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Abstract. This paper presents two new insurance risk models for analyzing the ruin
probabilities. Firstly, we restrict ourselves to the classical risk model contains heavy-
tailed distribution of individual net losses and changeable premium income rates.
Under certain technical assumptions, some asymptotic expansions and recursive for-
mulas are obtained for the ruin probabilities. In the second risk model, we assume
that the different classes of the portfolio business are dependent and compute the fi-
nite time ruin probability based on the discretization of the distribution function. We
present some numerical examples in the portfolio of business and show that the value
of ruin probability increases as dependence level increases. Moreover, the sensitivity of
the results are investigated with respect to the parameters of Weibull and Exponential
distributions.
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1 Introduction

Ruin theory is concerned with the excess of the income (with respect to a portfolio
of business) over the outgo, or claim paid and ruin probability is a main area in this
field. In the risk theory, work concerning the financial surplus of insurance companies
in continuous time has been proceeding for nearly a century. The evaluation of ruin
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probabilities strongly depends on the distribution of the claim amounts. In its simplest
form, when certain events occur, an insurance contract will provide the policyholder
the right to claim all or a portion of the loss. In exchange for this entitlement, the
policyholder pays a specified amount called the premium and the insurer is obligated
to honor its promises when they come due. In order to ensure that they will be able
to pay its promised obligations, the insurance company sets aside amount called the
reserve or surplus from which they can draw from when claims are due.

Discrete-time risk models themselves are also interesting stochastic models both in
theory and in application, and some continuous time risk models can be approximated
by discrete-time risk models. See, for example, Asmussen (2010) and references therein.
Cai (2002) considered a dependent model for rates of interest, in which the rates are
assumed to have an AR(1) structure. As for asymptotic formulas for ruin probabilities
in risk model, Tang and Tsitsiashvili (2003) derived asymptotic formulas for the finite
time ruin probability when the interest rates are independent and identically distributed
(ii.d.) random variables and loss distribution is heavy-tailed. Cai and Dickson (2004)
computed the finite and infinite time ruin probabilities in a discrete-time model with
a Markov chain interest model. Chen and Su (2004) obtained a precise asymptotic
estimate for the finite time ruin probability in a discrete-time risk model, in which the
risk model is assumed to be heavy-tailed distribution.

However, such an independent assumption was proposed mainly for the mathe-
matical tractability rather than the practical relevance. Therefore, in recent years, more
and more researchers have started to improve the model through introducing suitable
dependence structures between the insurance risk and the financial risk. Chen (2011)
computed the finite time ruin probability with dependent insurance and financial risks
in a risk model. Yang et al. (2012) considered the discrete-time risk model with
insurance risk and financial risk in some dependence structures to compute the ruin
probabilities. Yang et al. (2014) derived a precise asymptotic formula for the ruin
probabilities in an insurance risk model that both insurance risk and financial risk
are taken into account. Sun and Wei (2014) considered a dependent insurance risk
model in which the insurer makes both risk free and risky investments and obtained
the ruin probabilities. Yang and Konstantinides (2012) derived the precise estimates
for ruin probabilities in a discrete-time insurance risk model with dependent financial
and insurance risks under the assumption that the distribution of insurance risk within
one time period is consistently varying-tailed. Liu and Wang (2016) computed the
ruin probabilities of a discrete-time risk model with dependent insurance and financial
risks. Liu etal. (2018a) computed the finite time ruin probability of a discrete-time risk
model with GARCH discounted factors and dependent risks when the common dis-
tribution of claim sizes is heavy-tailed distribution. Liu et al. (2018b) obtained some
asymptotic estimates for the ruin probabilities of the discrete-time risk model with
dependent claim sizes and dependent relation between insurance risks and financial
risks.

Jig et al. (2020) considered a discrete-time risk model with dependence structures
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and computed the asymptotic estimates for finite time ruin probability with CMC sim-
ulations. Santana and Rincén (2020) obtained the approximations of ruin probability
in a discrete-time risk model. Pachon et al. (2021) investigated the discrete-time risk
model to show the relationships with respect to the continuous time case. Nakade and
Karim (2022) obtained the equilibrium equations on steady-state probability in the
discrete-time Markov process. Bazyari (2022a) derived a recursive expression for the
finite time ruin probability in a generalized dual Binomial risk model where the peri-
odic premium is one. Bazyari (2022b) derived the ruin probabilities in a discrete-time
risk process with homogeneous markov chain and presented some numerical illustra-
tions for the results. Bazyari (2023a) studied the discrete-time risk process with capital
injections and reinsurance to compute the ruin probabilities.

In the present paper, our motivation is to find the more general recursive formulas
for ruin probabilities and we do this by considering the asymptotically independent
property of insurance risk random variables and their density functions. We consider
two constructions of risk models and study the ruin probabilities in these risk models
with assumption of asymptotically independent and dependent classes between the
claim amounts of insurance risks. In the first model, we assume that the individual
net losses belong to a heavy-tailed class of distributions and in the second model the
discrete-time risk model with correlated classes of business is examined.

The remainder of this paper is organized as follows. Section 2 is concerned with
structure of models. Moreover, we give some definitions on heavy-tailed distributions
and the results on the aggregation of dependent random variables. Section 3 deals with
the main theorem and some lemmas for computing the asymptotic ruin probabilities
for the first risk model. In Section 4, we present the proof of main theorem. Also, two
real examples are given to compute the numerical asymptotic ruin probabilities. In
Section 5, we compute the finite time ruin probability and study two dependent class
models in the portfolio of business. In addition, we give the numerical examples for
different statistical distributions to obtain the ruin probabilities. Finally, conclusion is
given in Section 6.

2 Structure of Models: Description and Notations

a) Let u be a positive real number, {U,,n = 1,2, ...} be a sequence of random variables
and {r, > 0,n = 1,2,...} be a sequence non-negative real numbers. Consider the
following insurance risk process:

Up=u, U;=Uq(rm+)—X, n=12,... @2.1)

In the context of insurance risk modeling, U, stands for the insurance company’s
surplus at the end of period 1, u represents the initial capital at time 0, r,,(> 0) denotes
the premium income rate during the n th year, and X,, denotes the net loss for the n th
year, which are calculated at theend of n,n = 1,2, .... Infact, X, captures the insurance
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risk, i.e., the total claim amount minus the total premium incomes, during period 7.

The risk model (2.1) is an extension of surplus process of the company which given
in Tang (2004), where he considered the constant (> 0) as a constant interest rate, but
in our paper we have considered it as a general flexible quantity which might change
every year.

Formally, the ruin probability within finite time horizon [0, n] is defined as

(u,n) = P( min U; < 0ftly = u),  ux0, (2.2)
and the infinite ruin probability and infinite time horizon is defined as
P(u) = P( min U; < 0JLlp = u),  ux0. (2.3)

We note that obviously ¢(u,n) < 1(u). However, the infinite time ruin probability
may be sometimes also relevant for the finite time case (see Bazyari (2023b) for more
details).

b) Another type of the risk process is presented. The individual model is a natural
construct for a life insurance portfolio or a pension fund. (At a given time, the insureds
of a portfolio and the pension fund’s members are well known.) Their characteristics,
sex, age, face amounts, etc., are also available as are good estimates of the needed bio-
metric functions (probability of death, etc.). However, there is an implicit assumption
underlying the use of an individual model in these contexts: the group is closed. Be-
ginning with an initial surplus u, when time is measured in discrete units, the process
is a discrete one and the surplus at the end of time period # is defined by

R,=u+cwn-S5,, (2.4)

where S, = ¥,;_; Y is the aggregate claims constitute a compound Poisson process, ¢ is
the annual premium income constant over each period and Y, k = 1,2, ..., n represents
the claim amount in period k, which is a sequence of independent and identically
distributed (i.i.d.) random variables with E(Yy) — uy < c. The probability distribution
and density function of random variable Yy, k = 1,2,...,n, are denoted by F(y) and

f(y), respectively.

We can rewrite the process (2.4) as follows:
Ri=u+(c-Y)+(c—-Y)+ -+ (c—Yy). (2.5)

Let T be the time of ruin defined as T = inf{n : R,, < 0}. If R,, > 0, then T = oo for all
k=1,2,.... Formally, the ruin probability within finite time horizon [0, n] is defined as

Y'(u,1,n) = P(T <n|Ry = u), u>0,

where Ry = u stands for the insurance company’s surplus at time n = 0. Also, the
infinite ruin probability and infinite time horizon is defined as

¢ =P(T<oolRy=u),  u>0.
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Note that, the finite and infinite time horizon non-ruin probabilities are given by
¢'(u,1,n) =1-9"(u,1,n) and ¢’ (1) = 1 — 1)’ (u), respectively. Given equation (2.5), we
have

¢’ (u,1,1) P(Ry 2 0,Ry20,...,R, 2 0)

= (Y1su+c,Y1+Y2§u+2c,...,Y1+Y2+---+Yn§u+nc).

