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Abstract. In this paper we treat a general form of location model. It is
typically assumed that the error term is distributed according to the law
belonging to the class of elliptically contoured distribution. Some sorts
of shrinkage estimators of location and scale parameters are proposed
and their exact bias and MSE expressions are derived. The performance
of the estimators under study are completely analyzed and the condition
of superiority of each estimator is studied in details.
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1 Introduction

In the wake of increasing criticism on the inappropriate use of the normal
distribution to model the errors, there is a growing trend to use, often
more appropriate, heavier/lighter tail models. Fisher (1956, p. 133)
warned against the consequences of inappropriate use of the traditional
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normal model. He (1960, p. 46) also analyzed Darwin’s data (cf. Box and
Taio, 1992, p. 133) by using a non-normal model. In fact the assumption
of normality restricts the range of possible application, especially in flat-
ter densities. Alternatives include elliptical distributions which contain
the normal one. The elliptical distributions are the parametric forms of
the spherical symmetric distributions, which are invariant under orthog-
onal transformations and have equal density on sphere if densities exist.
The elliptic family of multivariate distributions has received considerable
attention in the statistical literature. The works of Fang and Zhang
(1990) and Fang et al. (1990) are two main references on the theory
of the vector-variate elliptic family of multivariate distributions. Some
of the well-known elliptical distributions are the multivariate Gaussian,
Pearson Type II/VII, multivariate Student’s t, multivariate logistics,
multivariate Kotz type, multivariate Laplace, multivariate Bessel and
multivariate power exponential distributions.

There have been many studies in the area of the ‘improved’ esti-
mation following the seminal work of Bancroft (1944) and later Han
and Bancroft (1968). They developed the preliminary test estimator
that uses uncertain non-sample prior information (not in the form of
prior distributions), in addition to the sample information. Stein (1956)
elegant approach dominates the usual maximum likelihood estimators
under the squared error loss function. In a series of papers Saleh and
Sen (1978, 1985) explored the preliminary test approach to Stein-rule
estimation. Many authors have contributed to this area, notably Sclove
et al. (1972), Judge and Bock (1978), Stein (1981), Maatta and Casella
(1990) and Khan and Saleh (1995, 1997), Kibria and Saleh (2004, 2006),
Saleh and Kibria (2011a, b) and Ahmed et al. (2006, 2007). The recent
book of Saleh (2006) presents a comprehensive discussion of this area.

To accompany elliptical treatment, consider a location model with
the response vector Y = (Y7,---,Y,) such that it satisfies

Y =01, +¢, (1.1)

where 1, = (1,---,1) is an n-tuples of 1’s, and the error vector &

belongs to the class of elliptically contoured distributions (ECDs), that

is distributed as n-dimensional ECD, denoted by € ~ E,(0,0%V,,,v).
Then € has the following characteristic function

Pe(t) = ¢ (°t'Vt) (1.2)

for some functions 9 : [0,00) — R say characteristic generator (Fang et
al., 1990).
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The mean of € is the zero-vector and the covariance-matrix of € is

E(e'e) = =202/ (0)V,, = 62V, o2 = —20%'(0) (1.3)
In equation (1.3), the expectation exists provided that [¢'(0)| < oo.

If € possesses a density, then it can be represented as an integral of
a set of multivariate normal densities given by (Chu, 1973)

1
se) = oV | evite]

[e.e]
= / W (t) N, (0,t710%V,,) dt, (1.4)
0
where the weight function W(.) is given by

W) = (3) T oV b B L g (s)), (15)

s

L71g(s)] denotes the inverse Laplace transform of g(s) with s = &'V le
/202, for a normalizing constant d,, and for some function f(.) say den-
sity generator. Then we will use the notation € ~ E,(0,0?V,,, f). Note
that f and 1 determines each other for each specific member of this fam-
ily. For details on the properties of Laplace transform and its inverse
see Debnath and Bhatta (2007).

