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Abstract. Lindley distribution has received considerable attention in the statistical
literature due to its simplicity. In this paper, we consider the problem of predicting
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dictor, the Best unbiased predictor and the conditional median predictor are derived.
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1 Introduction

The Lindley distribution was first proposed by Lindley (1958) in the context of Bayesian
inference. A random variable having a Lindley distribution has the probability density
function (pdf)

2
0 —0Ox

f(x;@):1+6(1+x)e , x>0, 6>0, (1.1)

and the cumulative distribution function (cdf)

1+6+06x

F&”ﬂzl_( 1+0

Jeo, x>0, 0>0, (12)

A distribution that is close in from to the Lindley distribution is the well-known
exponential distribution. Ghitany et al. (2008) discussed different properties of the
Lindley distribution and showed that in many ways this distribution is better than the
exponential distribution in applications. In recent years, the Lindley distribution has
been studied and generalized by many authors; see, for example, Ghitany et al. (2008),
Zakerzadeh and Dolati (2009), Ghitany et al. (2011), Nadarajah et al. (2011), Bakouch
et al. (2012), Gupta and Singh (2013), Gomez-Deniz et al. (2014) and Asgharzadeh et
al. (2016a).

In recent years, the parameter estimation problem for the Lindley distribution has
been discussed by several authors. Krishna and Kumar (2011) discussed the estimation
of the parameter of Lindley distribution under progressive Type-II censoring. Al-
Mutairi et al.  (2013) discussed the estimation of the stress-strength parameter R =
Pr(Y < X), when both stress and strength variables follow the Lindley distribution.
Gupta and Singh (2013) considered the maximum likelihood and Bayes estimators for
the Lindley parameter based on hybrid censored data. Ali et al. (2013) considered
the Bayesian estimation for the Lindley model with informative and noninformative
priors under different loss functions. Recently, Asgharzadeh et al. (2016b) discussed
the maximum likelihood and Bayesian estimation for the Lindley model based on
record data.

Although the estimation of the parameter of the Lindley distribution has been
discussed extensively in the literature, to the best of our knowledge, the prediction
problem for future failures has not been considered before. Specifically, suppose that n
items are placed on a life-testing experiment and it is planned that the experiment will
be terminated as soon as the m-th (where m is pre-fixed) failure is observed. Then, only
the first m failures out of n units under the test will be observed. The data obtained from
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such a life-test, denoted as X1., < Xouun < ... < Xy, is referred to as a Type-II censored
sample. We are aimed in predicting the future failures Y = Xs1pn(s = 1,2,...,n — m)
based on the Type-II censored sample X = (X1, X2, - . ., Xyn:n). We obtain the maximum
likelihood predictor, the best unbiased predictor and the conditional median predictor.
Two prediction intervals are also proposed. We further propose two resampling-based
procedures for obtaining the point and interval predictors.

The paper is organized as follows. Section 2 provides some preliminaries. In Section
3, we derive the maximum likelihood predictor. In Section 4, the conditional approach
is used to obtain the best unbiased predictor and the conditional median predictor. In
Section 5, we propose two procedures for obtaining the prediction intervals. In Section
6, the resampling-based procedures are proposed for obtaining the point and interval
predictors. In Section 7, one real data analysis has been presented for illustrative
purposes. Finally, in Section 8, Monte Carlo simulations are performed to compare the
performances of the different proposed predictors.

2 Some Preliminaries

Let X = (X1.0, X2, ..., Xin:n) denote a Type-II right censored sample from model
(1.1). For notational simplicity, we denote the ordered Type-II censored sample as
(X1,X2,...,Xu) by suppressing the order statistic notation. Based on the observed
data, the likelihood function for 0 can be expressed as

L©) « H[ O e

(1 + 0 + Ox,, 0% )n—m

1+0 1+0
i=1
g2m m wem O £x1+(n—m)xm]
= Gror ga +x)(1+ 0+ Ox,)" e L . (2.3)
The log-likelihood function is
InL(6) = constant+2mInO —nIn(1+ 60) + (n —m)In(1 + 6 + Ox,)

. (2.4)

- G[ixi+(n—m)xm

i=1

Then, we can obtain the log-likelihood equation as

dinl©) _2m _n_ (-m@+xn) |§v |
0 6 140 1+0+06x, [;xﬁ(n m)xm}—o- (2.5)
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We can see that the maximum likelihood estimator (MLE) of 6, 5ML £, cannot be obtained
in a closed form. Therefore, the MLE of O needs to be obtained using numerical
methods.

