 1.0000 1.0000 0.3322 0.3399 0.3525 0.3409

3.00 (5,5) 0.9744 1.0000 1.0000 1.0000 1.0000 0.2353 0.2574 0.3025 0.2895
(15,15)  1.0000 1.0000 1.0000 1.0000 1.0000 0.6722 0.6902 0.7147 0.7072

(25,25)  1.0000 1.0000 1.0000 1.0000 1.0000 0.9107 0.9178 0.9259 0.9225

(40,40) 1.0000 1.0000 1.0000 1.0000 1.0000 0.9938 0.9939 0.9948 0.9942

(5,10) 0.9916 1.0000 1.0000 1.0000 1.0000 0.2292 0.2463 0.3124 0.3055

(15,25)  1.0000 1.0000 1.0000 1.0000 1.0000 0.6776 0.6925 0.7261 0.7188

(10,5) 0.9843 1.0000 1.0000 1.0000 1.0000 0.4763 0.5022 0.5202 0.5057

(25,15)  1.0000 1.0000 1.0000 1.0000 1.0000 0.9148 0.9223 0.9299 0.9254
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Table 3: Powers of Some Selected Tests for Various Combinations of Sample Sizes and
a=0.05u=1
01 (nlr I’Zz) Guw Gml Bml Binm B le Cium Mml Miyum
105 (55 00527 01336 00526 00526 00526 00547 0.0542 0.0626 0.0593
(1515) 03720 09435 00539 00539 00539 0.0620 0.0620 0.0692 0.0672
(2525) 09779 1.0000 0.0527 00527 00527 0.0652 0.0651 0.0708 0.0688
(4040) 1.0000 1.0000 0.0595 00595 0.0595 0.0733 0.0733 0.0772 0.0754
(510) 00529 02728 0.0538 00538 00546 0.0586 0.0586 0.0648 0.0636
(1525) 06378 0999 00514 00514 00512 00611 0.0611 0.0680 0.0659
(105 0043 02591 0.0519 00519 00505 0.0593 0.0592 0.0640 0.0619
(2515)  0.6622 09998 0.0559 0.0559 0.0559 0.0612  0.0609 0.0658  0.0636
110 (55 00561 04422 00492 00492 00492 0.0663 0.0661 0.0782 0.0751
(1515) 09683 1.0000 0.0535 00535 00535 00773 0.0773 0.0865 0.0840
(2525)  1.0000 1.0000 0.0610 00610 00610 0.0914 0.0915 01009 0.0988
(4040) 1.0000 1.0000 0.0618 00618 00618 0.1117 01118 01206 0.1168
(5100 01531 0.8591 0.0484 0.0484 0.0486 0.0667 0.0664 0.0807 0.0795
(1525) 09832 1.0000 0.0553 00553 00555 0.0792 0.0792 0.0924 0.0898
(105 01473 0.8348 0.0541 00541 00529 00701 0.0702 0.0810 0.0757
(2515) 09950 1.0000 0.0608 0.0608 0.0606 0.0915 0.0915 0.0996  0.0947
150 (55 07457 09999 00750 00750 00750 02026 02018 02508 0.2424
(1515) 1.0000 1.0000 01721 01721 01721 04012 04009 04374 0.4262
(2525)  1.0000 1.0000 03009 03009 03009 05818 05815 0.6140 0.6026
(4040) 1.0000 1.0000 04819 04819 04819 07565 0.7565 0.7758 0.7704
(510) 08239 1.0000 0.0820 00820 0.082 02073 02068 02606 0.2559
(1525) 1.0000 1.0000 01772 01772 01775 04156 04152 04587 04515
(105 09715 1.0000 01228 01228 0.214 03182 03175 03533 0.3397
(2515)  1.0000 1.0000 02977 02977 02977 05705 05702 05945 0.5828
200 (55) 09374 1.0000 0.766 0.1766 01766 04229 04221 0.4848 04722
(1515) 1.0000 1.0000 05413 05413 05413 0.8016 0.8012 0.8290 0.8212
(2525)  1.0000 1.0000 07908 07908 07908 0.9398 0.9397 09476 0.9454
(4040) 1.0000 1.0000 0.9491 09491 09491 09913 09913 09924 0.9921
(510) 09372 1.0000 0.1829 01829 0.1846 04318 04320 05043 0.4978
(1525) 1.0000 1.0000 05497 05497 05503 0.8028 0.8027 0.8302 0.8247
(105 0999 1.0000 03535 03535 03514 0.6437 0.6439 0.6782 0.6636
(2515) 1.0000 1.0000 07931 07931 07929 09403 09403 0.9464 0.9442
300 (55 09750 1.0000 0.4645 04645 04645 07451 07448 07905 07816
(1515)  1.0000 1.0000 09334 09334 09334 09850 09851 09887 09877
(2525)  1.0000 1.0000 0.9948 09948 09948 09997 09997 09997  0.9996
(4040)  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
(510) 09735 1.0000 04801 04801 04830 07509 0.7504 0.7997  0.7958
(1525)  1.0000 1.0000 09338 09338 09341 09872 09874 09903 0.9894
(10,5  1.0000 1.0000 07900 07900 07881 09332 09326 09439  0.9398
(2515)  1.0000 1.0000 09932 09932 09932 09992 09992 0.9995  0.9995

