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Abstract. When there is a high correlation between the study and auxiliary variables,
the rank of the auxiliary variable also correlates with the study variable. Then, the use
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of the estimator of the mean or the total number of the population. In the present
study, we propose two generalized families of estimators for imputing the scrambling
responses by using the variance and the rank of the auxiliary variable. Expressions for
the bias and the mean squared error are obtained up to the first order of approximation.
A numerical study is carried out to observe the performance of estimators.
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1 Introduction

In most of socio-economic surveys, missing value is a common problem that happens
for many reasons, such as asking sensitive or embarrassing questions and unavail-
ability of the respondent. Situations like asking a female ‘how many times have you
induced abortions?’, questions related to income, tax evasion, etc., can be considered
as sensitive questions. Initially, for these situations, Warner (1965) introduced the
randomized response technique (RRT) to handle the problem of non-response relevant
to the sensitive issues of the society. A randomized device was used to collect the
responses from the respondents and protected their privacy despite of getting direct
response. After Warner, various randomized response models were used for estimat-
ing the proportion of the nominal variable in the population(see e.g., Greenberg et al.
(1969), Folsom et al. (1973), Mangat and Singh (1990), Gupta et al. (2010)).

Greenberg et al. (1971), Eichhorn and Hayre (1983), Mangat and Singh (1990),
Guptaetal. (2013) considered the simple and multistage scrambling models (MSM) for
estimating the mean of sensitive variables. Chaudhuri and Adhikary (1990) introduced
a scrambling response model, where the j-th respondent in the sample should select
two cards randomly and independently. The card Sy is selected from a box containing
m cards with a known mean (61) and a known variance (O%). The second card S; is
selected from ¢ cards with a known mean (6;) and a known variance (o%). Let y; be the
actual status of the j-th respondent in the sample (s). The j-th respondent reports the
scrambled value/response z; as

zZj= Sljy/ + 52]'. (1.1)

In spite of using RRT, missing observations can occur due to reasons aside from
sensitive issues. Then, how can one handle such incomplete data sets? In such cir-
cumstances, imputation is one of the most reliable methods to sort out such a problem
and to build reliable data sets for a valid inference about the stated population. Many
imputation techniques have been developed and considered the problem in different
ways (see e.g., Rubin (1976), Heitjan and Basu (1996), Ahmed et al. (2006), Singh et al.
(2010), Mohamed et al. (2017)). In Figure 1, we illustrate the imputation procedure for
imputing the missing values.

Mohamed et al. (2017) considers an RRT, in which the j-th respondent is asked to
select two cards (say S and S;) from two decks of cards (say Ay and Ay), respectively.
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The j-th respondent can report the scrambled response as

51 yit Sy — 0,
zj= ———. 1.2
Let E1 and V; be the expected value and variance with respect to the randomiza-

tion device, respectively. We remark that all E1(S1) = 01, E1(S2) = 02, V1(51) = a%,

0
= Cél y? + (Q—i)zCéz, where

2,2, 2
07Y;+0,
2
01

and V1(Sy) = a% are known, and we have Vi(zj) =

C2 = ()P and C3 = (%)

Let s be a simple random sample of size n drawn from the population (Q) having N
units, and let 7 be the total number of respondents in the subset A of the sample s that
belongs to the sensitive characteristics with the help of the mentioned randomization
scheme. Here, (1 —r) are those who belong to A’, the subset of s, who refuse to answer
the question, therefore, s = A U A’. Tt is also known that z, = %Z;zl zj is the sample
mean of the scrambling response obtained from the group A. Then, we have the lemma
1.1 as follows.