Instead of estimating the parameter in the Lindley distribution, the main objective
here is to predict the future life-lengths Y = X, ,.u(s = 1,2,...,n — m) based on X =
(X1, ..., Xm). As we shall see later, the conditional distribution of Y given X = x plays an
important role to predict Y. By the Markovian property of Type-II right censored order
statistics, the conditional distribution of Y given X = x is the same as the conditional
distribution of Y given X,;, = x;,. This implies that the conditional pdf of Y given X = x
is the same as the pdf of the s-th order statistic from a sample of size n — m from the
population with pdf f(y; 0)/[1 — F(xu; 0)], y = x (i-e., a left-truncated pdf truncated at
xm). Therefore, the conditional pdf of Y given X = x can be written as

sylx;0) = s(n _S m)f () [F(y) = FGem)"™"

x[1=F)" ™" [1 = Feea)] ™™™, y 2 x. (2.6)

For the Lindely distribution, Equation (2.6) becomes

g(ylx;0) = S(n _S m)92(1 +y)(1+ 0 + Oy)" "

Xe—@(n—m—s+1)y66(n—m)xm(1 +0+ me)—(n—m)

x[(1+ 6 + Ox,)e O — (1 + 6 + Oy)e ] 2.7)
y

3 Maximum Likelihood Approach

In this section, we derive the maximum likelihood predictor (MLP) Y = Xy /(s =
1,2,...,n—m), on the basis of the Type-II censored sample X = (Xi, ..., X;;;) via likelihood
approach. The likelihood approach was first proposed by Kaminsky and Rhodin (1985)
to predict the future order statistics and estimate the parameters involved in the model.
Given the informative sample x, the predictive likelihood function (PLF) of Y and 0
is considered and maximized simultaneously with regard to future observation Y and
the parameter 0. The PLF of Y and 0, is given by

L(y, 61x) = g(ylx; 6) f(x; 0). (3.8)
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Suppose Y = u(X) and 0= v(X) are statistics for which

L(u(x), v(x)Ix) = sup L(y, Ox). (3.9)
(v,0)

Then, we call #(X) the MLP of Y and v(X) the predictive maximum likelihood estimator
(PMLE) of 6.

For the Lindley model, by substituting Equations (2.3) and (2.7) into (3.8), the PLF
of Y and 0 can be obtained as

62m+2
1+0)

L(y, 0lx) o s(”_sm)

m

x H(l +x)(1 + y)e—G{(n—m—s+1)y+Z§il x;}
i=1

X(1+ 6+ 06y)"™"*

-1
x[(1+ 0+ Oxy)e® — (1+ 0+ O] .

(3.10)
The predictive log-likelihood function is given by

InL(y,0|x) = constant+ 2m +2)In0 —nln(1 + 0)
+Inl+y)+(n—m—s)In(l + 0 + Oy)
+(s = 1) In[(1 + 0 + Oxy)e™ " = (1 + 0 + Oy)e™]

m
-0 (n—m—s+1)y+2xi . (3.11)
i=1

The predictivelikelihood equations (PLEs) are obtained by differentiating In L(y, 0|x)
in (3.11) with respect to y and 0, and they are as follows:

JdInL(y,0x) 1 (n—m—s)0
dy o ge1 e mest D e

O3 (1 + y)e %
(s-1) !
(1+ 6 + Oxp)e=0m — (1 + 0 + Oy)e=%
= 0, (3.12)

+
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dIn L(y, OIx) (s 1)e= %% [1 = Ox(1 + x)] — e %[1 — Oy(1 + y)]

96 B (1+ 0 + Oxp)e 0 — (1 + 0 + Oy)e~0
+ amt2_ _n —-(n-m-s+1) —mx-
0 1+0 L
1+y
t S e
= 0. (3.13)

By solving Equations (3.12) and (3.13) with respect to y and 0 simultaneously, the

MLP of Y, Ypmrp, and PMLE of 6 can be obtained. Numerical methods can be used to
solve these PLEs and obtain the MLP Y,.p and PMLE of 6.