3 Interval Estimation of Quantile & = u + 1o,

In this section, we derive certain confidence intervals for the quantile & = i1 + no;. Note
that, under the current model set up it is not possible to obtain the asymptotic confidence
interval, since the regularity condition does not hold. Further, it is not possible to
derive the intervals in closed forms. In this section, we utilize the generalized variable
approach, bootstrap approach and the MCMC approach to obtain confidence intervals
and hence evaluate their performances numerically.
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3.1 Interval Estimation Using Generalized Variable Method

In this subsection, we discuss the generalized p-value method proposed by Tsui and
Weerahandi (1989) and Weerahandi (1993) for constructing confidence interval as
well as testing the hypothesis of a function of parameter(s). This method has been
successfully employed by Krishnamoorthy and Lu (2003) for testing hypothesis and
finding confidence interval of the common mean y of several normal populations.

The following definition will be useful in order to construct a confidence interval
of a parameter or any function of parameters in a given model problem set up.

Definition 3.1. Let X be any random variable and the distribution of X depends on
(y, C), where y is the parameter of interest and C is the nuisance parameter. A random
variable T = T(X;x,y,C) is said to be a generalized pivot variable for obtaining the
generalized confidence interval of y, if it satisfies the following two conditions:

(i) The distribution of T(X; x, y, C) is free from all the unknown parameters for a fixed
X =x.

(ii) The value of T(X;x,y,() at X = x, is y, that is, T(X;x,, () = y the parameter of
interest.

Utilizing the Definition 3.1, and the generalized pivot variable T, we obtain the
(1 — a)100% confidence interval for the quantile £ = u + noj as

(Tw(a/z)/ Tw(l - a/2)). (3.1)

In a similar manner, utilizing the generalized pivot variable T,,;, Ty, and Ty, we
can obtain the generalized confidence intervals respectively as

(Tr(a/2), Tyu(1 — @/2)), (3.2)
(Trm(a/2), T (1 — a/2)), (3.3)

and
(Timo(a/2), Tio(1 — a/2)). (3.4)

3.2 Interval Estimation Using Parametric Bootstrap Method

In this section, we obtain two approximate confidence intervals, such as bootstrap
percentile (boot-p) and bootstrap-t (boot-t) for the quantile £ by using the bootstrap
sampling method. The boot-p and boot-t intervals were proposed by Efron (1982) and
Hall and Martin (1988), respectively. The algorithms to obtain the boot-p and boot-t
confidence intervals are presented in the following subsection.
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3.2.1 Bootstrap-p Confidence Interval

The details of the computational steps to construct the boot-p confidence interval for
the quantile & can be written as follows.

Step-1:

Step-2:

Step-3:

Step-4:

For given sample values (X;1, X, . .., Xi,) from the k(> 2) exponential populations
Exp(u,0:),i=1,2,...,k, compute the MLEs of the parameters y, and o; as given
in Section 2. Using these estimators, obtain the MLE of the quantile & = u + 1oy
as éml = (aml + nﬁlml-

Generate bootstrap samples (le, e X3 ) from Exp (L1, 61,,11)' i =12,...,k,
Compute the bootstrap MLEs for the parameters as [i*, 63, 05 ., ..., OF .
Then, utilizing these MLEs of the parameters, compute the bootstrap MLE of
the quantile & as

A

5ml = !’lml + nalml’

Repeat Step-2 a large number times, say B times, and obtain the bootstrap esti-

matesof Eas &, & L &

Let F(x) = P(E*ml < x) be the cumulative distribution function of &*. Then, the
approximate (1 — a)100% boot-p confidence interval of the quantile £ is obtained
as

BPy, = (éBoot—p(a/z)/ cfBoot—p(l - a/2)),

where Epoor—p(x) = F1().
In a similar manner, we get the Bootstrap confidence interval using the modified
MLE of the common location parameter u as

BPym = (éBoot—p(a/z)/ éBoot—p(l - a/2)).