A closed formula for computing the finite time ruin probability will be given in Section
5.

21 Ruin probabilities

We will obtain the asymptotic analysis results for finite and infinite ruin probabilities
when it is assumed to incorporate dependence between the individual net losses.
Consider the surplus process given in equation (2.1), we get that

Up=u, Uy =ull_ 1(rk+1)—Zkal i), n=12,..,
k=1

forallu > 0. Therefore, we can rewrite equations (2.2) and (2.3) based on the discounted
values of the surplus process as

1 1
(gun Hk o+ 1)U < 0) &iﬁz XkH olri+ 1) > u) (2.6)

P(u,n) = P(

and

W) = ( min TTi_o(r +1)7'U; < 0) = P( max Zxkr[] D> ), @7)

0<i<oo

which we assume that Xy = 0 and rp = 0. The computation of equations (2.6) and (2.7)
will be given in Section 3.

2.2 Preliminaries and some Definitions

The given definitions in this section will be sufficient to gain an overview of the work
in this paper and to understand the motivation behind the definitions. As such we
shall restrict ourselves in this section to considering non-negative random variables,
with distribution function F supported on the positive real axis [0, c0). In this paper, we
suppose that X1, X, ... form a sequence of identically distributed random variables,
upper tail independent with generic random variable X and heavy-tailed common
distribution F(x), for which
F(=x)

li = =0, 2.8
xglc;lo F(x) ( )
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where F(x) = 1 — F(x). For random variable X, the distribution function satisfying
F(x) > 0 for all x € (—o0, ) is called heavy-tailed to the right, or simply heavy-tailed,
if E(eTX) = fooo e™F(dx) = oo for all 7 > 0. Hereafter, all limit relationships hold
for x tending to co unless otherwise stated. For two positive functions A(.) and B(.), if
limsup,_, % <1, wewrite A(x) <~ B(x), if lim infy_,c % > 1, wewrite A(x) >~ B(x),
if both, A(x) ~ B(x) and lim inf,_,c, ’% <limsup,_, % < 00, we write A(x) ~ B(x).
In the risk theory, heavy-tailed distributions are often used to model large claim
amounts and they play a key role in insurance and finance. We will restrict the insurance

risk distribution to some classes of heavy-tailed distributions.

Definition 2.1. A distribution F(x) on (0, o) belongs to the long-tailed class L if for
some y > 0,
E(x —
lim =W g
X—00 F(x)
One easily sees that, for every distribution F(x) € L, there is a function a(.) such that
a(.) : [0,00) — [0, ) and the followings hold simultaneously

a(x) — oo, a(x) = o(x), F(x F a(x)) ~ F(x), (2.9)

where o(x) is a symbol for a function of x that grows slowly than x, x — oo, i.e.

limy_eo — = 0.

Definition 2.2. The distribution function F(x) on (0, o) belongs to the subexponential
class S if and only if for somen =2,3,,...,

_
lim F_ *) =n
= F)

where F* denotes the n—fold convolution of function F. Subexponential distribution
functions are of interest in the theory of branching processes, and in queueing theory;
see for example, Pakes (1975) and Teugels (1975). Also, a distribution function K on
(=00, 00) is still said to be subexponential if K(x)Ip<yx<w) is subexponential, where 14
denotes the indicator function of A.

Definition 2.3. (Embrechts et al. (1997)). The distribution function F(x) on the real
number belongs to the dominatedly varying-tailed class V if F(x) = 1 — F(x) and for
some(0<y<1,

lim sup F(xy)
xX—00 F (x)

Clearly, if F(x) € V, then for every y > 0, we have

F F
0 < lim inf _(xy) < lim sup _(xy)
1= F(x) x—o00 F(X)

< oo (2.10)



Ruin Probabilities for Two Risk Models 171

Definition 2.4. (Embrechts et al. (1997)). The distribution function F(x) belongs to the
consistently varying-tailed class C if and only if

F F
lim lim inf _(xy) =1, or equivalently hm lim sup (xy)
y—1 xX—00 F(X) y—1 x—00 (X)
Definition 2.5. (Embrechts et al. (1997)). The distribution function F(x) on the real
number belongs to the regularly varying-tailed class R,, if for all x, F(x) > 0, and for all
y>0,

y P(xy) .
m
x—c0 F(x)

7

holds for some 0 < a < oo0.
Remark 1. If the distribution of random variable X belongs to class V N L, then for any
constant K, the distribution of random variable KX belongs to class V N L.

Let the distribution F(x) be concentrated on (—oo, 00), for any n > 0, we set

ot = tim inf 20, Fa() = im sup S0

and, in the terminology of Bingham et al. (1987), we define two notations Jf and
J; as the upper and lower index of the non-negative and nondecreasing function

@) = (Fo) x=0,

log F1(n) log Fa(n)

] F— = lim ] F — lim

= log(n) = log(n)
Moreover, we call the notation J£ as the upper/lower index of F(x). From Tang and
Tsitsiashvili (2004), if for some a, such that 0 < a < o0, F € R, then ]l':—* = a; if for some
aand fwith0<a<pB<oo,thena<]Jf<]r <Bandif FEV,then0 < Jf <7 < oco.
For any distribution F(x) with 0 < J; < o0 and 0 < & < ], from Proposition 2.2.1 given
in Bingham et al. (1987), there are positive constants r and x( such that

F(xy) —h
T <ry™, (2.11)

holds for all xy > x > xo.

2.3 Dependence Structure Between the Insurance Risks

We next introduce the dependence between the insurance risks via some restrictions
on their copula function.

Theorem 2.1. (Sklar’s theorem). Let Fx, x,(x1,x2) be the joint distribution function of two
random variables Xy and X, with marginal distribution functions Fx, (x1) and Fx,(x2). Then
the dependence structure of two random variables X1 and X is determined by a bivariate copula
function C, such that

Fx, x,(x1,%2) = C(FX1 (xl),sz(xz))-
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(See Nelsen (2006) to prove this theorem). The copula function links the marginal
distributions together to form the joint distribution. In fact, the Sklar’s theorem allows
us to separate the modelling of the marginal distributions Fx, (x1) and Fx,(x2) from the
dependence structure, which expressed in C.

Definition 2.6. (Tail dependence). Let X = (X, X») be a two dimensional continuous
random vector. We say X is bivariate upper tail dependent if:

1 -1 -1
Au_vgﬁgixl>F&QMXZ>F&@»>0,

in case the limit exists. The notatons FIl and F; 1 denote the generalized inverse
distribution functions of X; and X», respectively. Consequently, we say X is bivariate
upper tail independent if Ay equals to 0.

The following representation shows that tail dependence is a copula property. Thus,
many copula features transfer to the tail dependence coefficient such as the invariance
under strictly increasing transformations of the margins. For the continuous random
variable X = (Xj, X), straightforward calculation yields:

1-2 C(v,
Ay = lim L2 Cwy)
v—1-1 1-v

7

where C is a bivariate copula function (see Joe (1997) for more information).

Based on Resnick (2002), the asymptotic independence of two random variables
Xy and X; is equivalent to the following

dm>n&>@
li -
e P(X; > %)

(2.12)

In general, for the identically distributed random variables {X;,i > 1}, and for any i # j
and j > 1, if
P(X; > x, X; > x)

lim ey il (2.13)

then we say {X;,i > 1} is asymptotically independent.

Assumption 2.1. Let X3, X», ..., X, be n dependent random variables with distri-
butions Fy, Fy, ..., Fy, respectively. We assume that

lim P(Xl' > xi,X]- > x])

=0,
XjAXj—00 P(X] > X])

where x; A x; = min{X;, X;}.
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2.4 Some Results on the Aggregation of Dependent Random Variables

For a random variable Y, Py(t) = E(Y!), My(t) = E(") and ¢(t) = E(e"') denote
the probability generating function, moment generating function and characteristic
function, respectively. Then, for random variables Y1, Y5, ..., Yk, we have

Yq,Y Y,

PYl,Yz,.‘.,Yk(tll t2/ ceey tk) E(tl 1t22 oo tkk)/
F Y1+ Yo+ +1 Y, t Lt 5

My, y,, . v.(ti,t2, ... ty) = E(€1 T2 ot k) =Py, v, v (e, €7, ... e%),

_ (1 Y1+t Yo+ +1Y] _ ity it it
QYL (Bt t) = E(e(l rriz Tk k)) =Py, v,y (", e?, ..., e%).