4 Conditional Distribution Approach

Here, the conditional distribution of Y given X = x is used to predict Y. A statistic Y
which is used to predict Y = Xy is called a best unbiased predictor (BUP) of Y if

the prediction error (? —Y) has a zero mean and the prediction variance, Var(?— Y), is
smaller than or equal to that of any other unbiased predictor of Y. The BUP of Y is the
mean of the conditional distribution of Y given X = x. Therefore, the BUP is given by

Yaup = E(YIX) = yg(ylx; O)dy. (4.14)

Xm

Using (2.7) and the binomial expansion

-1
[+ 6+ Oxp)e® — (1 + 0+ Oy)e™®]

S—

=), [(S ; 1)(—1)<S—f'—1>(1 +0 + 0xy)

1
j=0

X(1+ 0+ ey)s—f—le—%fe—e(s—f—”y], (4.15)
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we can obtain the BUP of Y as

Ypup = S(n_m)@2

S
s—1 1

% (S — )(_1)(s—j—l)(1 +60+ me)—(n—m—j)ee(n—m_]‘)xm
- ]

j=0

X f y(1 + y)(1 + 6 + Oy)" i Le 00=m=y gy, (4.16)
Xm
Once again, by using the binomial expansion, the last integral can be written as

f y1+y)(1+6+ Gy)”_m_j_le_e(”_m_j)ydy

m

n—m—j-1 .
— Z (” ml ) 1)91(1 +8)n—m—j—l—l

1=0
I(I+1,0n—m—jx,) T(I+2,0n—-m-=jxy)
9”1(1’1 —m - ]')l+1 gl+2(n —m - ]')l+2 ’ (4.17)
where I'(s, x) is the incomplete function defined as
(s, x) = f £1edt.
Xm
Replacing (4.17) in (4.16), the BUP is obtained as
n—m\ , o3 s—-1N\(n-m-j-1
Yy - - 2 - I A o NG V)
= oL (T e
j=0 I=0
X O+ 0y TN+ 0 + Ox,) O Ol
I'l+1,0mn-m-jxy,) TI+2,0n-m-—jxy)
Ql+1(n —m - ]')l+1 Ql+2(n —m - ]')l+2 (4.18)

If the parameter O is unknown, the BUP of Y can be approximated by replacing 0
by its MLE.

Another conditional predictor is the conditional median predictor (CMP). This
predictor was first proposed by Ragab and Nagaraja (1995) in the context of order
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statistics. We call a predictor Y is a CMP of Y if it is the median of the conditional
distribution of Y given X = x, i.e.,

Pro(Y < Y|X = x) = Pro(Y > Y|X = x). (4.19)
For Lindley distribution, we can obtain

Pro(Y < ?IX =X) =
A+0+6M®™ _ (1+6+ 6Y)e Y

Pro|1- <1-
1T 1560 + 6Xy)e0%n (1+ 6 + 6X,,)e-0%n

x]

(4.20)

Note that the conditional distribution

FO)=F(m) _ . (1+0+0V)e
1-F(xn) (1 + 0+ 0xy)e 0’

given X = x, is a beta distribution with parameters s and n —m — s + 1 (denoted as
Beta(s,n — m — s + 1)) using an application of probability integral transformation and
the fact that the ith smallest order statistics from a random sample of size n from the
standard uniform distribution is distributed as Beta(i,n-i+1). Therefore, by (4.20), the
CMP of Y can be obtained by solving the equation

140+ 6Y)e 0¥
(1 + 0 + Oxy,)e0xm

= Med(B), (4.21)

where B is a random variable which follows a Beta(s,n — m — s + 1) distribution and
Med(B) stands for the median of B. Now, from (4.21), the CMP of Y, Ycump, is

Yemp = -1 - % - é W_1 ([Med(B) — 1](1 + 6 + Ox,y )" 1+0+05)) (4.22)

where W_;(-) denotes the negative branch of the Lambert W function, i.e., the solution of
the equation W(z)e"®@ = z. For more details on the Lambert W function, see Chapeau-