3.2.2 Bootstrap-t Confidence Interval

The details of the computational steps to construct the boot-t confidence interval for
the quantile & can be written as follows.

Step-1:

For the given sample values (Xi1, Xi2, . . ., Xin;) from k(> 2) exponential populations
Exp(u,0i);i = 2,3,...,k, compute the MLEs of the parameters u, 01, 02,...,0k as
given in Section 2. Using these MLEs, obtain the MLE of the quantile & as

Eml ml + N0 1m1-

: Generate the bootstrap samples (X7}, X7, ..., X}, ) from Exp({y1, Gim1), 1 = 2,3,...,k,

27
and using these sample values, Compute the bootstrap MLEs of the parameters

as {13 1, 61,0 Ot -+ -+ O Usmg the bootstrap MLEs of the parameters, compute
the bootstrap MLE of the quantile & as

A

* Ak Ak
5ml - !“lml + nalml'
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'S:nl_‘gml

Step-3: Using the bootstrap MLE of the quantile &, compute the statistic T* = \/_
varé,,)

Step-4: Repeat Steps 2 and 3, a large number of times, say B times. Then construct the
approximate (1 — @)100% confidence interval of the quantile & as

BT, = (éBoot—t(a/z)/ éBoot—t(1 - a/2)),

where Epport = Epp + F(x) Var(cfjﬂl) and F(x) = P(T* < x) is the cumulative
distribution function of T*.

In a similar manner, we get the confidence interval of the quantile & using the
modified MLE of the common location parameter u as

BTy = (éBoot—t(a/z)/ c,S\Boot—t(l - a/2)).

3.3 Bayesian Confidence Interval Using MCMC Approach

In this subsection, we derive the confidence interval for the quantile & = u + 1oy,
assuming certain prior probability for the parameters 1, 01 and 0;. Taking the advan-
tages of superior computational facilities, we use the MCMC method along with the
Metropolis-Hastings algorithm and Gibbs sampling technique and obtain the highest
posterior density (HPD) interval for the quantile &.

In order to apply the method, we need to assume certain prior probabilities for the
parameters p, 01 and o2. We consider the prior probability density functions of the scale
parameters and the common location parameter as suggested by Jana et al. (2016),
which are respectively given by

d;
(o) = a1 g _
pi(oi) = T exp “io; ", 0i > 0,¢;,di>0,i=1,2,...,k, (3.5)
and
s 12 k 1 c
p(ul(o1,02,...,0k) = (; ;Z) exp —(; a_i)(c —ru),— < < Py (3.6)

The joint posterior density function of (4, 01,02, ...,0x) is obtained as

k
n(ul 01,02,..., Uk) & L((ul 01,02,..., Gk)|(Z/ I)) H pi(ai)p(M(Gl/ 02,.-+y Ok)), (37)
i=1

where L(u,01,02,...,0¢lZ, T) denotes the likelihood function as given in Section 2. The
conditional posterior probability density functions of the parameters 1, and o;, can be
obtained as

k
ul(o1,02,...,0k2Z,T) < eXp( - Z M)f

o
i=1 !
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and
k

142 1-d;—n;
ail(#/GLGZ/'"/Ui—116i+1/"‘/GerI) o< ( ;) Gi exp{_(
i=1 !

Ni - Di[,l

Oi

)],i:1,2,...,k.

respectively, where D; = n; + r,and N; = T; + ¢; + n,Z + c.

It is easy to observe that, the posterior densities of all the (k + 1) parameters p, 01,
..., 0 do not have closed form expressions. In this situation, some computational
approaches like MCMC procedure will be very much helpful to obtain the confidence
interval approximately. Here, we will use the MCMC method that uses the well known
Random Walk Metropolis-Hastings (RWMH) algorithm, to generate the samples from
the posterior densities of u, 01, ..., ox. The details of the computational steps for
the RWMH procedure can be elaborately described to generate the samples from the
posterior distribution of y, 01, ..., o in the following manner.

Step-1: Suppose the K-th iteration of the Markov chain consists of (u&~V, ¢
K-1
e, 0 ).
%k

(K-1) _(K=1)
1 9%

Step-2: Using the RWMH algorithm, generate € ~ N(0, ai), € ~ N(O, ogi); i=1,2,...,k

(

Let u® = u®&=D 1 ¢, og*) = al.K_l) + €.