On integrating g(.) over R™, W (.) integrates to 1. Thus for nonneg-
ative function W(.), it is a density and can be interpreted as a scale
mixture of normal distributions (Muirhead, 1982). Note that the mix-
ture of normal distributions is a subclass of the ECDs (Fang, 2006).
Thus our model, contains negative and nonnegative weight functions.

Some explicit representations of h(.) and W(.) for s = €'V, te/20>
are given in Table 1.

In Table 1, §(.) is the unit impulse function or the Dirac delta func-
tion with the following properties

L[5 o(t)dt =1,

2.7 w(t)d(t)dt = v(0) for every Borel measurable function v(.).
And 6™ (t) denotes the mth derivative of §(t) w.r.t ¢.

Note that involving equation (1.3), we can formulate the covariance
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Distribution f(s) W (t)
Multivariate Normal % o(t—1)
. . T'(m)|oc2V, | /2 {7 /2o lg—at/2
Multivariate Pearson T@m)" 2T (m=n72) @2 T (m=n72)
Type VII x(1+2s/q)~™
; ; 2T (o4 oIV, | 172 (o v/2—1_—vt/2
Multivariate Student-t F((TI ;gf()y' /2)V | ”/QQ)T/Q;
with v d.f. x (v 4 2s)~(Hn)/2
—1/2 _—+/2s
Multivariate Laplace F(n/2)\20:x21|_‘(n)ze ’ 5t —/2)
—_n/2—v 2 —1/2
Generalized Slash va "/ (277';/‘2’"' ptv—1
x[T'(n/2+v)—T(n/2+v,s)]
. . m—1+4+n 21—\( /2)“72\,71,‘71/2 (2 )7nfl+n 21—\( /2)
Multivariate Kotz type 4 WL/QF(ZL_HH/Q) W
(2S)m—1e—2qs t—n/Q(s(m—l)(t _ 2q)

Table 1: Some elliptical densities and the corresponding weight functions

matrix based on the weight function W as
E(e) = / W (£)Cou { N, (0, 102V,)} dt
0
_ / W(t) (t7'02V,) dt
0
= o2V, (1.6)

where

) — /OOO (%) W (t)dt, (1.7)

provided that the above integral exists.
Subsequently, from (1.3), we get

kM = —2¢/(0), and o2 = o2k, (1.8)

€

For some examples of (1.6), using Table 1, for the multivariate nor-
mal model we have

E(ee) = JQVn/ t716(t — 1)dt
0
O'2Vn,
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and for the multivariate Student-t model with v d.f., we obtain

o0
E(e) — 02v/ I C A
" Jo 2T (%)
7/0'2

oy —2 "

Another sub-class of ECDs which includes the above class may be
generated by a signed measure W on the measurable space (R*,B) such
that the pdf g(.) can be expressed as

() gle) = /O N (0,602 V,) W (de),

o
(i) / t~IWT(dt) < oo,

OOO

(iid) / t W (dt) < oo,

0
where WT — W~ is the Jordan decomposition of W in positive and
negative parts (see for examples Srivastava and Bilodeau, 1989 and Saleh
and Kibria, 2011).

The plan of this paper is as follows. In section 2 unbiased estimators
of @ and o? are proposed as well as the test statistic for testing the
imposed restriction 6 = 6. In sequel improved estimates of location
and scale components are also given. Section 3 contains some important
theorems for the bias and MSE expressions of the nominated estimators.
Complete discussion on the performance of the estimators under study
are included in section 4, while a conclusion is given in section 5.

2 Proposed Estimators

In this section, we propose unbiased estimators for the location param-
eter 0 as well as the variance component o2.

It is totally accepted that using LS method, by minimizing the fol-
lowing criterion w.r.t.