Blondeau and Monir (2002). When 6 is unknown, we can substitute 6 with its MLE
and obtain an approximation of the CMP of Y.
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5 Prediction Intervals

Given the Type-II censored sample X = (Xj, ..., X;;), we want to obtain the prediction
intervals for the sth censored value ¥ = Xgipm(s = 1,2,--- ,n—m). A (1 — a)100%
predictive interval for Y'is an interval (L(X), U(X)) such that Pr(L(X) < Y < U(X)) = 1-a.
In this section, two types of prediction intervals are constructed. We first provide a
pivotal quantity. Consider the random variable Z as

-0y
71 1+6+6Y)e . (5.23)
(1+ 6 + 06Xy )e=0%Xm

As discussed in Section 4, the distribution of Z given X = xis a Beta(s,n —m —s+1)
distribution. Therefore, we can consider Z as a pivotal quantity for the construction of
the prediction interval for Y. From the pivotal quantity Z, it follows that

PI‘(B% <Z< Bl_%|X) =1-aq,

where B, is the 100a-th percentile of Beta(s,n — m — s + 1) distribution. By solving the
inequalities for Y, an exact (1 — a)100% predictive interval for Y is (L1 (X), U1 (X)) where

Li(X)=-1- 1.1y, (IBg = 111 + 0 + Ox,,)e"+0+0m) (5.24)
0 0 2
Ui (X) = -1 - é - é W1 ([Biog = 1J(1 + O + Oxy)e” 0700 (5.25)

Since 0 is unknown, the prediction limits L;(X) and U;(X) can be approximated by
replacing 6 with its corresponding MLE.

Let us now consider the highest conditional density (HCD) method for constructing
the prediction interval of Y. The distribution of Z given X = x is a Beta(s,n —m —s + 1)
distribution with pdf

Zs—l (1 _ Z)n—m—s

Beta(s,n —m —s+1)’

g(z) = 0<z<l,

which is a unimodal function of z, for 1 <s < n—m. A (1 - a)100% HCD predictive
interval for Y is (Lo(X), U2(X)), where L,(X) and U, (X) are given by

Lo(X) = =1 = = = = Wy ([d1 = 1](1 + 0 + 0X,,)e”(1+0+0%w)) (5.26)

Up(X) = =1 = Z — = Wy ([da = 11 + 0 + OX,)e”+0+0%n)) (5.27)
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and d; and d; satisfy the equations

d
8R@dz=1-« (5.28)
di
and
8(dy) = g(d2). (5.29)
The Equations (5.28) and (5.29) can be simplified as
By(s,n—m-s+1)-Bg(s,n—-m—-s+1)=1-a (5.30)
and .
1— d2 n—m-—s ~ dl 5—
(1 - dl) - (d_) , 5.31)
where

1 t
Bi(a,b) = 5 ) fo N1 = %) dx

is the incomplete beta function. Note that, for the case s = 1 or s = n — m, the function
8(z) is not unimodal and the HCD prediction interval cannot be obtained.

6 Resampling Approach

In this section, we construct both point and interval predictions of future order statistics
based on the percentile parametric bootstrap method (Efron and Tibshirani , 1993). In
addition, we develop a bias-adjusted estimator based on the parametric bootstrap. To
obtain the percentile bootstrap confidence intervals, we use the following algorithm:

1. Based on the original sample x = (x1,xp, ..., X;), obtain 6, the MLE of 6.

2. Generate a random sample of size n — m, denoted as y = (y1, Y2, ..., Yn-m) from
a left-truncated distribution with the point of truncation to be x,,, i.e., with the

p.d.f.
_
fr,(X) = = F(xm)'x > Xy
3. Obtain yV) = (x’(ill:n, xi}z)ﬂm, cey x,(ﬁ;) from Lindley distribution with parameter 0

by the inverse transformation method: x?,ﬁ = F Y (ugy).
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4. Repeat Steps 2 — 3 for B times and obtain Xsn, @, ..., xsnB), fors = m+1, m +
2,...,N.

2) 2]

5. Arrange YD, Xen@, ..., xen® in ascending order and obtain XonH, s, ..,

xs:n[B] .