Step-3: Next, compute the term

L, N2, DYp®) TIL, pite)

H(y(*),g(*)) = —,
L((u®D, o&D)|(Z, D)p(u&D) TTE, pilol )
where we denote ¢®) = (0(1*), ag), . al(:)), and ¢ = (G&K_l) , G(ZK_D, e, G(K_l)).

Step-4: Define the quantity V = min(1,TI(u®,s®). Next, generate a random number
u ~ U(0,1). If u <V, accept (u,®) and update the parameters as u® = u®,
GEK) = og*);i =1,2,...,k and otherwise set y(K) = ‘u(K‘l),GEK) = GEK_l);i =12,...,k
Then update the quantile at the K" step as £& = ) + nagK). Repeat these steps
forK=1,2,...,N where N is a suitably chosen large number.

The choice of the values of af, and 0(271., is crucial in the RWMH method. Chib and
Greenberg (1995) discussed these issues and pointed out that for small choices of these
values, there is a chance of acceptance. Hence, we chose the values of af,, 0(271_ in such a
way that the acceptance rate is between 20% and 30%. Using these MCMC samples, we
obtain the 100(1 — a)% HPD interval for the quantile & by applying the method given

in Chen and Shao (1999).

Note that the HPD credible interval is obtained as follows. Suppose {&);i =
1,2,...,N} is the corresponding ordered MCMC sample from {&';i = 1,2,...,N}. Then
the 100(1 — a)% HPD credible interval for the quantile ¢ is given by

(&) G +I(1-a)NT))s
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where j* is chosen in such a way that

Erta-any = &gy = i (Egra-anp = &)

3.4 Computational Results: Comparing the Confidence Intervals

In this subsection, we carry out a detailed simulation study in order to compare the
performances of all the proposed interval estimators in terms of CPs and ALs. It is easy
to observe that, none of the interval estimators have closed form expressions, hence
they have been compared using Monte-Carlo simulation method numerically.

In order to evaluate and compare the performances of all the proposed interval
estimators, we take the same number of replications for generating the sample as in
Subsection 2.4. The sample size selection and the parameter choices will also remain
same as of the Subsection 2.4. It can be observed that all the interval estimators are
location invariant and the CP and AL are function of p; = o;/01,i = 1,2,...,k. The
95% confidence interval have been computed for the 95" quantile, that is the level
of significance is taken as @ = 0.05. In the case of bootstrap confidence interval and
generalized confidence intervals the number of replications in the inner loop, B, is taken
as 2500. In the computation of HPD interval using the MCMC approach, the choice of
hyper parametersc;, d; (i = 1,2, ..., k) and the upper limit c¢/r have been chosen suitably.
In fact, the prior for random variable u has been generated using the condition that
u<clr.

Though the simulation study has been conducted for many choices of parameters
and many combination of the sample sizes, for illustration purposes we have presented
the CPs and ALs of all the interval estimators for some specific values of sample sizes
and parameters. This has been presented in Tables 4-5.

While comparing the interval estimators in terms of CPs and ALs, it has been seen
that some of the intervals do not attain the nominal level 1 — a = 0.95, though they
have the smaller ALs. It is natural to opt for confidence intervals which has higher CP
with smallest AL. In our case, it is not possible to chose the intervals that satisfy this
criteria. In order to have the twin effect of AL and CP, we use a third criteria known
as ‘probability coverage density (PCD)” which is defined as the ratio of CP to AL. This
unified criterion shows which confidence interval is more dense apart from attaining
the minimum desirable confidence level. This PCD criteria for selecting the interval
estimators was proposed by Unhapipat et al. (2016).

The following observations were made (which we present in the forms of some
remarks) during our simulation study as well as from the Tables 4-6 regarding ALs,
CPs and PCDs of the interval estimators.

Remark 8. The ALs of all the confidence intervals decrease as the sample sizes increase
from small to large, except the HPD whose pattern is not clear. The CPs of all the
confidence intervals lie between 72% and 99%.
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Remark 9. Though the AL of boot-p and boot-t confidence intervals are pretty much
equal, the CPs of boot-p interval is always higher than the CP of boot-t interval. Further,
if we analyze closely, the boot-p confidence intervals using the MLE and the modified
MLE of common location parameter i performs very much similar. The same behavior
also has been seen in the case of boot-t confidence intervals. The HPD credible interval
has the largest length among all the proposed confidence intervals, however its CP is
higher than the boot-p confidence intervals.

Remark 10. (i) If we fix the nominal level at 95% (which is the actual nominal level)
the generalized confidence intervals T, and T, attain it, however the other two
generalized confidence intervals T, and T, have CPs higher than the nominal
level. If we rank the confidence intervals in terms of highest CPs, when the actual
nominal level is 0.95, Ty, has the best performance followed by T}, and then T,
and T,,.