Lemma 1.1. The variance of z, is given by

(oD, e 2 N-1) 02\’
V(Zr) = (; — N)Sy + ;[Cﬂly {1 + N Cy + (6_1) CQZ:I’ (13)
where S;, Ci, Cél and other parameters are defined in Appendix.
Proof. See Mohamed et al. (2017) for proof. m|

The rest of the article is outlined as follows. Two generalized families of estima-
tors for imputing scrambling response are proposed by using higher order moments
along with the rank of the auxiliary variable. Theoretical comparison of the proposed
generalized imputation methods over the mean method of imputation is considered in
Section 3. For evaluating the relative performance of the proposed generalized fami-
lies, a numerical study is conducted for various choices of the constants in Section 4.
Finally, Section 5 concludes the article.
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2 Proposed Estimators

In survey sampling, it is a common practice to incorporate known auxiliary information
in the estimation stage of population characteristics for improving efficiency. The
use of the auxiliary information can increase the precision of the estimators both at
estimation and design stages. The traditional ratio, product and classical regression
estimators are used, when there is a high correlation between the study and the auxiliary
variables. If the correlation between the study variable and the auxiliary variable is
sufficiently large, then the rank of the auxiliary variable is also correlated with the
study variable. The inclusion of the rank of a variable may help to improve the
efficiency of the estimators. Let i/, ¥ and 7 be the sample means and Y, X and R be
the population means of the study variable, the auxiliary variable, and the rank of the
auxiliary variable, respectively. Let si = ]1'1:1(%' —-9)?/(n-1),82, = ?zl(xj -%)?/(n-1)
and s? = ;7:1(x1' —7)?/(n — 1) be the unbiased sample variances corresponding to the
population variances S; = Z?Ll(yi -Y)?/(N-1), S = Z;\il(xj - X)?/(N = 1), and
S? = 5’11(7’]‘ - R)?/(N = 1) of y, x, and r, respectively. We propose two generalized
families of estimators for the imputation by using higher order moments and rank
of the auxiliary variable. We consider ratio and regression types of estimators in the
following subsections.

2.1 Generalized Ratio Type Estimators

The generalized ratio method of imputation for imputing scrambling response is

zj if jeA
2] = _7 n g SXVI gz _VI g _1’ 3 " ’ (2'1)
() (5 () - e

The point estimator for the finite population mean is defined as

yS,GR :1 Zjes Zj
Xy \o1 %n £ n Zr
[Z jeA Zj Z jeA {(nnirr) (x’: )g (ST) (:r )g (nri r) }]

SXI’

_z, (’; )g1 (g)gz ( : )g3 , 2.2)

where g1, g» and g3 are unknown constants and their values are to be determined by
minimizing the mean squared error and (¥, and %), (5}2(” and 537), and (7, and 7,) are
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the mean, variance and rank of the auxiliary variable for n and r units, respectively.
We define the 7, in the form of error terms given in the Appendix as

Uso, = Y(L+eo)(1+e)f1(1+e1)81(1+eq)%2(1+e3)52(1 +e7)%(1 +e) 753
&gt 5, 88 -1, &g+ g8 -1,
= Y[ ot ot 5 + %
(% + 1) £(8 - 1)
+22 22 e+ 22 22 e

— (g,e0€1 + g,€063 + g,€0€6

+8,8,6163 + §,8,6166 + §,8,63¢6) — (8,65 + §,€5 + g3e§)]- (2.3)

The bias and mean squared error of 7, are given by

Bias(7,, ) [ g1(g1 D enNgl(glz_ 1)]Yc§ + [QWM + enNM]Ycz
+ [QrNg2(g2 ) QnNgz(gzz_ 1)]17(/1040 -1)
- QmY[glpxyCny + & CyA120 + £,0ryCyCr + £,8,CiAo30 + &1 8500 CrCr + g2g3Cr/\003]
- O Y|2,CE+ gl - D + 2., (2.4
and
MSE(f,.) = OnnS3+ % Y2C, {1 ¥ W} ¥ 2 cgz} +0,0] S

+g26x2 + g25H(Aggg — 1) + §25% — (glsxy + §,525, A0

+85Sry — 18253030 — 8,855 — gzgssrsazc/\OO?’)]' (2.5)

The optimum values of g, g,, and g, are obtained respectively, as

w1 (%) w3
gl(opt,) = E = Gl’ g2(npt.) = E = Gz’ and g3(opt4) = E = GS’ (2'6)
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where

wy = Sisihzo(sisz - 532”) - Sxysx/\030(532553 - Sazcr) - (Srysi - Sxysrx)
(Syzcsr/\003 - stxrAO?:O)/
th = (5282 —S2)(Aoao — 1St — (552003 — SrxS3A030)(SrS2A003 — SrxSxA030),

w3 = Srys;%tZ - ersxytZ - wZ(Srsyz(/\OOS - SVXSJ%AOBO)/
ts = h(SS;-S%),
w, = Sxytztg — Sy tbhws — th3SiA03o and t; = t2t3532(.