A point prediction of the s-th order statistic Xs.,, s =m+1,m+2,...,n,is Z?:l x,(;],)1 /B
and a two-sided 100(1 — a)% bootstrap prediction interval of Xs.,, s =m+1,m+2,...,n,

say [X:L, X:U], is then given by
XL = x,., [Be/2D, XU =y, (BU-a/2))

We denote this method as Boot.

In Step 1, beside using the MLE, one can consider a bias-reduced estimator based
on the MLE (Cox and Snell, 1968). The first-order bias of the MLE can be approximated
as

Bias(0) = k;*(0.5ks + k1),

where
o _ p[(?:nL@©)(InL©)
S | WPTEE 20 )|’
[ 9%In L(0)
o = ET]
[ 2°In L(0)
o=k T]
with

dnLO) _ 2m__n +<”"”)(1+"m)—lixﬁ(n—m)xm]/

90 06 (1+6) 1+0+0xy) —
PInLO) _  2m Lon (n —m)(1 + x,)?
202 02 (1+02  1+0+0x,)? "’
PInLO) _ 4m _ n N (n —m)(1 + x,)3
063 03 (1463 1+60+06x,)3

Hence, the bias of 6 can be approximated by

Bias(0) = k52(0.5k3 + ka1),
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where

i _ (#InL@)) (L)
S TR 90 oo’
. PInL(0)
o= S22

6% gg
A PInL(0)
ko= =22 .

905 |,_g

A bias-corrected MLE can be obtained as 6 = @ — Bias(9). Hence, the resampling
method described above can be applied by using 0 in place of 0 in Step 1. We denote
this method as BBR.

7 Illustrative Example

To illustrate the prediction methods developed in this paper, we present an analysis of
a real data set here. The following data set has been presented in Murthy et al. (2004).
The data refer to the time between failures for some repairable items as

0.11 030 040 045 059 063 070 071 074 0.77
094 106 117 123 123 124 143 146 149 174
1.82 186 197 223 237 246 263 346 436 473

To check the validity of using Lindley distribution for fitting this data set, Kolmogorov-
Smirnov (K-S) test is applied. The K-S statistic of the distance between the fitted and the
empirical distribution functions (based on the parameter 6 = 0.976) is 0.561 and the cor-
responding p-value is 0.141. Therefore, it is reasonable to use the Lindley distribution
to fit the data.

Suppose the life test is ended when the 25-th observation is observed, i.e., when we
observe a Type-II censored sample with n = 30 and m = 25. Based on the prediction
methods presented in this paper, we computed the point and interval predictions of the
censored lifetime Y = X;12530 (s = 1,2, 3,4, 5) and these results are presented in Table 1.

From Table 1, we see that various point predictors are quite close to the true obser-
vations. We can also observe that different prediction intervals considered here contain
the true observations. Note that, as mentioned in Section 5, the distribution of Z given
X = xis a unimodal function of z, for 1 < s < 5. Therefore, the HCD prediction method
works here for all Y = X;10530 (s =1,2,3,4,5), excepts =1 and s = 5.



Prediction for Lindley Distribution Based on Type-II Right Censored Samples

Table 1: Point predictors and 95% confidence prediction intervals for Y.

Point prediction

True
Value MLP BUP CMP Boot BBR
s=1 2.46 2370 2636 2557 2.636 2.643
s=2 263 2665 2964 2874 2960 2.983
s=3 346 3.037 3392 3283 3383 3.424
s=4 436 3552 4.020 3.875 4.008 4.070
s=5 473 4414 5237 4969 5221 5.327
Interval prediction
True Pivot HCD Boot BBR
Value Method Method Method Method
s=1 246 (2.376,3.341) — (2.377,3.474) (2.377,3.361)
s=2 263 (2.443,4.002) (2.405,3.812) (2.442,4.007) (2.445,4.024)
s=3 346 (2.583,4.817) (2.584,4.814) (2.582,4.782) (2.587,4.892)
s=4 436 (2.815,6.047) (2.903,6.883) (2.805,6.006) (2.836,6.115)
s=5 473  (3.228,8.781) — (3.222,8.832) (3.270, 8.871)

13

8 Monte Carlo Simulation Study

In this section, a Monte Carlo simulation study is employed to evaluate the perfor-
mances of the different proposed predictors. We compare the performances of the point
predictors MLP, BUP and CMP in terms of their biases and mean square prediction er-
rors (MSPEs). The predictive intervals obtained by different methods are compared by
means of their estimated average widths (AW) and coverage probabilities (CP).