(ii) If we rank the confidence intervals in terms of shortest lengths, the generalized
confidence interval T, has the best performance followed by T, Tip and Ty,

(iii) If we use the twine criteria that is both CPs and ALs, the qualified confidence
intervals are all the four generalized confidence intervals. However, it is not
possible to rank the qualified intervals further. In order to have a clear cut
winner, we apply the unified performance measure criterion- the PCD.

(iv) The PCD values of all the generalized confidence intervals such as Ty, Trni, Toum
and T, increase as the sample sizes increase from small to large.

(v) Interms of PCD, the generalized confidence interval T,,,; has the best performance
followed by Ty, Tio and Ty, for all combinations of sample sizes.

Remark 11. The confidence intervals are also compared considering the number of
populations k = 3,4,5 in terms of AL, CP and PCD values. It has been noticed that a
very similar type of trend appears when we increase the number of populations. Hence,
for convenience, we have reported the tabulated values only for the case of k = 2.
However, the other simulation results can be available to the readers on requesting
upon the authors.

Remark 12. Some authors also used the lower bound of estimated CPs as a criterion
for observing the nature of the intervals (for example, see Malekzadeh and Kharrati-
Kopaei (2020)). Using that criterion, we have computed the 95% lower bound of the
estimated CPs, and is obtained as 0.947. It has been observed that the intervals Ty, Ty
and T, are conservative. The intervals BP,,;, BP,;;,, BT,,;, and BT, are liberal. The
interval T, is neither liberal nor conservative. The HPD interval is liberal, except for
a few ranges of the parameters. The qualified intervals for PCD comparison are the
generalized confidence intervals, which are not liberal.
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Table 4: The CPs of Several Interval Estimators for Various Combinations of Sample
Sizes with a = 0.05

P (711, 1’12) Tw Tml Tmm va Bpml Bpmm BTml BTmm HPD
0.25 (5,5) 095 094 09 096 0.87 0.86 0.80 0.80 0.95
(15,15) 095 095 096 096 0.92 0.92 0.89 0.89 0.97

(2525) 095 095 096 096 0.93 0.93 091 091 0.98

(40,40) 095 095 096 096 093 0.93 0.92 0.92 0.95

(5,10) 095 094 096 096 0.88 0.87 0.81 0.81 0.98

(15,25) 095 095 095 095 092 0.92 0.89 0.89 0.99

(10,5) 095 094 096 096 0.89 0.89 0.86 0.85 0.92

(25,15) 095 095 096 096 093 0.93 091 091 0.97

0.50 (5,5) 095 094 09 096 0.85 0.84 0.79 0.79 0.95
(1515) 095 095 096 096 0.92 0.91 0.89 0.89 0.97

(2525) 095 095 096 096 092 0.92 0.90 0.90 0.98

(40,40) 095 095 096 096 0.93 0.93 0.92 0.92 0.95

(5,10) 095 095 09 096 0.87 0.86 0.81 0.81 0.98

(15,25) 095 095 096 096 092 0.91 0.88 0.88 0.98

(10,5) 095 095 09 097 0.88 0.87 0.84 0.84 0.92

(25,15) 095 095 097 097 092 0.92 0.91 0.91 0.97

1.00 (5,5) 095 095 09 096 0.82 0.80 0.77 0.76 0.93
(15,15) 096 095 097 097 091 0.90 0.88 0.88 0.96

(25,25) 096 095 096 097 092 0.91 0.90 0.90 0.98

(4040) 095 095 096 096 093 0.93 0.92 0.92 0.95

(5,10) 096 095 096 096 0.84 0.83 0.78 0.78 0.97

(15,25) 095 095 096 096 091 0.90 0.88 0.88 0.98

(10,5) 095 095 09 096 0.87 0.86 0.84 0.84 0.91

(25,15) 096 095 097 097 092 0.91 0.90 0.90 0.96

2.00 (5,5) 096 095 097 097 079 0.76 0.75 0.74 0.90
(1515) 095 095 096 096 0.90 0.88 0.87 0.87 0.93

(25,25) 095 095 097 097 092 0.91 0.90 0.90 0.96

(4040) 095 095 096 096 092 0.92 0.92 091 0.94

(5,10) 096 095 097 097 0.82 0.79 0.76 0.76 0.93

(1525) 095 095 096 096 0.90 0.89 0.88 0.88 0.95

(10,5) 095 095 09 096 0.87 0.84 0.84 0.83 0.89

(2515) 095 094 096 096 091 0.90 0.90 0.89 0.95

4.00 (5,5 09 095 097 097 0.78 0.73 0.74 0.72 0.86
(15,15) 095 095 096 096 0.89 0.87 0.87 0.86 0.90