Substituting the optimum values of g, for g = 1,2,3 in (2.5), we get the minimum
mean squared error of j,. as

1. (N-1) 63

2 22 2 2

OuNSy + |Y e {1 o cy} +23C5,
1

IR

MSE(]?S.GR )min.

+9m[s§ +G3S3 + G3Sy(Aowo — 1) + G3S7
—2G1Syy — 2G2S3SyA120 — 2G5Sy + 2G1G2S3A030
+2G1GSyr + 2G2G3Sr5§/\003]. 2.7)
Some members of the proposed family of ratio type estimators for different choices
of g, for ¢ = 1,2,3 are given in Table 1. The biases and mean squared errors of ¥,

for (k = 2,3,---,8) up to the first order approximation are given in Tables 2 and 3,
respectively. Similarly, mean squared error of the i/, are given in Table 3.

2.2 Generalized Difference Method of Imputation

The generalized regression method of imputation with known regression coefficients
is given by

zj if jeA

n(xi=%n)? | 1 Ljeal¥j=Tn)?

2+ difa(xi = %) + dofo| “To - + 28)

N>
~.

n Y jea(Xj=%:)2

- (n—r)(r—l)_] +dsfs(rj —7r) if jeA’.
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Table 1: Some members of the proposed ratio type estimators.

klg & % | Vs Imputation Method
i if jeA
10 0 0|y, 2]:{? L
z, if jeA
B, z if jeA
2(1 0 o0 |z g =1 W
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o
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e
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~—
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- -
-
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The point estimator of the population mean is given by

_ 1
Ysore = E Zijes %

= %[ ZjeA zj+ ZjeA' {Zr +dip1(xi — %) + dzﬁz[—(n -1
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nYjea(xj = Xn)? Y jealxj — %) _
TTh-Am=-1)  m-nn-1D ] +dafa(rj = rr)}]
= Z+ dif1(Fn — %) + doPa(ss, — s3,) + d3fa(Fn — 7o), (2.9)

where dy, d, and d3 are the unknown constants and their values are to be determined by
minimizing the mean squared error. f1, 82 and 3 are the population constants which
are supposed to be known in advance.

In terms of errors (see Appendix), we have

Use,, = Y(1+eo)+dipiX(er —e1) + dapaSies — e3) + dapsR(es — es),

and

1
MSE(7c,) = OnnS)+-— 2 |+0,, [55

IR

_ N-1C2) 062
Y2Co, {1+(#}+—2

2
N 01

+d?B2S2 + d23SH(Aoao — 1) + d2B3S2 — Z(dlﬁlsxy +d,$25%S, A1

+d,B3Sry, — d,d2p1B2S3A030 — d,d,f1B3Sxr — d2d3ﬁ2ﬁ35r5§/\003)].(2.10)

Table 2: Bias of k"'-ratio estimator.

k Bias(i,)

2 | 0,¥(C2 - puCiCy )
3 9r,nY(/\040 -1- CyAlzo)-

4] 0,¥(C3 - puCiC,)

i

()
N
3

Y[C2 + (Agao — 1) = CxAozo — CyAizg — pxnyCy].

6 | 0¥ (C2+ C2 = pyyCxCy — pryC,Cy ).

7 er,nY C% + (/\040 - 1) - CrAOOS - CyA12O - Prycrcy]-

8 emY[Ci + (ot = 1) + C2 = Cydoso — Croos — pryCy — Cyizo + pxrcxcr].
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Table 3: Mean squared error of the proposed estimators.

K MSE(y,,)

2, 122 (N-1Cy\ |, &
Gr,NSy+;[Y c {1+Ty +5C .