(Y —01,)'V, (Y - 01,), (2.1)
the unbiased estimator of 6 is given by

0, =K',V lY, K;=(1,V;'1,) (2.2)
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Accordingly, we have Var(f,) = 02K .
Also the unbiased estimator of o2 is as

S2 =

u

(Y —0,1,)VH (Y —0,1,), m=n—1. (2.3)

1
m
Theorem 2.1.  Suppose Y ~ E,(01,, 02V, f), then the distribution
of 0, is

dy ﬁf[w]’

o2 202

where dy is the normalizing constant. Also the distribution of S> is

1

2 §m71 0o 2
% t%e*%W(t)dt
(202)2 T (%) Jo

Proof. The distribution of én can be written as
@) = [ W5 @i

where fgn (.) is the pdf of A, under the assumption 8, ~ N(8,t" 02K ).
The result follows using the representation (1.4).

For the distribution of S2, define Z; = V;l/Q(Y —0,1,), then un-
der the assumption Y ~ N,(01,,t"'0?V,,), it follows 2611, —
A)~12Z, ~ N, (0,1,,), where A = KflVﬁl/anlgVﬁl/Q is a symmet-
ric idempotent matrix and so is (I,,—.A). Then it follows rank(I,,—A) =
tr(I, —A) =n — 1. Therefore we obtain

zZ\(I, — A1, - AT, - A)~?Z,

n—1

S2|t = ~ o2 (2.4)

Thus integrating w.r.t. the weight function W(.), gives the result. N
Consequently we obtain

(i) E(S2) = o%s, (2.5)
(i) Var (S2) = M o

Now, we state a Theorem due to Anderson et al. (1986) about
estimators and tests.
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Theorem 2.2. (Anderson et al., 1986) Let Q be a set in the space of
(n, V), V>0, such that if (u, V) € Qg then (u,cV) € Qg for all ¢ > 0.
Suppose f is such that f(z'z) is a density in RN and y%f(y) has a finite
positive maximum yy. Suppose that on the basis of an observation x from
\V]_Tlf [(x — p)'V~H(x — p)| the MLEs under normality (1, V) € Qo
exist and are unique and that V > 0 with probability 1. Then the MLEs
for f are

. N -
p=p, V=—V,
yr
and the mazximum of the likelihood is
N
V= flyg)

Theorem 2.3. Let

Q = {(0,0,V,):0cR,0ecR",V, >0}, and,
w = {(0,0,V,):0=0y,00cR,0ccR"V, >0}

Moreover, suppose y%f(y) has a finite positive maximum yy¢. Then the
LR criterion for testing the hypothesis Hy : 8 = 0y is given by

(6 —6p)?

(2.6)

and it has the following modified generalized non-central F-distribution

1 1
150420 p3r=1) po A2
Gim(La) = (3) Iy (2.7)

>or! B (2T2+1, %) (1 4 %Ln)%(1+2r+'yo)

where A% = ¢/02 for € = K1(0 — 6p)%, and

KM(A?) = e W . (2.8)
5

r!

Proof. For the test of the null hypothesis Hy : 8 = 0y versus Hy : 0 #
0o, firstly, let

52 = (Y = 6p1,)V; {(Y — fo1,,). (2.9)
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In the second rate, by making using of Theorem 2.2 we obtain

n _1 lvfl
A - max, L(y) dn|6? V|72 maxy f {y 202 y} B (E)"f(yf)
maxgq L(y) dp, |0'2V| 2 maxyf |: ,\,U;ly} o f(yf)

(Y =0,1,) V(Y — 9n1n) B ( mS? )”
(Y =001,V (Y —601,) | \mS2 + K1 (6, — 60)?

- o\1+21z,

Hence, £, is the LR test for testing the underlying null hypothesis.

For its non-null distribution, we note that under the assumption € ~
N, (0,0%t71V)

Kl(én - 00)2
‘CTL = 575

follows the non-central F-distribution with (1,m) d.f. and non-centrality

parameter A? = Klt(ef%) Then integrating over ¢ w.r.t. the signed

measure W we obtain (2.7). [

Corollary 2.3.1. Under Hy, the pdf of L, is given by

which is the central F-distribution with (1,m) d.f.