For given (n,m, 0), we have randomly generated 10,000 sets of Type-II censored
sample Xi.y, ..., Xiu:n from the Lindley distribution. Then, we have computed different
point predictors for the sth future failure time Y = X1 /.u(s = 1,2,--- ,n — m). We also
computed the 95% prediction intervals for Y. In our simulation, we have considered
n = 10,15,20 and 0 = 0.75,1,2. Table 2 presents the biases and MSPEs of different
point predictors. The biases and MSPEs are computed as follows. Suppose Y; is the
prediction of Y obtained in the i-th iteration of simulation, wherei =1,...,N = 10, 000,
then we compute the bias and MSPE as

1
Bias = N ;(Yi -Y)
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and

N
—_ 1 \/ 2
MSPE = — ;(Yi ~Y)2.

The average confidence lengths and the corresponding coverage probabilities of
95% prediction intervals are also computed and reported in Table 3. If (L; U;) is
the 95% prediction interval of Y obtained in the i-th iteration of simulation, where
i=1,...,N =10,000, then the coverage probability (CP) is computed as

10000

1
Z{ I <Y < U},
=

CP = T0000

where I {-} denotes the indicator function.

From Table 2, it is observed that, in most cases, the BUP and CMP perform better
than other point predictors in terms of MSPEs. Since the BUP is nearly unbiased, one
may prefer to use the BUP compared to the CMP. The Boot predictor works better than
the BBR predictor in general. We also observe that the MLP does not work well because
it gives the largest biases and MSPEs among all the predictors considered here. This
point can be also observed in the papers by Awad and Ragab (2000), Basak et al. (2006)
and Asgharzadeh et al. (2015). For fixed values of n and m, the biases and MSREs
increase as s increases.

From Table 3, we can see that the Pivot method and the BBR prediction intervals
have simulated coverage probabilities closer to the 95% nominal level in most cases.
However, the trade-off is that the Pivot method and BBR prediction intervals have
larger average widths. The simulated average widths of prediction intervals based on
the Pivot method are smaller than that of the BBR prediction intervals. For fixed values
of n and m, the average widths of different prediction intervals increase as s increases.

Overall speaking, based on the simulation results here, we would recommend
using the best unbiased predictor for point prediction of the future failures and using
the prediction interval based on the Pivot method for interval prediction. Note that the
methodology presented in this work could be extended to Type-I censored data with
some straightforward modifications. Specifically, suppose that a Type-I censored life
testing experiment with 7 units gets terminated at time 7 and m failures are observed
before time 7 while (n — m) items are censored. Here, 7 is a pre-fixed value and m is
a random variable. Conditional on the observed value of m, the prediction methods
presented in this paper can be used by setting x,, = 7.
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Table 2: Biases and MSPEs of point predictors.

n m s MLP BUP CMP Boot BBR
0=0.75 10 7 1 Bias -0.595 -0.003 -0.175 -0.029 0.031
MSPE 0.679 0.364 0.377 0.386 0.392

2 Bias -0.780 -0.020 -0.237 -0.028 0.113

MSPE 1.647 1.192 1.196 1.208 1.250

3 Bias -1.308 -0.045 -0.414 -0.024 0.263

MSPE 2.450 2.273 2.281 4.271 4.463

15 10 1 Bias -0.359 -0.005 -0.103 -0.002 0.025
MSPE 0.253 0.134 0.140 0.136 0.143

2 Bias -0.420 -0.007 -0.127 -0.003 0.029

MSPE 0.506 0.363 0.367 0.365 0.383

3 Bias -0.521 -0.024 -0.164 -0.007 0.056

MSPE 0.958 0.760 0.763 0.758 0.815

4 Bias -0.697 -0.037 -0.221 -0.023 0.088

MSPE 1914 1.582 1.586 1.592 1.681

5 Bias -1.160 -0.011 -0.353 -0.007 0.184

MSPE 2.749 2.419 2424 4.452 4.666

20 15 1 Bias -0.352 -0.001 -0.105 -0.006 0.010
MSPE 0.240 0.122 0.130 0.131 0.132