(2525) 095 095 096 096 091 0.90 0.90 0.90 0.93

(4040) 095 095 096 096 0.92 091 091 091 0.90

(5,10) 095 095 097 097 080 0.76 0.75 0.74 0.86

(1525) 095 095 097 097 0.89 0.88 0.87 0.87 0.90

(10,5) 095 095 09 096 0.85 0.82 0.82 0.82 0.87

(25,15) 095 095 095 095 091 0.90 0.90 0.90 0.93

5.00 (5,5) 095 095 09 096 0.77 0.72 0.73 0.72 0.80
(15,15) 095 095 096 096 0.89 0.87 0.88 0.87 0.83

(2525) 095 094 096 096 091 0.89 0.89 0.89 0.85

(40,40) 095 095 096 096 092 091 091 091 0.88

(5,10) 095 095 097 097 078 0.74 0.74 0.72 0.78

(1525) 095 095 096 096 0.89 0.88 0.87 0.87 0.83

(10,5) 095 095 09 096 0.85 0.81 0.82 0.81 0.77

(25,15) 095 095 095 095 091 0.89 0.90 0.89 0.85
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Table 5: The ALs of All the Interval Estimators for Various Combinations of Sample

Sizes with @ = 0.05

P (1’11, 712) Tw Tml Tmm va BPm[ Bpmm BTml BTmm HPD
0.25 (5,5) 1.019 0.180 0.256 0.279 4.872 4860 4.872 4860 6.926
(15,15)  0.228 0.052 0.056 0.056 2952 2950 2952 2950 6.917

(25,25) 0.128 0.030 0.031 0.032 2297 2297 2297 2297 6.984

(40,40) 0.078 0.019 0.019 0.019 1.819 1.820 1.819 1.820 5.267

(5,10) 0999 0.092 0126 0.132 4988 4981 4988 4981 7.638

(15,25) 0226 0.033 0.035 0.035 2959 2957 2959 2957 7.696

(10,5) 0.403 0.139 0164 0.171 3518 3,511 3518 3511 5919

(25,15) 0130 0.045 0.047 0.047 2286 2283 2286 2283 6.221

0.50 (5,5) 1.015 0283 0360 0.384 4753 4728 4753 4.728  6.667
(15,15) 0.208 0.085 0.089 0.089 2919 2915 2919 2915 6.758

(25,25) 0114 0.050 0.051 0.051 2279 2273 2279 2273 6.814

(40,40) 0.069 0.031 0.031 0.031 1816 1816 1816 1.816 4.972

(5,10) 0.893 0.161 0.192 0.198 4954 4939 4954 4939 7.661

(15,25) 0.197 0.058 0.060 0.060 2932 2929 2932 2929 7.538

(10,5) 0494 0.199 0226 0231 3417 3397 3417 3397 5819

(25,15) 0.127 0.068 0.071 0.071 2275 2270 2275 2270 6.103

1.00 (5,5) 1255 0417 0516 0546 4574 4514 4574 4514 6357
(15,15) 0.232  0.126 0.131 0.131 2862 2.846 2862 2846 6.372

(25,25) 0126 0.075 0.076 0.076 2257 2250 2257 2250 6.477

(4040) 0.074 0.046 0.047 0.047 1810 1.807 1.810 1.807 4.984

(5,10) 0.822 0263 0298 0308 4703 4.662 4703 4.662 7.309

(1525) 0.182 0.094 0.096 0.096 2908 2.896 2908 2.89% 7.138

(10,5) 0.891 0264 0300 0307 3351 3310 3351 3310 5.524

(25,15) 0.186 0.094 0.097 0.097 2244 2232 2244 2232 5823

2.00 (5,5) 2158 0576 0746 0.798 4265 4169 4265 4.169 5.617
(15,15) 0423 0.170 0.178 0.179 2815 2791 2815 2791 5527

(25,25) 0233 0.100 0.102 0.102 2246 2231 2246 2231 5.643

(4040) 0.139 0.062 0.063 0.063 1796 1789 1.796 1.789 4.746

(5,10) 0971 0401 0455 0467 4511 4446 4511 4446 6.376

(15,25) 0.257 0.137 0.142 0.142 2856 2.837 2856 2837 6.239

(10,5) 1975 0321 0392 0405 3263 3200 3.263 3200 5.023

(25,15) 0408 0.117 0.121 0121 2220 2202 2220 2202 5.183

4.00 (5,5) 4518 0737 1.081 1.185 4.061 3915 4.061 3915 4.655
(15,15) 0947 0209 0.225 0226 2774 2736 2774 2736 4.525