2| 0,02+ l[Y2c2 {1+ ‘N‘l’C5}+ % 2 ]+9 (52 + R2§2 — 2RS )
n,N y P 01 N 9% 05 rn\ Py X xy |

3| G2t [v2c2 (14 8091 B2 |, (52472 (1gs0-1)-2Y5, A
n,NOyTy 01 N 9% 0, rn\ Py 040 y/4120 |-

_ (N-1)C2 62 / /
4] OnS2+1 [Y2c§1 {1 L y} ; 9—§C§2] ; em(s; +R?S2—2R syy).

5| o, ns2+1]v2c2 {14+ NG9 B2 g, (924 P2(Agge — 1) + R2S2
n,N y 7 01 N 9% 0, |y 040 X

’

ZRSxy - ZRYSyAlzg + ZRYSxA(B():I.

6| 6, vs21[v2c2 14+ 8209, B2 ], g (524 R2521 R?S2_2RS., —
H,N Yy r 91 N 9% 62 rn y X r xy

2R'S,, + 2RR Sy).

710, vS2+1 VY/Z(:Z 1+ (N_l)Ci + Q_§C2 — +0 S2+Y2(/\ —1)+R,252—
Ny + 5| g, N 020, | " Vrm\ 2y 040 r

2R'S,, — 2YS, A1z + 2R Ysr/\o();;).

8 | 0,yS2+1[12C2 {1+w}+6—5c2—+9 (52+R252+R’252—2R5 -
nNOy T 5 i 01 N 6% 92_ rn\ Py X r xy

2YSyA1n0 — 2R'Syy + 2RYSxAgzo + 2RR Sy + 2R YS,AOO3).

The optimum values of d,,d, and d, are obtained by minimizing (2.10), respectively,

o b b
1
1(opt.) = b_ll = Pl’ d

2 b3
oty = b_zz =F,, and d?)(opt.) = E =F;, (2.11)

where

by = 5%{(/\1205x5y7\030 + Say(Afgs — Aoao + 1))5%
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by

b
b3

b3z

_AOO3(SrnyAO3O + ersyAlzo)Sr + Srysxr(/\OALO - 1)}/

= Sy {Si (A3 + Ao — Aoao + 1)S3 = 25,5:Srdosoons + S (Aoso — 1)),

= Sx(AO4O - 1)2{S§Sr(srsy/\120 - SryAOOS) - /\OBO(Sery - Srysxr)

+er(Srsxy/\003 - erSyA12O)}/

= S28,Aa0{SA(=A30s — AZsg + Aoao — 1) + 25,5:SxrAazoons — S2(Aoso — 1)},

= S$2S2AoosM 120 — S3S2SxyAoosAoso + S2SryS2AZ0; — —S2S+SwrSyAazodizo

—528,yS3A040 + S2SryS3 + S7SxrSxyAoao — S2SxrSuy,

= S7S,yS3A50s + 525,y S2AZ — Aoa0S2Sry St

_zsrsxsxrsry/\OBO/\O% + Sgsxys;% + Srysrx(/\040 - 1)~

Substituting the optimum values of 4 . for g = 1,2,3 in (2.10), the minimum mean
squared error of 7 is obtained by

1
OuNSy + =
r

I

. N-1 02
MSE(ys,GRe)min. YZCé] {1 + ( )Ci} + _2C2 ]

26
N 912

+0, [sf/ + F2S2 + F5SH(Aoao — 1) + F3S? — 2F; Sy,
—2F25§SyA120 - 2F3Sry + 2F1F25iA030 + 2F1F35xr

+2F2F35rS§A003]. (2.12)

The possible members of the generalized difference family are given in Table 4. The
MSE(7, ) for the difference estimators is given in Table 5. The optimum values of ;’s
are obtained by minimizing the mean squared error equations and they are given in
Table 6. The minimum MSE equations of (i, ) are given in Table 7. If the marginal
distributions of x and rank of x are normal, then Ayy3 will be zero. Hence, under the
assumption of normality, the last term in MSE(yq_,,,,) Vanishes.