Now, for k random variables Y7,Y5,..., Y, if S = Y1 + Yo + - -+ + Y, then Pg(t), Ms(t)
and ¢s(t) are given as follow:

Ps(t) = E(t°) = E(1' 52 .../*) = Py, v, v, (Lt .., D),
Ms(t) = E(") = E(¢' ™2 *9) = My, v, v, (b t,...,1),
@s(t) = (") = E(e"0 2 0) = oy y, vt b).
By inverting ¢(t) using the Fast Fourier Transform method, the probability distribution

function of S can be obtained. (see Embrechts et al. (1993) for the application of Fast
Fourier Transform method in insurance mathematics).

Forii.d random variables Y71, Y>,..., YN, let S=Y; + Yy +--- + Yy, then

ps(t) = E(e) = E(E(10 10N = E(((Ps(t))N) = Pu(pv(t) (2.14)

This result can be extended to the multivariate case. Let S = S + §@ + ... + 5 and
sW, j=1,2,...,m, be the random sum of NO iid. random variables Y]((]), k=1,2,...,

ie SO = Zsz(Jl) Y]((j ). If the random variables Y]({j ), j=1,2,...,m, be dependent, then

Psm 5@ sm(t,t, ... 1) = PN(I),N(Z) N (@ya (t), (py(Z)(tz), e Py (tm)), (2.15)

..........

and

Ps(t) = psw s, so ... 1), (2.16)

3 Results for First Model

In this section, we present the main theorem and some lemmas associated with com-
puting the asymptotic ruin probabilities with asymptotic independence of individual
net losses. The proof of theorem will be given in Section 4.

Theorem 3.1. Let the individual net losses X;,i = 1,2, ..., be identically distributed as generic
distribution function F(x) belongs to class V N L such that | > 0. Using equations (2.8) and
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(2.13), we have
i) The asymptotic finite time ruin probability is given by

Y(u,n) ~ P(Zn: XTI i+ 1) > u)
k=1

~ P Zn: Xl T (i + 1) > u)

k=1
n

~ P(X I (i + 1)7" > ), (3.1)
k=1

where X* = Xlys0).

ii) If for ri, k = 1,2, ..., s = (1 + 1)k and for some C, 0 < C < ]—F, the conditions

1+/¢
Y i+ ) < oo, Y st <o, (3.2)
k=1 k=1
hold, then the asymptotic infinite time ruin probability is given by
P ~ P XTI i+ )7 > u)
k=1
n
~ Y P(XIT (i + 17! > ). (3.3)
k=1

Proof. To prove this theorem, we first give the following lemmas.

Lemma 3.1. Suppose that Fq(x) and Fy(x) are two distribution functions concentrated on
(=00, 00). Consider the convolution of these distribution functions on (—oco,c0) and let F(x) =
Fy % Fa(x). If F1(x) € S and Fy(x) <~ cF1(x) for some ¢ > 0, then F(x) <~ (1 + ¢)F1(x).

Proof. See Lemma 4.4 of Tang (2004). m]

Lemma 3.2. Let {X;,i > 1} be a sequence of non-negative random variables with distribution
functions Fi(x) e VN L, i=1,2,.... If Assumption 2.1 holds, then

Fi*---xF,(x) e VN L,

and for any fixed integer n > 1, we have

P(Z X; > u)~ Y P(X; > u) (3.4)
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Proof. To prove the first part, combine the Lemma 4.2 of Ng et al. (2002) and Lemma
1 of Geluk (2004). First, we prove equation (3.4) for two random variables X; and X»
with distribution functions F;(x) and F;(x), respectively. By Assumption 2.1, we have

P(Xy + X > x) 2 Fy(x) + Fa(x) - P(X1 > x,Xp > x) ~ Fy(x) + Fa(x).

On the other hand, recalling the function a(.) in Section 2, by using equations (2.9) and
(2.10) and Assumption 2.1, we have

M&+&>ggﬁw—mm+5uﬂm»+-M&>mm&>g)
+ P(X1 > ;,Xz > a(x))
~ Fi(x) + Fa(x),
therefore, equation (3.4) is proved for two random variables. Now, to prove Equation

(3.4) for a sequence of non-negative random variables {X;, i > 1}, we can apply the same
method. m|

Lemma 3.3. Let {X;,i > 1} be identically distributed as a generic distribution function F €
VN L, such that [ > 0. If equation (4.7) of Tang (2004) holds, then we have

o P(X2, XA (i +1)7" > u)
lim lim sup =0, (3.5)
n—00 X—>00 P(Xl(rl + 1)—1 > Ll)

and

. . Z;:;n P(ani'(zl(ri + 1)_1 > u)
lim lim sup =0. (3.6)
=60 x>0 P(Xy(r +1)7 > u)

Proof. To prove this lemma, choose h; such that h; € (C, 1- ]%) Hence by condition
F

(3.2), it holds that },7 SZI < oo, for all large n such that

(o]

Zszl <1, and 51521_1 >1 forallk>n.

k=n

Then using the above inequalities and well-known Boole’s inequality, we have

(Y sxi>u) < (Y sxt> Y )
k=n k=n k=n
< P( Uz, (st]:r > szlu))

IA

i P(st,:r > slsgl_lu), (3.7)
k=n
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since Y-, Si o< 1, so that by multiplying u on both sides of the inequality, we get
Yo, leu < u, then for the flrstmequahtyP( Lo SKX > u) < P( Then sk X > X2, sk )

Also we choose i1 > 0 such that ki, € (ﬁ, ];). Using equation (2.11) with & = h; to
the right hand side of equation (3.7), for all large x > 0, we have

ZP st+ > sls <A Z sls 51X1 > u). (3.8
k=n k=n

—h
Since the inequality (1 — h1)h, > C holds, then by condition (3.2), Y2, (51521_1) ? < oo,

Therefore, the inequalities (3.7) and (3.8) give the relation (3.5).

On the other hand, it is clear that for all x > 0, 0 < s; < 1 and all n such that k > n,
we have the inequality:

P(Zstk > u ZP 51X+ > sls 1u).
k=n k=n
The relation (3.6) is a consequence of inequality (3.8) and the convergence of the series
~h
Yoy (5151’:1‘1) * and this completes the proof. m]

4 Proof of Theorem 3.1.

i) We know that {r, > 0,n =1,2,...}, then for n > 1, the inequality

n
Zxknle(nﬂ) < maxZXH] (4 1) ZX+ e (r+ 1),
k=1

1<k<n

holds. Thus, to prove the given asymptotic finite time ruin probability in equation
(3.1), we should prove that, for n > 1, the two following relations

P( Z XU (r + 1) > u) ~ Z P(XITE (i + 1) > ), 4.1)
= k=1
and
Zxkn L) > ) > y P(XIT (i + 1)1 > u), (4.2)
k=1

hold. It is clear that for u > 0 and k > 1, the equality

P(X{TIE (ri + 1) > u) = P(X(ITE (1 + 1) > ), (4.3)
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holds. Using equation (4.3) and Lemma 3.2, the approximation (4.1) holds.

Now, we prove the relation (4.2). By equation (4.9) of Tang (2004), it is clear that
F € L. Thus there exists a function g, such that g(1) — co and the following relation
holds

P(XIT (i + 1) >+ g(w)) ~ P(XITE (1 + 1)7 > u).

It Dy = 1_[7.‘: (r; + 1)71, then we have the following inequality

n

Zxknl (i) > u) > Y P Zxknl L+ 17 > 1, XDy > u o+ g(u))

k=1 k=1 k=1
- Z P(Xl-DZ- >u+g(u), X;Dj>u+ g(u)).

1<i<j<n

From equations (2.8) and (2.13) we have

Z P(Xl-Di >u+ g(u), XiDj>u+ g(u)) = 0( F(i))'

1<ij<n = Dk
and
n n n
POY XTI i+ 17 > 1, XDy > u+ gw)) > Y P(XeDx >+ g(u))
k=1 k=1 k=1
U+ g(u)
(2 F—p )
k=1 Dx
n
~ ) P(XIT (i + 1) > ),
k=1
Therefore, this completes the proof of the relation (4.2). O

ii) We will prove the given asymptotic infinite time ruin probability in equation
(3.3). To prove this part, it is enough to show that

P(u) ~ i P(XITE (i + 1)7" > ),

k=1

and
ZX+H1 L+ 1) > ) ZP Xl T (i +1)7 > ).
k=1

By Lemma 3.3, for any 0 < € < 1, there are some 1 = ug(€), and some t = t(e) = 1,2,...
such that for all u > up(1 + r1) and all n > ¢, the two following inequalities hold:

p(i X (i + 1) > u) < eP(Xa(r + 17! > u),
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and

P(i XTI (i + 1) > u) <eP(Xa(ry +1)7 > u).
k=n

Applying the first part of Theorem 3.1 to 1(u,n) with t = t(e) and u > ug, then with
considering attention to the inequality

n n
max Z Xkl_lle(ri +1)7! > max Z Xkﬂle(ri +1)71,
k=1 k=1

1<n<oo 1<n<t

we have
) > P,n) > (1- e)(i P(XITE (i + 1) > ) - i P(X T (i + 1) > u))
k=1 k=t+1
> (1-e) i P(XITE (i + 1)7" > ). (4.4)

=~
I

1

Also, using Lemma 3.1, we have the inequality

) < P(iX;Hle(ri +1)7! > u)
k=1

n

< (+eP( ) X (i + 1) > u)
k=1
< (1+e)? ZH" P(XIT (i + 1) > u)
k=1
< (1+e¢)? i P(X I (i + 1) > ), (4.5)
k=1

therefore, by equations (4.4) and (4.5), the relation (3.3) holds for any arbitrary € > 0.