(25,25) 0525 0.122 0126 0.127 2223 2204 2223 2204 4.541

(4040) 0.315 0.075 0.076 0.076 1784 1774 1784 1.774 4.557

(5,10) 1.674 0567 0.681 0.709 4301 4186 4301 4.186 4.687

(1525) 0.532  0.181 0.190 0.190 2807 2778 2.807 2778 4.524

(10,5) 4501 0372 0532 0559 3200 3.126 3200 3.126 4.489

(25,15) 0937 0.134 0.142 0.143 2208 2186 2208 2.186 4.539

5.00 (5,5) 5750 0.787 1232 1365 4.017 3.854 4.017 3.854 4.238
(15,15) 1212 0219 0.239 0.241 2763 2723 2763 2723 4.281

(2525) 0.677 0.128 0.133 0.134 2215 2192 2215 2192 4372

(40,40) 0408 0.078 0.080 0.080 1781 1771 1781 1.771 4.488

(5,10) 2075 0620 0776 0.866 4.140 4.012 4140 4.012 4.231

(1525) 0.683 0.194 0204 0.205 2795 2760 2795 2760 4.300

(10,5) 5748 0382 0589 0.622 3171 3.090 3.171 3.090 4.227

(25,15) 1.217 0.138 0.149 0.150 2205 2.181 2205 2181 4.384
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Table 6: The PCDs of Some of the Selected Interval Estimators for Various Combinations
of Sample Sizes with a = 0.05

P (1’11 ’ n2) Tw Tml Tmml Tumv p (”1 ’ ”2) Tw Tml Tmml Tumv
0.25 (5,5) 0.933 5.207 3.737 3434  2.00 (5,5) 0.443 1.643 1.295 1.212
(15,15) 4.170 18.193 17.144 17.044 (15,15) 2.248 5.572 5.413 5.390
(25,25) 7411 31.218 30.539 30.484 (25,25)  4.087 9.519 9.441 9.429
(40,40) 12215 50.773 50.313  50.298 (40,40) 6.804 15285 15.265 15.262
(5,10) 0.953 10.258 7.560 7.228 (5,10) 0.985 2.363 2.124 2.074
(15,25) 4202 28520 26965 26.858 (15,25) 3.703 6911 6.811 6.798
(10,5) 2.368 6.798 5.859 5.650 (10,5) 0.483 2.951 2.453 2.375
(25,15) 7.329 20946 20.299  20.248 (25,15) 2.334  8.108 7.949 7.933
0.50 (5,5) 0.940 3.336 2.661 2498  4.00 (5,5) 0.211 1.288 0.893 0.816
(15,15) 4.578 11.122 10.808 10.766 (15,15)  1.005 4.543 4.270 4.242
(25,25) 8.316  18.898 18.788 18.774 (25,25) 1.807 7.795 7.612 7.600
(40,40) 13.872 30.804 30.732 30.720 (40,40) 3.013 12.632 12536 12.530
(5,10) 1.067 5.893 4.981 4.832 (5,10) 0.569 1.671 1.423 1.367
(15,25) 4.847 16.307 15954 15.920 (15,25) 1.780 5.250 5.095 5.081
(10,5) 1.932 4.749 4.277 4.176 (10,5) 0.212 2.559 1.805 1.719
(25,15) 7.491 13.868 13.704 13.682 (25,15) 1.012  7.075 6.706 6.678
1.00 (5,5) 0.760 2.271 1.866 1.764 5.00 (5,5) 0.165 1.201 0.780 0.706
(15,15) 4113 7.564 7.407 7.383 (15,15)  0.785 4.349 4.020 3.989
(25,25) 7596  12.685 12.646 12.642 (25,25) 1.402  7.385 7.171 7.153
(40,40) 12.832 20.508 20.556  20.554 (40,40) 2.323 12130 11.994 11.984
(5,10) 1.163 3.604 3.233 3.133 (5,10) 0.459 1.527 1.247 1.120
(15,25) 5.209 10.110  10.013  10.000 (15,25) 1.391 4.893 4.716 4.698
(10,5) 1.066 3.600 3.204 3.128 (10,5) 0.165 2481 1.622 1.537
(25,15) 5.132 10.085 9.989 9.977 (25,15) 0.781 6.88 6.392 6.362

4 An Application Through Real Life Example & Concluding
Remarks

In this section, we consider a real life example, where our model fits well and demon-
strate the test procedures as well as interval estimation methods. The data sets are
about the operational times (in hours) between successive failures of air conditioning
equipments in two aircrafts; Plane 7915 and Plane 8044. Barlow et al. (1972) showed
that the two parameter exponential distribution fits these two data sets well. Further,
the equality of the location parameters has been tested at the level of significance 10%.
The data sets are given as, Plane 7915: 359, 9, 12, 270, 603, 3, 104, 2, 438; Plane 8044:
487,18,100,7, 98, 5, 85, 91, 43, 230.