3 Theoretical Comparisons

In this section, we consider the theoretical comparison of the proposed ratio family of
estimators with the mean method of imputation.
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For the ratio estimator, we have
(i) MSE(y,,) > MSE(7,,), if

20,yCy = Cy > 0.
(i) MSE(7.,) > MSE(7,,), if
YZ(/\04 - 1) - 2YSyA12 > 0.

Table 4: Some members of the proposed and existing regres-
sion type estimators.

101

(3.1)

(3.2)

w|d dy ds Vs Imputation Procedure

_ . Z if jeA
11 0 0 0] z. zj= z, " jeA'
Zj if jeA

|
{z] i jea
|
|

211 0 0]z +pi(Xy—x). 2j =

310 1 0]z +pas?—s2). Z

n(xj=%n)? 1L ea(xj=Tn)
(n-1) (n—r)(n-1)

n Z icA (X '_27)2 . .
— T — 5 ] if jeA
Z]' if jeA

4 0 0 1|z + ﬁg(fn — 7). 2]' = z+ ﬁ3(r]- _r). if ]'GA’

Z]' if jeA
Zr + Pr(xi — %)
5/ 1 1 0|z+pE—%)+ |2 = +ﬁz[n("f—fn>2 1 X jea (X =%u)?

] =1
Bo(s? — 7). Dt e
anEA(xj_xr) f . A/
T N1 1r je.
zj if jeA

6 1 0 1 Zr+ﬁ1(fn—fr)+ 2]:{
ﬁ3(7’n —1y).

Z, + ﬁl (.X‘i - Xr) + ﬁ3(1’j - }7,;) if ]'GA,

’
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Zy + ﬁ3(77n - 771’) +
Bals2 — 52).

Zr + B3(Xy — ) +
Ba(sn—s7)+B3(rn—
e).

Z]' if jeA
Zy + B3(ri — 7y)
n(xi=xn)2 1Y iea(xi—%n)?
+,32[ TEV (n]—r)(r]z—l)
n Z 'eA(x'_JEV)2 . . ’
- (n]—r)(rjl—l) ] if jeA
Z; if jeA

Zy + ﬁl(xi - Xr)

n(xj—y?n)z

1Y jea(xj~Tn)?

+,32[ =1

n Z/sA(xj_xr)2

T 1))

(n—r)(n-1)
] +Ba(rj —Fp). if jeA

M. U. Sohail et al.

(iii) MSE(7,,) > MSE(7,), if

20,4Cy —C, > 0.

(iv) MSE(i,,) > MSE(¥,,), if

1 C
Pxy + C_y {A030 -=

2

(v) MSE(¥,,) > MSE(7,,), if

Pxr=5CC,

1

(vi) MSE(7,,) > MSE(7.,), if

2

(vii) MSE(,,) > MSE(7,,), if

C.+C,

1 C
Pry + C—y[/\oo3 - (1

~ (Aogo — 1))} Ao

> 0.

¢

Cx

[C§ +C2=2C, (puCa + pryc,)] > 0.

> 0.

(Aoao — 1) A120
_ & _

C,

Pxr = Cy( 5 Pyt Pyt Ao = Aoso = /\003) >0,

(3.3)

(3.4)

(3.5

(3.6)

(3.7)
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where

Cy = Co/(C/Cy), C, = Cr/(CxCy), oy = pry/(CrCy), proy = pwy/(C2Cy),
/\,120 = /\120/(Cxcr)A;)3o = AO?)O/(CrCy)/ /\603 = /\003/(Cny).

The proposed generalized ratio family of imputing the scrambling response is more
efficient than the simple mean imputation method if conditions (3.1) - (3.7) are satisfied.

Table 5: Mean squared error equation of difference estima-

tors.
w MSE(?S‘LU)
(N— 1)(:2 02
B R e i |
(N- 1)c2 62
2 | Ounsy+ 1720 {1+ 52 4 B |+ 0[S + 353 - 2615,

72
N-1)C} 63
3 | 6t + 1726, {1 SRR |+ oS + iston - 1) -
2B253S /\120]

4 | ons2+ i {1+ 00 B2 g, (524 5287 - 2pss
nNoy T % | 01 N 9% 05 rn ,B ﬁ3 ry |

5 |ons2+i[rrce (140G B4 52+ 262 4 B26%(Aouo — 1)
nNSy+ 3 | Y7C, N 5 Co, rn B B555(Aoao

Zﬁzsgsyﬂuo - 2ﬁ15xy + 2,31,6’25?5/\030].