2 Bias -0.402 -0.004 -0.123 -0.013 0.022

MSPE 0.473 0.332 0.340 0.334 0.337

3 Bias -0.484 -0.009 -0.149 -0.012 0.047

MSPE 0.877 0.689 0.696 0.681 0.689

4 Bias -0.644 -0.018 -0.203 -0.008 0.085

MSPE 1.780 1.465 1.473 1.423 1.442

5 Bias -1.083 -0.011 -0.332 -0.032 0.124

MSPE 2.031 1919 1.928 3.917 3.964

n m s MLP BUP CMP Boot BBR
0=1.0 10 7 1 Bias -0.442 -0.003 -0.132 -0.005 0.042
MSPE 0.376 0.200 0.209 0.187 0.192

2 Bias -0.584 -0.016 -0.178 -0.005 0.108

MSPE 0.911 0.653 0.656 0.646 0.675

3 Bias -1.006 -0.055 -0.332 -0.015 0.216

MSPE 1.643 1.444 1.449 2.431 2.551

15 10 1 Bias -0.270 -0.002 -0.082 0.000 0.020
MSPE 0.144 0.077 0.081 0.074 0.075

2 Bias -0.318 -0.009 -0.099 -0.016 0.027

MSPE 0.283 0.201 0.205 0.207 0.210

3 Bias -0.392 -0.018 -0.123 -0.026 0.047

MSPE 0.550 0.439 0.044 0.443 0.452

4 Bias -0.514 -0.015 -0.154 -0.047 0.066

MSPE 1.080 0.903 0.906 0.942 0.961

5 Bias -0.882 -0.020 -0.276 -0.011 0.178

MSPE 2.075 1.537 1.542 2.416 2.494

20 15 1 Bias -0.265 -0.005 -0.083 -0.002 0.010
MSPE 0.137 0.071 0.076 0.071 0.132

2 Bias -0.300 -0.004 -0.093 -0.002 0.022

MSPE 0.257 0.178 0.182 0.176 0.337

3 Bias -0.376 -0.021 -0.126 -0.010 0.047

MSPE 0.501 0.388 0.394 0.386 0.689

4 Bias -0.483 -0.012 -0.151 0.002 0.085

MSPE 0.978 0.803 0.807 0.803 1.442

5 Bias -0.839 -0.016 -0.272 0.010 0.124

MSPE 1.828 1.276 1.277 2.202 3.964

n m s MLP BUP CMP Boot BBR
0=20 10 7 1 Bias -0.208 -0.000 -0.062 -0.006 0.022
MSPE 0.085 0.048 0.049 0.048 0.050

2 Bias -0.294 -0.014 -0.095 -0.003 0.065

MSPE 0.230 0.165 0.166 0.157 0.166

3 Bias -0.488 -0.011 -0.149 -0.013 0.129

MSPE 0.746 0.591 0.595 0.610 0.650

15 10 1 Bias -0.127 -0.000 -0.038 -0.002 0.010
MSPE 0.033 0.018 0.029 0.017 0.017

2 Bias -0.152 -0.002 -0.046 -0.008 0.018

MSPE 0.063 0.045 0.055 0.048 0.049

3 Bias -0.190 -0.005 -0.057 -0.021 0.022

MSPE 0.126 0.100 0.107 0.107 0.110

4 Bias -0.250 -0.000 -0.069 -0.031 0.037

MSPE 0.248 0.209 0.217 0.221 0.227

5 Bias -0.456 -0.019 -0.147 -0.028 0.088

MSPE 0.772 0.634 0.638 0.593 0.615

20 15 1 Bias -0.125 -0.001 -0.038 0.003 0.011
MSPE 0.031 0.016 0.017 0.017 0.017

2 Bias -0.147 -0.003 -0.047 0.002 0.019

MSPE 0.061 0.043 0.044 0.041 0.042

3 Bias -0.175 -0.000 -0.052 0.005 0.033

MSPE 0.111 0.087 0.087 0.086 0.088

4 Bias -0.244 -0.009 -0.078 0.000 0.045

MSPE 0.236 0.191 0.192 0.193 0.198

5 Bias -0.409 -0.008 -0.121 0.005 0.081

MSPE 0.695 0.571 0.573 0.547 0.560
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Table 3: Simulated average widths (AW) and coverage probabilities (CP) of different
95% predictive intervals.