4.1 Examples

In this subsection, we give two real examples for the Danish fire insurance and Swedish
fire insurance and compute the value of asymptotic ruin probabilities for different
values of the premium income rates and initial capitals (in Euro currency).

Examples 4.1. (Embrechts et al. (1997)). The sample consists of 500 large claims from
1st January 1980 till 31st December 1990. The unit is millions of Danish Kroner (1985
prices). The goodness of fit test is done on the data at significance level & = 0.05. The
p — value = 0.2891 for the goodness of fit test is reported. The result indicates evidence
for the null hypothesis that the date comes from Pareto distribution. Moreover, the
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histogram (some claims are far out) and the mean residual life function (which is
clearly increasing) in Figure 1 indicate that the distribution function is heavy-tailed.
Most likely the larger claims follow a Pareto distribution. The empirical mean residual
life function is first decreasing and after that linearly increasing. We consider the
linear trend r; = 299 + 10i,i = 1,2,3,..., for the premium income rate for computing
the ruin probabilities using (3.1) and (3.3). After estimating the parameters of Pareto
distribution with maximum likelihood method, the asymptotic ruin probabilities are
computed and the results are given in Tables 1 and 2, respectively.

50 100 150 200 250 20 40 60 80 100 120 140

Figure 1: The histogram and the mean residual life function

Table 1: The asymptotic finite time ruin probabilities (1, n)
n 3 5 7 10 5 8 20 25 30
u
0 0375 0426 0495 0528 0580 0614 0643 0677 0.694
20000 0346 0382 0435 0476 0505 0530 0560 0588  0.607
30000 0283 0323 0377 0407 0445 0481 0502 0521 0538
50000 0262 0306 0354 0380 0422 0446 0463 0480 0495
70000 0244 0275 0311 0358 038 0404 0425 0439 0448
100000 0229 0267 0294 0325 0351 0371 0391 0418 0429
150000 0218 0234 0270 0310 0336 0357 0369 0.383  0.395

Table 2: The asymptotic infinite time ruin probabilities with 4 = 1000
u 0 20d 30d 50d 70d 100d 1504 200d 3004

Ppw) 0720 0.631 0576 0533 0470 0456 0427 0.402 0.388

From these two tables, we result that with decreasing the initial surplus, the ruin
probability will be increased. Also, for each value of initial surplus with increasing the
time, the ruin probability will be increased. We conclude that the insurance company
should be more careful when the heavy-tailed claims accrue in the risk model.

Examples 4.2. (Asmussen (2010)). The sample consists of 218 claims for 1982 in
units of Millions of Swedish kroner. The goodness of fit test is done on the data
at significance level « = 0.05. The p — value = 0.6325 for the goodness of fit test is
reported. The result indicates evidence for the null hypothesis that the date comes
from Lognormal distribution. Also, the histogram (some claims are far out) and the
mean residual life function (which is clearly increasing) in Figure 2 indicate that the
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distribution function is heavy-tailed. The empirical mean residual life function is first
decreasing and after that linearly increasing and this indicates the larger claims follow
a Lognormal distribution. Similar to Example 1, we consider the linear trend r; = 299 +
104,i = 1,2,3, ..., for the premium income rate for computing the ruin probabilities.
After estimating the parameters of Lognormal distribution with maximum likelihood
method, the asymptotic ruin probabilities are computed and the results are given in
Tables 3 and 4, respectively.

Figure 2: The histogram and the mean residual life function

Table 3: The asymptotic finite time ruin probabilities y(u, n)
n 3 5 7 10 15 18 20 25 30
u
0 0415 0455 0491 0538 059 0621 0633 0751 0.768
20000 0.355 0374 0422 0461 0493 0525 0541 0570 0.595
30000 0310 0343 0381 0412 0457 0474 0497 0542 0578
50000 0.276 0305 0.345 0378 0.406 0427 0443 0471 0.499
70000 0242 0296 0318 0341 0370 0395 0418 0442 0.490
100000 0.215 0250 0.234 0257 0291 0.330 0352 0.383 0.416
150000 0.184 0.216 0.239 0.258 0.281 0.307 0.319 0341 0.372

Table 4: The asymptotic infinite time ruin probabilities with d = 1000
w 0 204 30d 504 704 1004 1504 2004 3004

Ppw) 0794 0.624 0593 0530 0.524 0448 0407 0387 0.364

Similar to Example 1, since the Lognormal distribution is a subclass of heavy-tailed
distributions, therefore these claims are also dangerous for the insurance company.

5 Ruin probability for Second Insurance Risk Model

In this section, we give a formula for computing the finite time ruin probability of second
risk model and present two dependent class models in the portfolio of business.

Theorem 5.1. Suppose that Yy, k =1,2,...,n, be a sequence of i.i.d. random variables. Then
the finite time non-ruin probability is

Uu+c
¢'(u,1,n) = f go’(u +c-y1,n- 1)dFy(]/). (5.1)
0
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Proof. From the probability theory, we have

u+c
(P/(u/ 1, n) = f (P/(u +c—- y, 2, n)dFY(y),
0
where
@ @Lm)=P(Yy<q+cYi+ Y <q+2,..., Y1+ Y+ + Y, S q+cin—1)).

Since Yy, k = 1,2,...,n, are a sequence of i.i.d. random variables, then ¢’(g,2,1n) =
¢’(g,1,n — 1) and this completes the proof. m]

From equation (5.1) the computation of non-ruin is not easy. To compute the
approximation of ¢’(g, 1, ), an algorithm in Theorem 5.2 is presented. In this algorithm
the discretization of the distribution function Fy is used. Discretization methods are
given in Toth and Houtte (1992), Klugman et al. (1998) and Campos (2014).

Let Fy be the discretization distribution function derived by one of these methods
and Y be the discrete random variable. If P(Y = d) = fa,d=0,1,...,M, then

d
Fyd)=P(T =d)=)" f;
=0

where f] is the mass probability.

Let the constant integers p and k denote the premium income and initial surplus
respectively, and the surplus process takes only integer values. Also the notations ¢, | |
and ¢; , =~ denote the finite time ruin and finite time non-ruin probabilities computed
using the discretization of the distribution function Fy over the interval [1, n].

Theorem 5.2. For constant integers p, j and k, the finite time non-ruin probability can be
calculated from the following recursive formula

min(k+p,M)
P = Z Phepitnrfir n=2,3,..., (5.2)
j=0
where
min(k+p,M)
qo;(,lll = Fmin(k+p,M) = ﬁ/ n= 2/ 3/ sy (5'3)
j=0

Proof. The proof of this theorem comes from Theorem 5.1. a

Using the Fast Fourier Transform method, an approximation for the discretiza-
tion distribution function Fy will be obtained. The computed function Fy is used in
equations (5.2) and (5.3) for the estimation of the non-ruin probability.
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5.1 Two Dependent Class Models in the Portfolio of Business

In this section, the Poisson model and Negative Binomial model with common compo-
nent and dependent class in the portfolio of business are considered. In these models,
it is assumed that the structure of the models is consisted of m dependent classes of
business and the total claim amount of business in period i,i = 1,2, ..., is given by

Yi=Yin+ Yo+ +Yim,

where Y; ; denotes the total claim amounts for the jth class of business in the period i
and for any i # v, Y; and Y, are i.i.d. For a fixed period i,i = 1,2, ..., different classes
of business are assumed to be dependent. For the class of business j,j =1,2,...,m, in
the period i, the notations Y; jx and N; ; denote the kth individual claim and number of
claims, respectively. Then Y;; = ZkN:li Yi k- For j fixed, with Fy;(0) = 0, denotes the
common distribution function of i.i.d. random variables Yiik i,k=12,..,N;j. We
denote by Y() a random variable with distribution function Fy)(y). The nth moment
of Fy()(y) is denoted by y,(f) with [ngj) = u.