- - 62 :
6 | OunSy+1|V2C, {1+ 52+ g%cgz] + 0| S} + 1S3 + B3ST — 215y -

2B15ry + 2125 ]

7 | onsz+ 1 {1+ 829 B2 4o, ]2+ 25200 — 1) + 257 -
n,N y 7 01 N 9% 0, rn ,82 040 ﬁ

Zﬁzsgsy/\uo - zﬁSSry + 2ﬁ2ﬁ353%5rA003].

8 | Ouns2+1[v2cy {1+ 8% L BT, [52.4 5252 4 g8 (Ags— 1) +
nNOy T % 01 N 9% 0, rn ﬁ ﬁ ( 040

B3S7 - 2([31 Sxy +B2S2SyA120 + B3Sry — P1B2S3 Aoz0 — B1B3Sxr — ﬁzﬁ3sr5§/\oo3)]-
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4 Numerical Study
We use the data set by Murthy (967). for this data set, we have y as the number of

workers, and x as the Capital fixed in (000) rupees. In addition, we have:

N =80, n =60, Y =1126.00, X = 285.10, Sy = 845.61, Sy = 270.43, Apgo = 1.0892,
A0 = 2.8306, A129 = 2.8306, pxy = 0.9884, pry = 0.8851, pyr = 0.9201.

The percentage of relative efficiencies (PREs) are obtained as

PRE() VorGa) g, @.1)
MSE(yS'GR) or MSE(%GRE)
Var(gs,,)
Var(gsu)

where k,w = 2,---,8. For the ratio of the mean of two scrambling variables and the
coefficients of variation of the first and the second scrambling cards, we use

63/6; =05,1.0,15 and Cj =Cj =0.1,02. (4.4)

Based on the mentioned data set, the PREs of the generalized estimators and their
special cases are shown in Tables 8, 10, and 11 over the different values of constants
at various response rates. It is clearly noticed that the proposed family outperforms
according to the mean method of imputation. One more thing which we wish to re-
mark in Tables 8, 10, and 11 is that the proposed generalized method of imputation has
considerably greater efficiency at low response rates.

The summary statistics of the results are given in Table 9. Note that the maximum
value of PRE(R) is 1127.1130% for the generalized ratio estimator, and for generalized
regression estimator is 1069.7540%. This shows that the proposed estimators are quite
efficient.

5 Conclusion

In the present study, we suggested two generalized families of estimators for imputing
scrambled responses by utilizing higher order moments along with known mean of
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the ranks of the auxiliary variable. Based on numerical findings, it is shown out that
the proposed generalized methods are more efficient as compared to their counterpart.
Thus, we recommend the use of the proposed generalized methods for efficiently esti-
mating the finite population mean of the sensitive variable.

The current work can easily be extended to the generalized exponential, exponential-

ratio and exponential-product type estimators in different sampling schemes. This
article is a part of an ongoing research that will appear in forthcoming articles.
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Table 6: Optimum values of f; for t = 1,2, and 3.

w Optimum Values

Sx
2 51(0pt4) = S_%y

SyA120
3 = L=
‘BZ(OPt') S2(Ag-1)

S,
4 | Baopt) = s_gy

Sxy (/\040_1)_Sx5}/)\030

SySxA120—SxyAo30
5 — Y Y
,Bl(opt.) 5%(/\040—1—/13

and = = .
ﬁZ(opt.) 5%(/\040—1—/\330)

30)

$25,,—SS SyrS3—SxrS
6 — 2r2yx—oxroyr and = Y x Tueyr
B1opt.) 2251/ Paopt) 5252-52,

SryA003—SrSyA120 SySrA120A003—Sry(Aos0—1)

7| Baropt) = 5:53(A503~(Aoso—1)) and Baopt) = 57 (A3~ (Aoa0~1)

8 | Biopt) = % =B1, Popt) = %2 =By, and Byt = zf—: = Bs.
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Table 7: Mean square error equations of the proposed esti-
mators.