In Table 7, we compute the interval length and the intervals for the quantile &, using
these two data sets with level of significance 0.95.

Table 7: Computing the Lower Limits, Upper Limits and Lengths of Confidence Inter-
vals with @ = 0.05

Interval Ty Ty Tim To BP,,; BPym BT BTym HPD

&L 628.8835  675.6342  674.8448  674.6932 2572489  263.9333  200.5226  144.7706  662.2297

Su 707.9302  708.7513  710.4287  710.6968  989.7874  1030.487  933.0611  911.324  989.9744

Length  79.04668 33.11711 35.58397 35.58397  732.5385 766.5534 732.5385 766.5534  327.7447

In the Table 7, it is observed that the generalized confidence interval T,, has the
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shortest length among all the proposed confidence intervals.

Next, we consider to test the hypothesis Hy : £ = 700 against the alternative H, :
& # 700 at level of significance a = 0.05 using the given data sets. The p-values for all
the proposed test procedures are computed and given in Table 8.

Table 8: Computing the p-values of all the Proposed Tests with a = 0.05
Method Guw Gl Gm G B Bum B Cout Conm My Mo
p-value 05906 0.6734 0.6278  0.6234 0.0200 0.0200 0.0200 0.7600 0.7400 0.6900 _ 0.6600

The p-values, indicate that all the three parametric bootstrap tests, such as B,;;, By,
and B, reject the null hypothesis and the other tests such as Gy, G, Giim, Gimo, Ct,
Crum, My, and My, accept the null hypothesis at level of significance a = 0.05.

5 Concluding Remarks

The problem of point estimation of quantiles & = u + no; when samples are available
from two or more shifted exponential populations with a common location and different
scale parameters has been well studied by authors (see, for example, Kumar and
Sharma (1996)). Surprisingly, under the same model set-up, the interval estimation
and the hypothesis testing of the quantile £ = u + o have not been considered so far
in the literature. In this article, we have considered these two problems in detail. We
also note that, unlike the case of common location parameter, it is difficult to derive
any exact test procedures as well as intervals in the case of quantile for the underlying
model.

In this regard, we first proposed several test procedures such as tests based on
generalized variable and p-value approaches, tests based on parametric bootstrap
approach and the tests based on a computational approach proposed by Pal et al.
(2007). All the test procedures are evaluated numerically in terms of size and power.
From our computational results, we concluded that the tests based on the generalized
variable approach that uses the MLE of the common location parameter (denoted as
Gp1) have the best performance in terms of power.

Several interval estimators for the quantile, namely the intervals based on gener-
alized variable method, parametric bootstrap method and MCMC method have been
proposed. The confidence intervals are compared in terms of CPs and ALs. While
comparing their performances in terms of these two criteria, it has been observed that
none of the intervals outperforms others. In fact, it is not possible to decide which of
the confidence intervals perform the best using these two criteria. In order to get a
better picture regarding the performance of the intervals, we employ a third criteria
known as ‘probability coverage density (PCD)’. In terms of PCD values, it has been
seen that the interval based on the generalized statistic that uses MLE of the common
location parameter (denoted as T,,) has the best performance, followed by Ty, Tio
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and T. It is also noted that the conclusions regarding performances of tests as well as
confidence intervals are purely based on our comprehensive simulation study. Finally,
we discussed a real-life example for application purposes.

We note that in the case of normal distribution Khatun et al. (2020), considered
the problems of hypothesis tetsing and confidence interval for the quantiles of the first
population. Authors proposed several test procedures and interval estimators using
some of the popular estimators of the common mean. However, there are no such
results available for estimating the common location parameter of several exponential
populations. Using various estimators of the common location parameter and different
scale parameters, we have developed some test procedures and confidence intervals of
the quantile of the first population. However, there are no such results for estimating
the common location parameter of several exponential populations. Using various
estimators of the common location parameter and different scale parameters, we have
developed some test procedures and confidence intervals of the quantile of the first
population.
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