Also for j fixed, N;,i = 1,2,..., are identically distributed random variables and
denoted by N) a random variable with their distribution function. Similarly, for j
fixed, Y;;,i=1,2,..., are identically distributed random variables and denotes by YO0
a random variable with this distribution function. It is supposed that NU) and Y/ are
independent random variables. For the class of business, for j fixed with positive risk
margin y; and any period i,i = 1,2,..., the premium income is

¢j = E(Y'D)1 +y)) = uWE(ND) +y)), i=12,...,m.

Therefore, the premium income for the business in the period i,i = 1,2,...,is ¢ =
c1+c+ -ty

5.2 Poisson Distribution with Dependent Classes

In this subsection, Poisson distribution with m dependent classes of business is con-
sidered. Suppose that for any fixed period i,i = 1,2, ..., the random variables N; 1, N;»
and N; 3 are identically distributed and define N M, j=1,2,3, as follows:

ND = NOD 4 N(2) 4 NO3) 4 N(23)
N@ = N@ 4 NO2) ; N@) 4 N(23)
N©® = NG 4 NO3) 4 N@) 4 N(23)

wherefora, b = 1,2, 3, the random variables N and N(123) are distributed as Poisson(Ay)
and Poisson(A123), respectively. Now, since the distribution of sum of n independent
Poisson random variables Y1,Y>,...,Y, with parameters A1, Ay, ..., A, respectively, is
distributed as Poisson distribution with parameter };_; A;, then we get that the random



Ruin Probabilities for Two Risk Models 183

variable N¥,p = 1,2, 3, is distributed as Poisson distribution with parameter A, where
for any fixed p, the parameters A1, 1> and A3 are defined by

A= A1+ A + Agz + Aog,
Ap = Ap + A2 + Aoz + Aoz,
Az = Azz + A1z + Aoz + Aqos.

Also, for any a # b the covariance between two random variables N®@ and N® is
defined by

Cov(N(”),N(b)) = Var(N(“b)) + Var(N(m)).

The joint probability generating function of random variables (N M, N@ N (3)) is

(N(n) RNEINGE) +N(123)) (N(zz) +NUDNE) +N(123)) (N(33) +ND) L NE@3) +N(lzs))
Py no no (F1, E2, £3) E(tl t, ts

{H?:1 E(t?ﬂjj) )}E((h tz)N(H) )E((tl tB)N(B) )E((tzta)N(ZS) )E((t1 tztg)N(lza))

3
exp ( Z(/\]]t] - 1)) + exp ( Z(tjtk - 1)) + exp (Alzg(t1t2t3 - 1))
j=1

j<k

Given equation (2.15), the characteristic function of random variables (Y(l), Y@, Y(3)) is

Py ne Ne) (<Py<1> (t1), pye(t2), Pye) (t3))
exp (A1 + A2 + A3),

Py, v5(t, t2, £3)

where
3
Ay = Z Aii(pyo(t) — 1), Ay = Z )\jk((Pym )Py () — 1),
j=1 j<k
and
As = Ains(pyo (M) pye (R)pya (ts) — 1),

Using equations (2.14) and (5.4), we have

Py(t) = pyn yo yo(t t,t) = exp (AQUY(t) - 1), (54)
where Al = /\11 + /\22 + /\33 + /\12 + /\13 + /\23 + /\123, and
A A A A
py(t) = %@y(l)(t) + %@y@)(t) + %@y@)(t) + %@y(l)w(z)(t)

/\13 Azg A123
= PYe () + = Prowe (H) + L PYOr+yo ),
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where @y, z(t) = py(Dpz(D).

For correlated compound Poisson random variables YD, Y@ YO the random vari-
able Y = 21-3:1 Y® has a compound Poisson distribution, as for the independent case
mentioned in the Appendix, but with different parameter A and different claim size
characteristic function ¢y (t), which is associated to the distribution function

A A F33 Az

Fy(t) = TFya)(f) + TFW)(t) + TFy@)(f) * Fyayo(t)
A A
+%Fy(l)+Y(3) (t) + %F Yo yo () + %F Yo 1y@4ye (£,

with

_ Mgy An o) Fis o) A gy o
o= e SR s RO g (0 4 @)

+%(Hﬂ> )+ %(H(Z) ) %(#a) + 1@ 4 )

1
= X(Al{u(l) + /\ZIU(Z) + /\3[(1(3))

5.3 Negative Binomial Model with Common Component

For Poisson random variable, modelling the number of claims N means that the variance
Var(N) is equal to E(N). But from Panjer and Willmot (1992), sometimes in practice
may be the inequality Var(N) > E(N) establishes. The Negative Binomial distribution is
used to model claim numbers in such situations. For random variable N, the probability
function of Negative Binomial is

P(N = n) = (”;f;l)(o%rﬁ)“(o%ﬁ)” a,B>0, n=012,....

Besides, for Negative Binomial distribution, the probability generating function is
-
(1-pt-1) "

As similar to the Poisson distribution, we consider m dependent classes of business.
Assume that for the jth, j = 1,2,3, class of business the number of claim sizes is the
sum of two random variables. The notation NU? denotes for the first random variable,
which is specific to each class and is independent of the specific random variables of
the other classes. For any fixed i, the random variables N ), j=1,2,3, are independent.
The notation NU?9 denotes for the second random variable. It is assumed that, there is
a dependence structure between the second random variables of the different classes.

The random variables N9, j=1, 2( 3, are dependent and if the random variable ©
is distributed as Gamma(‘ao, 1), then NUO), j=1,2,3, are distributed as Poisson Gamma
mixture distribution N (10)|® = 0 ~ Poisson(6p ]-), where N (70)|® =0,j =123, are
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independent random variables. (See Kocherlakota and Kocherlakota, (1992), for more
details).

For any fixed j, j = 1,2, 3, the random variable N 0, is defined by
N = NUD 4+ NGO,

where the random variables NU) and NU9 are distributed as Negative Binomial dis-
tribution NB(«;j, #;) and NB(w, /), respectively. Therefore, the random variable N M,
j =1,2,3,isdistributed as Negative Binomial distribution NB(«;, ), where a; = ajj+ao.

The joint probability distribution function of random variables (N 10 NCO N (30)) is
as follows

E(E(tjl\](lo) tlz\](ZO) té\](SO)))
Me(Br(tr — 1) + Ba(t2 — 1) + Bs(ts — 1))
(1= 1t = 1)) = palta = 1) = Ba(ts = 1)) .

Prao neo neo (B, E2, E3)

Therefore, the probability generating function of (N M, N@, N (3)) is

(N<11>+N(10)) (N<22>+N(20>) (N<33>+N(30))
t t2 t3

Pyo o Nt 2, t3)

E(th(m))E(tSN(ZZ)))E(th(%)))E(tll\’mtlz\’mtg”)

e, (1-pjt;-1) P (t, o, t3)
j=1 J\*] N0 N0 NCGO\EL, E2, 13

. 3 —ap
r (1= ) (1= Y- )

Also, for any a # b, the covariance between two random variables N@ and NO is
defined by

Coo(N@,N®) = Cop(N@ + N, N 1 NCO)

COU(E(N(”0)|@), E(N(bo) ©)) + E(Cov(N(”O), N<b°>)|@)
BaPpVar(®) = aofaPy,

where NIO|® = 0, j =123, are independent random variables. The marginal dis-
tribution of random variable W\, j =1,2,3, is a compound Negative Binomial with

parameter a;, A; and Fyq). The characteristic function of WO is @wo (t) ans is obtained
as

-

(1 ~Bilexo(t) = 1))_aji(1 = Bilpxi(t)) — 1))
(1 - Bilpxan(t)) — 1))_aj,

Pwi ()
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By (2.15), the characteristic function (W(l), W@, W(3)) is given by

Py wo wo (t, t2, t3) Py yo no (@ym (t1), pye (B2), Pye (f3))

1_[?=1 (1 - ﬁj(@y(j)(tj) _ 1))—a/i
><(1 - .31(90y(1>(t1) - 1) - ﬁZ((Py(Z) (tp) — 1) _ ﬁ3(<Py<3>(t3) ~ 1))_

ap

Using equation (2.14), we have

pw(t) = pwo wo we (L, t). (5.5)

Taking inverse of equation (5.5) and using the Fast Fourier Transform method, the
probability distribution Fy of Y will be obtained.

5.4 The Approximation of Function Fy

In both models, the non-ruin probability can be computed using Fy, which is obtained
by the Fast Fourier Transform method applied to gw(t). First discretize the function

F g), j=1,2,...,m,to take their Fourier Transform (see for example, Panjer and Willmot
(1992)). These Fourier Transforms are inverted in either equation (5.4) or (5.5). The
obtained results are inverted with the Fast Fourier Transform method produces the
vector of mass probabilities defining the probability distribution function Fy. This
approximation of Fy is used in equations (5.2) and (5.3) in the computation of .