MSE( yS.w(min.) )

6.5+ 1|12 {1+ 552+ B |

0,8+ 1123 {1+ 5%+ B3 |+ 0,031 - 03

0N ST + 1 YZCé1 {1 + (N_Z\ll)ci} + Z—%CZQZ: + 6,52 (1 - (/\oingl)z)'
0,083+ 172 {1+ 5%} + B3 |+ 0,053 (1- 62,).

ouns3+ 1723 (14 C0% N B2 |40,,52(1 g3, - Lol )
6, N2 + 1 [chl {1 + (N;’Cf} ; %ng] + er,ns§(1 - piys%pf’_‘pé‘r’y’px’pxy )
0,8+ 172 {1+ 5%+ B3 |+ 0,083(1 - o2, - 121).

_ _ o2
0,nS2 + +1 [chl {1+ Q02 9_§ch] . em[si + B282 + B2S4(Aguo —
1)+ B%S% - 2B15xy - Zstisy/\m - ZB3Sry + 231325%/\030 + 2313353” +
ZBng,SrS,%AO(B].
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Table 8: PRE(.) of generalized ratio and regression estimator.

r | Co, | Co, | 05/07 RR  PRE(R) PRE(Re)
10 01] 0.1 0.5 [ 6552.5720 1127.1130 1069.7540
1.0 [ 65525730 1127.1110 1069.7530
1.5 [ 6552.5740 1127.1090 1069.7510
0.2 0.5 | 1069.7530 1127.1110 1069.7530
1.0 [ 65525730 1127.1060 1069.7480
1.5 [ 65525760 1127.0970 1069.7400
02| 01 0.5 | 6552.5810  673.1071  653.5542
1.0 [ 7013.1150  673.1067  653.5538
1.5 [ 7013.1170  673.1060  653.5532
0.2 0.5 [ 7013.1150  673.1067  653.5538
1.0 [ 7013.1180  673.1050  653.5522
1.5 [ 7013.1230  673.1023  653.5497
20 0.1] 0.1 0.5 | 2819.2100 461.3460  636.1122
1.0 [ 2819.2110  461.3458  636.1118
1.5 [ 28192110 461.3455  636.1110
0.2 0.5 | 2819.2110  654.5258  636.1118
1.0 [ 28192120  654.5239  636.1099
1.5 [ 2819.2150  654.5207  636.1069
02| 0.1 0.5 | 3049.4820 461.3460  452.8047
1.0 [ 3049.4820  461.3458  452.8045
1.5 [ 3049.4830 461.3455  452.8041
0.2 0.5 [ 3049.4820  461.3458  452.8045
1.0 [ 3049.4840 4613450  452.8037
1.5 [ 3049.4860 461.3437  452.8024
30 [ 0.1 0.1 0.5 | 1574.7570  413.8498  407.1786
1.0 | 1574.7570  413.8496  407.1784
1.5 | 1574.7570  413.8493  407.1781
0.2 0.5 | 1574.7570  413.8496  407.1784
1.0 [ 1574.7580 413.8488  407.1777
1.5 [ 1574.7600  413.8474  407.1763
02 ] 0.1 0.5 | 17282710  323.6291  319.8946
1.0 [ 17282710  323.6290  319.8945
1.5 [ 17282710  323.6288  319.8944
0.2 0.5 [ 17282710  323.6290  319.8945
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1.0 | 1728.2720  323.6286  319.8941

1.5 | 1728.2740  323.6279  319.8934

40| 0.1 | 01 0.5 | 9525297  268.0099  265.6797
1.0 | 265.6796  268.0098  952.5299