n m s Pivot HCD Boot BBR
Method Method Method Method

6=0.75 10 7 1 AW 2.108 — 2.065 2.265

Ccp 0.930 — 0.919 0.930

2 AW 3.751 3.717 3.692 4.032

(@3 0.925 0.929 0.909 0.921

3 AW 6.979 — 6.913 7.520

CP 0.916 — 0.913 0.926

15 10 1 AW 1.305 — 1.275 1.348

CpP 0.938 — 0.933 0.936

2 AW 1.830 1.814 2.052 2170

CP 0.925 0.921 0.919 0.924

3 AW 2.956 2.951 2924 3.092

CP 0.916 0.915 0.913 0.916

4 AW 4.247 4.208 4.195 4419

CP 0.912 0.911 0.908 0.913

5 AW 6.239 — 7.138 7.514

CP 0.909 — 0.913 0.913

20 15 1 AW 1.267 — 1.228 1.283

CcpP 0.944 — 0.936 0.939

2 AW 2.043 1.845 1.993 2.079

cp 0.931 0.933 0.929 0.936

3 AW 2923 2918 2.854 2975

Ccp 0.925 0.927 0.918 0.921

4 AW 3.197 3.158 4.116 4.284

Cp 0.924 0.926 0.924 0.931

5 AW 5.169 — 7.040 7.318

CP 0.923 — 0.925 0.928

6=10 10 7 1 AW 1.566 — 1.533 1.693

Ccp 0.926 — 0.922 0.936

2 AW 2.785 2.705 2.748 3.023

(@ 0.923 0.926 0.909 0.922

3 AW 5.211 — 5.160 5.652

CP 0.922 — 0.910 0.922

15 10 1 AW 0.963 — 1.275 1.348

CP 0.931 — 0.933 0.936

2 AW 1.550 1.401 2.052 2170

CP 0.919 0.917 0.919 0.924

3 AW 2207 2.203 2.924 3.092

CcpP 0.911 0.910 0.913 0.916

4 AW 3.172 3.094 4.195 4.419

CcpP 0.909 0.908 0.908 0.913

5 AW 4.381 — 7.138 7.514

CP 0.906 — 0.913 0.913

20 15 i AW 0.914 — 0.912 1.283

cp 0.940 — 0.942 0.939

2 AW 1.518 1.370 1.482 2.079

Ccp 0.928 0.931 0.930 0.936

3 AW 2.164 2.160 2.126 2975

CP 0.924 0.926 0.911 0.921

4 AW 2.937 2.857 3.071 4.284

CP 0.923 0.935 0.926 0.931

5 AW 3.355 — 5.261 7.318

CP 0.921 — 0.918 0.928

0=20 10 7 1 AW 0.748 — 0.737 0.834

CP 0.925 — 0.920 0.933

2 AW 1.349 1.286 1.334 1.504

CP 0.920 0.924 0.906 0.917

3 AW 2.547 — 2.535 2.845

CP 0.927 — 0.896 0.904

15 10 1 AW 0.459 — 0.440 0.480

CP 0.930 — 0.929 0.933

2 AW 0.745 0.672 0.718 0.782

CP 0.918 0.915 0.903 0.921

3 AW 1.066 1.064 1.035 1.125

CcpP 0.910 0.910 0.894 0.906

4 AW 1.542 1.900 1.497 1.624

Ccp 0.908 0.907 0.900 0.909

5 AW 2.644 — 2.582 2.793

CP 0.904 — 0.913 0.919

20 15 1 AW 0.450 — 0.438 0.464

CpP 0.939 — 0.929 0.933

2 AW 0.732 0.660 0.716 0.757

CP 0.925 0.929 0.926 0.931

3 AW 1.052 1.050 1.033 1.092

CP 0.922 0.921 0.928 0.929

4 AW 1.529 1.486 1.501 1.585

CP 0.920 0.917 0.903 0.913

5 AW 2.645 — 2.592 2731

CP 0.918 — 0.920 0.925
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