5.5 Numerical Examples

In this subsection, two examples having Poisson model and Negative Binomial model
with common component distributions with two class of business are presented. In
both examples, the random variables YW, j = 1,2,are distributed as Weibull distribution
and NU), j = 1,2, are distributed as Poisson and Negative Binomial distributions. For
n = 10, 20, the finite time ruin probabilities gb; L and moments of random variables are
computed.

Examples 5.1. In this example, we assume that the random variables YV and Y® are
distributed with Weibull(0.5,1,1.25) and Exponential(2.25) distributions, respectively.
Also, the random variables N©, j =1,2, are distributed as Poisson(4). The moments of
random variables Y, N® and Y°® are computed and the results are given in Table 5.
The values of covariances and correlations are given in Table 6. Also, the numerical
results for the finite time ruin probabilities are presented in Tables 7 and 8 with different
initial surplus.
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Table 5: The moment values of random variables Y®, N® and Y°®
Moment  First class of business  Second class of business

E(Y0) 1.125 1.125
E(Y©2) 2,531 2.531
E(N®) 4.00 4.00

Var(N®) 4.00 4.00

E(Y00) 4.50 4.50
Var(Y°0) 10.125 30.375

Table 6: The values of covariance and correlation
p(N(l),N(Z)) =0 p(N(l),N(z)) =0.25 p(N<1>,N<2>) =0.75

Ao 0 1.00 3.00
Coo(N®,N®) 0 1.00 3.00
Coo(YOM, Y0@) 0 1.265 3.796
p(Y°0, Y0@) 0 0.072 0216

Table 7: The finite time ruin probability ¢’(u, 1,10)
u_ ¢'(1,1,10,0) ¢’'(,1,10,025) ¢’(1,1,10,0.75)

0 0.7420 0.7821 0.8120

5 0.5031 0.5216 0.5633
10 0.3948 0.4250 0.4476
15 0.2851 0.2974 0.3204
20 0.2104 0.2592 0.2891
25 0.1569 0.1958 0.2570
30 0.0843 0.1435 0.2089
35 0.0472 0.0820 0.1225
40 0.0390 0.0561 0.0843
45 0.0285 0.0343 0.0460
50 0.0137 0.0205 0.0255
60 0.0085 0.0108 0.0174
70 0.0052 0.0067 0.0081
80 0.0031 0.0042 0.0065
90 0.0019 0.0023 0.0052
100 0.0007 0.0010 0.0021
110 0.0004 0.0006 0.0014
120 0.0002 0.0003 0.0008
130 0.0001 0.0001 0.0004
140 0.0000 0.0000 0.0002

150 0.0000 0.0000 0.0001
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Table 8: The finite time ruin probability ¢’'(u, 1,20)
u ¢'(,1,20,0)  9'(,1,20,025) 9’ (u,1,20,0.75)

0 0.6451 0.6791 0.7105

5 0.5620 0.5860 0.6229
10 0.5237 0.5387 0.5611
15 0.4486 0.4610 0.4945
20 0.3171 0.3400 0.4260
25 0.2709 0.2904 0.3827
30 0.2230 0.2515 0.2700
35 0.1384 0.1533 0.2267
40 0.0733 0.1206 0.1805
45 0.0305 0.0811 0.1352
50 0.0278 0.0450 0.0960
60 0.0104 0.0298 0.0437
70 0.0085 0.0100 0.0254
80 0.0025 0.0066 0.0081
90 0.0010 0.0023 0.0057
100 0.0007 0.0009 0.0021
110 0.0004 0.0006 0.0008
120 0.0002 0.0005 0.0007
130 0.0002 0.0003 0.0004
140 0.0000 0.0001 0.0002
150 0.0000 0.0000 0.0001

Examples 5.2. In this example, we assume that the random variables YD and Y@ are
distributed with Weibull(0.5,1,1.25) and Exponential(2.25) distributions, respectively,
and the random variables NO, j = 1,2, are distributed as Negative Binomial(1,4). The
moments of random variables Y?, N® and Y%® are computed and the results given
in Table 9. The values of covariances and correlations are given in Table 10. Also,
the numerical results for the finite time ruin probabilities are presented in Tables 11
and 12 with different initial surplus. It is clear that, in both models the value of ruin
probability increases as dependence level increases. This result is similar for ¢’ (u, 1, 10)
and ¢’ (u, 1,20). Also, the ruin probability decreases as the initial surplus increase.

Table 9: The moment values of random variables Y®, N® and Y°®
Moment  First class of business  Second class of business

E(Y®) 1.125 1.125
E(Y02) 2,531 2,531
E(N®) 4.00 4.00

Var(N® 20.00 20.00
E(y00) 450 450
Var(Y00) 28.125 48.375

Table 10: The values of covariance and correlation
p(N(l),N(z)) =0 p(N(l),N(z)) =025 p(N(l),N(Z)) =0.75

ao 0 0.3125 0.9375
Coo(N®, N®) 0 5.000 15.000
Coo( YoM, Y@ 0 6.328 18.984
p(YOW, yo@) 0 0.1716 0.5147
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Table 11: The finite time ruin probability 1)’ (u, 1, 10)
u ¢'(,1,10,0)  9'(1,1,10,025)  9'(u,1,10,0.75)

0 0.7803 0.7948 0.8125

5 0.6245 0.6502 0.6840
10 0.5902 0.6031 0.6192
15 0.5531 0.5619 0.5955
20 0.4694 0.4820 0.5303
25 0.3900 0.4106 0.4211
30 0.2821 0.3492 0.3509
35 0.2305 0.2701 0.3155
40 0.1558 0.2353 0.2908
45 0.0736 0.1944 0.2330
50 0.0354 0.1200 0.2041
60 0.0267 0.0871 0.1725
70 0.0113 0.0329 0.1288
80 0.0067 0.0176 0.0650
90 0.0033 0.0094 0.0361
100 0.0020 0.0053 0.0097
110 0.0008 0.0022 0.0063
120 0.0006 0.0010 0.0045
130 0.0004 0.0008 0.0021
140 0.0002 0.0005 0.0007
150 0.0001 0.0002 0.0004

Table 12: The finite time ruin probability 1" (u, 1,20)
U y'(,1,20,00  ¢'(,1,20,025 ¢'(1,1,20,0.75)

0 0.6925 0.7212 0.7302

5 0.6431 0.6504 0.6640
10 0.6042 0.5601 0.5812
15 0.5884 0.5530 0.5681
20 0.5239 0.5319 0.5490
25 0.4740 0.4900 0.5007
30 0.3115 0.4377 0.4423
35 0.2968 0.3645 0.3815
40 0.2471 0.2816 0.3130
45 0.2093 0.2017 0.2495
50 0.1745 0.1854 0.2001
60 0.0762 0.1205 0.1476
70 0.0253 0.0891 0.1254
80 0.0104 0.0575 0.0715
90 0.0082 0.0288 0.0433
100 0.0054 0.0094 0.0120
110 0.0021 0.0075 0.0082
120 0.0009 0.0021 0.0045
130 0.0006 0.0008 0.0016
140 0.0005 0.0006 0.0007
150 0.0003 0.0005 0.0006

5.6 Sensitivity of the Results with Respect to the Parameters

In this subsection, special consideration is given to the finite time ruin probability within
the parameter of distributions. The sensitivity of the obtained results in Examples 3
and 4 are investigated with respect to the parameters of Weibull and Exponential
distributions. Firstly, in Example 3 for Weibull distribution with the second parameter
k = 1.125and Y® distributed as Exponential(2.25), we suppose that the first parameter of
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Weibull distribution, 6, takes the values 0.025,0.05,0.1,0.2,0.5,1,2,3,4,10, 15, 20, then
the finite time ruin probabilities are computed and results are presented in Table 13. The
results show that the finite time ruin probabilities increase as parameter 0, increases.
The Graph of ruin probabilities are shown in Figure 3 for some of the parameters. The
similar results will be held for any constant k and also we get the similar results for
Example 4 when we apply the above changes.