1.5 | 9525302 268.0097  265.6795

0.2 0.5 | 9525299  268.0098  265.6796
1.0 | 952.5306  268.0095  265.6793

1.5 | 9525319  268.0089  265.6787

02] 01 0.5 | 1067.6650  226.9002  225.4070
1.0 | 1067.6660  226.9001  225.4069

1.5 | 1067.6660  226.9001  225.4068

0.2 0.5 | 1067.6660 2269001  225.4069
1.0 | 1067.6660  226.8999  225.4067

1.5 | 1067.6680  226.8996  225.4064

50| 01| 0.1 05| 579.1935 170.1783  169.5572
1.0 | 579.1937 170.1783  169.5571

1.5 | 579.1939 170.1783  169.5571

0.2 05| 579.1937 170.1783  169.5571
1.0 | 579.1943 170.1782  169.5570

1.5 | 579.1953 170.1780  169.5568

02] 01 05| 6713021 1552310 154.7847
1.0 | 671.3022  155.2310 154.7847

1.5 | 671.3025 155.2310 154.7847

0.2 05| 671.3022 155.2310  154.7847
1.0 | 671.3028 155.2309  154.7846

1.5 | 671.3038 155.2308  154.7845
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Table 9: Descriptive statistics of the results.

r | Freq. Mean Std. Min. Med. Max.
PRE(R)

10 12 900.1067 237.0949 673.1023 900.1021 1127.1130
20 12 509.6400 87.3680 461.3437 461.3458  654.5258
30 12 368.7389 471160 323.6279 368.7383  413.8498
40 12 247.4548  21.4688 226.8996 247.4546  268.0099
50 12 162.7046 7.8060 155.2308 162.7045 170.1783
PRE(Re)

10 12 861.6513 217.3518 653.5497 861.6471 1069.7540
20 12 544.4573  95.7288 452.8024 544.4558  636.1122
30 12 363.5361  45.5824 319.8934 363.5355  407.1786
40 12 302.7806 205.5982 2254064 245.5429  952.5299
50 12 162.1709 7.7146 154.7845 162.1708  169.5572
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Appendix

For evaluating the bias and variance of the estimators, we define following useful
§2

\'(v) \'(n) xz(r)
S—z—].e —?—16 —ST—].

ee=%—-1e,=%-1,E@e)=0,(=0,1,2,34,5,6,7),

terms. Leteg = 27’ —1l,e1 = % —1,e, = %“ —1l,e3=

To the first order approximation, we have

2
E(e2) = ,nC2 + 1 [cgl {1 + (N‘;’Cy} T 2 ]
E(e) = 0,nC% E(€3) = 04nC2 E(€2) = O (Aoso — 1), E(€2) = O (Aoao = 1),
E( ) Grch E ("3 ) = Qn,NC%/E (ege1) = Qr,NnyCnyrE (eoe2) = Qn,prnyCy/
E (eoe3) = 0,nCyA120, E (e0es) = 04,nCyA120, E (e0e7) = O0y,npryCrCy,
E (eoes) = OrnpryCrCy, E (e162) = 0, nCa?, E (e163) = O,nCxAozo, E (e1e4) = 0 nCrAozo,
E (6155) = Qr,NP;lex/\lzorE (6156) = Gr,NerCer/E (3137) = 8n,NerCer/
E (e2e3) = 0, NCxAo30, E (e264) = 0, NCxAoz0, E (€265) = 9n,NP§y1 CxA120,
E (exe6) = Qn,prrCerr E (exe7) = Qn,prerCrr E (ezeq) = Qn,N (Aogo — 1),
E (e3es) = 0, NCrAoo3, E (e3e7) = 0, NCrAoos, E (eses) = 0, NCrAoos, E (ese7) = 0, nCrAooz,
E (6637) = 6n,NCrz/

where

T -2[ _ Sty _ 2 _ 2 oy
T= NZ] 1T],C2 = ‘;—z,pw = ng¢ Cé1 = (g—i) ,Céz = (g_i) R = <,
R = Xsw N - Z 1(’[] D — V), Opn = (l _ 1%]),971,1\7 _ (% _ I\l[),

v} n = ( ) Habe = N 1 Z 1(]/] Y)a(x] — ) (}"] —R)C, /\abC = a/zy{;—%c/Z/

Ha00 Ho20 Hooz

wheret=R,X,Y and ¢y =R XY
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Figure 1: Illustration of data imputation scheme.