The sensitivity of the results is quite evident with respect to the parameter of Expo-
nential distribution. In this case, when the random variables YV and Y@ are distributed
with Weibull(0.5,1,1.125) and Exponential(n), n = 0.025,0.5,0.1,1.5,2.25, 3, 5,10 distribu-
tions, respectively, the values of finite time ruin probabilities are computed and results
are presented in Table 14. Ruin probabilities increase as the parameter of Exponential
distribution increases. The Graph of ruin probabilities are shown in Figure 4 for some
of the parameters.
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Figure 3: Finite time ruin probabilities with respect to parameter 6
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Figure 4: Finite time ruin probabilities with respect to parameter 7,
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Table 13: The finite time ruin probability ¢’(u, 1,10) for k = 1.125
u_ 06=0025 06=005 06=01 06=02 06=05 06=1
0 03290 03864 04352 05271 07420 08513
5 03118 03512 04027 04483 05031  0.6856
10 02820 03077 03149 03309 03948  0.5611
15 02107 02360 02504 02720 02851  0.3320
20 01391 01433 01630 0.1872 02104 0.2891
25 00854 00965 01095 01245 01569 0.2104
30 00300 00481 00554 00661 0.0843 0.1833
35 00097 00132 00296 00305 00472  0.1295
40 00062 00075 00094 00194 0.0390 0.1027
45 00041 00051 00071 0.0088 0.0285 0.0744
50 00008 00032 00042 00054 00137  0.0635
60 00007  0.0009 00014 0.0029 0.085  0.0290
70 00005 00006 00008 0.0011 0.0052 0.0093
80 00004 00005 0.0007 0.0006 0.0031 0.0067
90 00001 00003 00004 0.0005 0.0019  0.0035

100 00000  0.0000  0.0001  0.0003 0.0007 0.0010
110 00000  0.0000  0.0000 0.0001  0.0004 0.0008
120 00000  0.0000  0.0000 0.0000 0.0002  0.0006
130 00000  0.0000  0.0000 0.0000 0.0001  0.0004
140 00000  0.0000  0.0000 0.0000 0.0000  0.0000
150 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000

u 0=2 6=3 0=4 6=10 06=15 6=20
0 0.8824 0.8902 09112 09256 09301 0.9524
5 0.7735 0.7894 0.8145  0.8401  0.8627  0.8730
10 0.6881 0.7130 0.7720  0.8032  0.8145 0.8201
15 0.5507 0.6240 0.6934  0.7455  0.7619  0.7922
20 0.4112 0.5822 0.6523  0.6811  0.6933  0.7105
25 0.3645 0.5075 0.5725 0.6052  0.6341 0.6436
30 0.2952 0.4411 0.5103  0.5378 0.5760  0.5925
35 0.2360 0.4060 0.4760  0.5115  0.5270  0.5557
40 0.2021 0.3731 0.4118  0.4500 0.4736  0.5021
45 0.1879 0.3209 03670 04192 04579 0.4894
50 0.1250 0.2817 03209  0.3811  0.3991  0.4231
60 0.0984 0.2500 02911  0.3546  0.3600 0.3775
70 0.0465 0.2188 02282  0.3091 0.3185  0.3250
80 0.0221 0.1716 0.1930  0.2865  0.2922  0.3001
90 0.0090 0.1240 0.1477 02540  0.2768  0.2895
100 0.0053 0.0840 0.1161  0.2141  0.2407  0.2686
150 0.0002 0.0008 0.0084 0.0643  0.0833 0.1134

Also, in Example 3, for Weibull distribution with 6 = 0.5 we suppose that the second
parameter, k, takes the values 0.025,0.05,0.5,1,1.125,2,5, and Y®@ is distributed with
Exponential(2.25), then the finite time ruin probabilities are computed and the results are
presented in Table 15. The results show that the finite time ruin probabilities decrease
when k increases in the interval [0, 0.5] but the probabilities increase when k increases in
the interval (0.5, co]. These results will be held for any constant 6, which in this case the
ruin probabilities decrease when k increases in the interval (0, 6], and the probabilities
increase when k increases in the interval (6, o). The similar results will be held for
example 4 when we consider Weibull distribution with constant 6 for different values
of parameter 0. Therefore, it doesn’t matter if the random variables N ), j=1,2, are
distributed as Poisson or Negative Binomial distribution.
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Table 14: The finite time ruin probability 1’(u, 1,10) for different parameters of Expo-

nential distribution

u n=0025 7n=05 n=1 n=15 n=225 n=3 n=5 1n=10
0 0.5908 0.6430  0.6844  0.7036 0.7420  0.7931 0.8524  0.9152
5 0.3703 0.3916  0.4297  0.4532 0.5031  0.5304 0.6117 0.7231
10 0.2625 0.2811 03121 0.3407 0.3948 04177 0.4630 0.5494
15 0.2161 0.2330  0.2505  0.2610 0.2851  0.2900 0.3508  0.4260
20 0.1570 0.1600  0.1833  0.1955 0.2104  0.2261  0.2691  0.3418
25 0.0620 0.0752  0.1080  0.1172 0.1569  0.1683  0.2280  0.2900
30 0.0174 0.0330  0.0475  0.0590 0.0843  0.0902 0.1405 0.2193
35 0.0050 0.0086  0.0163  0.0244 0.0472  0.0546 0.0715  0.1305
40 0.0010 0.0030  0.0077  0.0096 0.0390  0.0447 0.0533  0.0987
45 0.0008 0.0011  0.0041  0.0083 0.0285  0.0298 0.0314  0.0730
50 0.0002 0.0007  0.0018  0.0052 0.0137  0.0185 0.0278  0.0428
60 0.0000 0.0002  0.0008  0.0020 0.0085  0.0097 0.0151  0.0301
70 0.0000 0.0000  0.0004 0.0013 0.0052  0.0069 0.0081  0.0151
80 0.0000 0.0000  0.0001  0.0007 0.0031  0.0037 0.0055 0.0083
90 0.0000 0.0000  0.0000  0.0003 0.0019  0.0022 0.0030  0.0055
100 0.0000 0.0000  0.0000  0.0001 0.0007  0.0007  0.0009  0.0020
110 0.0000 0.0000  0.0000  0.0000 0.0004  0.0005 0.0007  0.0009
120 0.0000 0.0000  0.0000  0.0000 0.0002  0.0002 0.0004 0.0007
130 0.0000 0.0000  0.0000  0.0000 0.0001  0.0001  0.0002  0.0005
140 0.0000 0.0000  0.0000  0.0000 0.0000  0.0000 0.0000  0.0001
150 0.0000 0.0000  0.0000  0.0000 0.0000  0.0000 0.0000  0.0000

Table 15: The finite time ruin probability (1, 1,10) for 6 = 0.5

u__k=0025 k=005 k=05 k=1 k=1125 k=2 k=5
0 04863 03714 02810 06128 07420 08160 09235
5 03230 02798 02472 04772 05031 07643 08720
10 02828 02339 01961 03516 03948  0.6252 0.8216
15 02251 02100 01557 02645 02851 05372 07630
20 01702 01124 00879 01990 02104 04600  0.6602
25 01135 00950 00720 01255 01769 03818 0.5734
30 00840 00402 00319 00761 00843 03304 0.5001
35 00677 00215 00127 00320 00472 02991 0.4638
40 00300 00090 00081 00144 00390 02550 0.4122
45 00110 00072 00055 00085  0.0285 02263 0.3790
50 00085 00034 00010 00061 00137 01815 0.3284
60 00064 00008 00006 00045 00085 01260 0.2915
70 00040 00003 00002 0.0018 00052  0.0757 0.2509
80 00012 00001 00000 00008 00031 00485 0.2031
90 00008 00000 00000 0.0006 00019 00114 0.1716
100 00005  0.0000  0.0000 0.0005  0.0007  0.0082 0.1200
110 00001  0.0000  0.0000 0.0002  0.0004  0.0039 0.0974
120 00000  0.0000 0.0000 0.0001  0.0002  0.0008 0.0633
130 00000  0.0000  0.0000 0.0000 00001  0.0004 0.0351
140 00000  0.0000  0.0000 0.0000  0.0000  0.0003 0.0153
150 00000  0.0000  0.0000 0.0000  0.0000  0.0001 0.0009

6 Conclusion

In the present paper, we firstly considered the construction of discrete-time risk model
where the long-tailed and dominatedly varying-tailed of the net losses X;,i =1,2,...,
are asymptotically independent random variables with distribution function F(x). The
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asymptotic ruin probability problem in the finite and infinite horizon cases studied
using convolution of distribution functions with other assumptions. For two real ex-
amples with Pareto and Lognormal distributions, which the goodness of fit tests are
done on the data at significance level 0.05, the numerical asymptotic ruin probabilities
estimated. It must be emphasized that the results show that when the distribution
function is heavy-tailed, the insurance company is likely to go ruin. In the second
dependent discrete-time risk model, the finite time ruin probability computed based
on the discretization of the distribution function. We studied the impact on the ruin
probability of a dependence relation between two classes of insurance business. In the
first example, we considered the aggregation of the classes of business via a common
shock model and in the second one, the aggregation is made via the Negative Binomial
model with common component. We observed that the increase in the ruin probability
Y’ (u,1,10) with the introduction of a relation of dependence is more important in the
Negative Binomial model than in the Poisson model. The similar results have been
obtained for ruin 1"(u,1,20). We concluded that in the presence of the large values of
parameters in Exponential and Weibull distributions will lead to large ruin probabil-
ities.. Also, increasing or decreasing the ruin probabilities for constant 0 depends on
the value of k. In this case, for k < §, the ruin probability decreases with increasing k
and for k > §, the ruin probability increases with increasing k.

For the future research, we propose to consider the first model with capital injections
and reinsurance. Moreover, there is a limitation with the proposed approach for the
second risk model, when the model contains a heavy-tailed distribution and it can be
the potential directions for future research.

Acknowledgements

The author would like to thank the Editor-in-Chief, Associate Editor and two anony-
mous referees for constructive comments and suggestions, which lead to the significant
improvement of the paper. The author would also like to thank Dr. Morad Alizadeh
for his help with the numerical calculations throughout the paper.

References

Asmussen, S. (2010), Ruin Probability, 2nd edition, World Scientific, Singapore.

Bazyari, A. (2022a), On the evaluation of ruin probabilities in a generalized dual bi-
nomial risk model using Markov property, Communications in Statistics-Theory and

Methods, doi.org/10.1080/03610926.2022.2093910.

Bazyari, A. (2022b), Ruin probabilities in a discrete-time risk process with homogeneous
markov chain, Journal of Statistical Modelling: Theory and Applications, 3(2), 85-101.



194 A. Bazyari

Bazyari, A. (2023a), On the ruin probabilities in the discrete time insurance risk process
with capital injections and reinsurance, Sankhya A: The Indian Journal of Statistics,
85(2), 1623-1650.

Bazyari, A. (2023b), On the ruin probabilities for a general perturbed renewal risk
process, Journal of Statistical Planning and Inference, 227, 1-17.

Bingham, N. H., Goldie, C. M. and Teugels, J. L. (1987), Regular Variation, Cambridge
University Press, Cambridge.

Cai, J. (2002), Ruin probabilities with dependent rates of interest, Journal of Applied
Probability, 39(2), 312-323.

Cai, J. and Dickson, D. C. (2004), Ruin probabilities with a Markov chain interest model,
Insurance: Mathematics and Economics, 35(3), 513-525.

Campos, D. (2014), On the discretization of probability density functions and the con-
tinuous Renyi entropy, Paramana-Journal of Physics, 85(6), 1073-1087.

Chen, Y. (2011), The finite-time ruin probability with dependent insurance and financial
risks, Journal of Applied Probability, 48(4), 1035-1048.

Chen, Y. and Su, C. (2006), Finite time ruin probability with heavy-tailed insurance and
financial risks, Statistics and Probability Letters, 76(16), 1812-1820.

Embrechts, P., Griibel, R. and Pitts, S. M. (1993), Some applications of the fast Fourier
transform algorithm in insurance mathematics, Statistica Neerlandica, 47(1), 59-75.

Embrechts, P., Kluppelberg, C. and Mikosch, T. (1997), Modelling Extremal Events,
Springer-Verlag, Berlin.

Geluk, J. (2004), Asymptotics in the symmetrization inequality, Statistics and Probability
Letters, 69(1), 63-38.

Jig, H., Peng, J., Jiang, Zh. and Bao, Q. (2020), Asymptotic estimates for finite-time
ruin probability in a discrete-time risk model with dependence structures and CMC
simulations, Communications in Statistics-Theory and Methods, 51(11), 3761-3786.

Joe, H. (1997), Multivariate Models and Dependence Concepts, Chapman and Hall, London.

Klugman, S. A., Panjer, H. H. and Willmot, G. E. (1998), Loss Models: From Data to
Decision, Wiely, New York.

Kocherlakota, S. and Kocherlakota, K. (1992), Bivariate Discrete Distributions, Mercel
Dekker, New York.

Liu, R. and Wang, D. (2016), The ruin probabilities of a discrete-time risk model with
dependent insurance and financial risks, Journal of Mathematical Analysis and Applica-
tions, 444(1), 80-94.



Ruin Probabilities for Two Risk Models 195

Liu, R., Wang, D. and Guo, F. (2018a), The finite time ruin probability of a discrete time
risk model with GARCH discounted factors and dependent risks, Communications in
Statistics-Theory and Methods, 47(17), 4170-4186.

Liu, R., Wang, D. and Guo, F. (2018b), The ruin probabilities of a discrete time risk
model with one-sided linear claim sizes and dependent risks, Communications in
Statistics-Theory and Methods, 47(7), 1529-1550.

Nakade, K. and Karim, R. (2022), Analysis of a discrete-time Markov process with a
bounded continuous state space by the Fredholm integral equation of the second
kind, RAIRO Operations Research, 56, 2881-2894.

Nelsen, R. (2006), An Introduction to Copulas, Springer Science+Business Media, Inc:
New York.

Ng, K. W,, Tang, Q. and Yang, H. (2002), Maxima of sums of heavy-tailed random
variables, Astin Bulletin, 32(1), 43-55.

Pachon, A., Polito, F. and Ricciuti, C. (2021), On discrete time semi-Markov processes,
American Institute of Mathematical Sciences, 26(3), 1499-1529.

Pakes, A. G. (1975), On the tails of waiting time distributions, Journal of Applied Proba-
bility, 12, 555-564.

Panjer, H. H. and Willmot, G. E. (1992), Insurance Risk Models, Society of Actuaries,
Schaunmburg, IL, USA.

Resnick, S. I. (2002), Hidden regular variation, second order regular variation and
asymptotic independence, Extremes, 5, 303-336.

Teugels, J. L. (1975), The class of subexponential distributions, Annals of Probability, 3,
1001-1011.

Toth, L. S. and Houtte, P. V. (1992), Discretization techniques for orientation distribution
functions, Textures and Microstructures, 19, 229-244.

Santana, D. J. and Rincén, L. (2020), Approximations of the ruin probability in a discrete
time risk model, Modern Stochastics: Theory and Applications, 7(3), 221-243.

Sun, Y. and Wei, L. (2014), The finite-time ruin probability with heavy-tailed and
dependent insurance and financial risks, Insurance: Mathematics and Economics, 59,
178-183.

Tang, Q. (2004), The ruin probability of a discrete time risk model under constant
interest rate with heavy tails, Scandinavian Actuarial Journal, 3, 229-240.

Tang, Q. and Tsitsiashvili, G. (2003), Precise estimates for the ruin probability in finite
horizon in a discrete-time model with heavy-tailed insurance and financial risks,
Stochastic Processes and their Applications, 108(4), 299-325.



196 A. Bazyari

Tang, Q. and Tsitsiashvili, G. (2004), Finite and infinite time ruin probabilities in the
presence of stochastic returns on investments, Advances in Applied Probability, 36(4),
1278-1299.

Yang, Y., Leipus, R., and Siaulys, J. (2012), On the ruin probability in a dependent
discrete time risk model with insurance and financial risks, Journal of Computational
and Applied Mathematics, 236, 3286-3295.

Yang, H., Gao, W. and Lj, J. (2014), Asymptotic ruin probabilities for a discrete time risk
model with dependent insurance and financial risks, Scandinavian Actuarial Journal,
1,1-17.

Yang, Y. and Konstantinides, D. G. (2015), Asymptotic for ruin probabilities in a discrete
time risk model with dependent financial and insurance risks, Scandinavian Actuarial
Journal, 8, 641-659.

Appendix

The result for independent class of a compound Poisson distribution is presented. Sup-
pose that three random variables Y, Y?) and Y® are independent compound Poisson
distribution with parameter A. Given N () ~ Poisson(A j), where N M, j=1,2,3,areinde-

pendent random variables, the joint probability generating function of (N ), N@, N (3))
is

Pyo no e (B, 2, 13) = H?:lpm)(fj)
With equation (2.15), the joint characteristic function of (W(l), w®, W(3)) is
Pwo we wo (t, t2, t3) = H?zlp NG ((Py(j) (tj)),
which by equation (2.16) leads to

pw(t) = pwo,wo,we (t 1) = exp (A(PY(t) - 1),

where A = A1 + A + A3 and

1
py(t) = X(/\l(,oy(l)(t) + Aagye (t) + /\3§0y(3)(f))~

The random variable W = Z?:l W has a compound Poisson distribution, with param-
eter A and claim size characteristic function ¢y(t) which is associated to the distribution
function

1
Fy(t) = X()\lea)(t) + Asz(z)(t) + /\3Fy(3)(t)),

where uy(t) = %(Muya)(t) + Aaptye (t) + Asuy@(t))-