Corollary 2.3.2. The power function at ~v-level of significance of L,
say, modified generalized non-central F' cumulative distribution function
of the statistic L, is given by

2 0/ A2 m
Gpm(ly; A%) =) 'K (A?) [ (1+2r), ﬂ, (2.10)
r>0
where I,(.,.) is the incomplete Beta function, x = #WH and 1, =

Fl,m(’Y)'

In addition to 6,, and S2 we present a few more estimators of § and
o2. First, we consider the case when it is a priori suspected that § may
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be equal to 6. In this case, following Bancroft and Han (1968) and
Saleh (2006), we define some estimators given below:
(i) restricted estimator (RE) of 6 is

éi%E :én—k‘o(én—eo), 0<ky<l. (2.11)
(ii) preliminary test estimator (PTE) of 6 is given by
08T = 6, — ko(0, — 00)I(Ly, < ca), (2.12)

where I(A) is the indicator function of the set A and ¢, is the a-level
critical value of the F-distribution with (1,m) d.f.
(iii) shrinkage type estimator (SE) of 6 is given by

cokio(0n, — 00) Sy
VE1|0n — 60|
For the estimation of o2, we consider the following:

(i) the unrestricted estimator of o2 is S2
(ii) restricted estimator of o2 is defined by

05 =0, — co>0, 0<ko<1. (2.13)

(m +1)8% = mS? + K1(0, — 60)>. (2.14)
Further, the best invariant estimators of o2 are given by

~ 2 R 1 2
(iii) 026 — m—Su i — M
n+3

- (2.15)

Let cq be the a-level critical value of the F-distribution with (1,m) d.f.
then we define three more preliminary test estimators of o2

v) SIQDT[I} = Ui (La)m S, (2.16)
(Vi) Shrp = Ta(Ly)msS; (2.17)
and
(vii)  Sfy = Us(L,)mS]; (2.18)
where
1+1ic2,
Ui(L) = 102, > )+ LEmE) pp oy (2.19)
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1 1+ Lz,
\112(£n) = —I(ﬁn Z Ca) + %

— I(Ln <ca),  (2.20)

1 m (14212, m
= > m — ), (2.
\IIS(EH) m—|—2I<£n_m+2)+ m+ 3 I(£n<m—|—2)’(221)

respectively.

3 Bias and MSE Expressions

This section contains some lemmas and theorems for the calculation of
bias and MSE expressions for the proposed estimators. We begin with
the following theorem:

Theorem 3.1. If Z follows E1(0,02, f) and ¢ is a measurable function
of Z2, then
(i) the distribution of Z? is given by

mOC(A%) = Y KA (% 0),

r>1
H(x;A%) = Y KNA*)Hyy(2;0), ¢>0

r>1

where h,(x?;0) and H,(x;0) are the pdf and cdf of a central chi-square
distribution with v d.f.

(i)  Elo(z%) =Y KA EN[O(xT12:(0)] = EO[b(xF(A))]

r=0
(iif) E[Z¢(2%)) = 0EV[o(x5(A%))]

(iv) E[2°¢(2%)] = a2 EV[$(3(A%)] + 02 EV[(x3(A%)]

where
EM[p(xp(A%)] =D KA EN[b(x}+2,(0))], (3.1)
r=0
and
Bt "(xi(AD)] = 02" ED [(x7(A?))] (3:2)

for integer values of h.
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Proof. Under N (H,tfl), Z? is distributed as x3(A?) with pdf

e 2 A2\
> 0 (7t> hit2r(x%;0).

r=0

Integrating w.r.t. the signed measure W, we have the result given by
hi(x3A2). (ii) is already given.

(i) E[Z¢(2%)] = 0EEN[60G(AD))] = 0ED[6(3(A%)],  (33)
and
(iv)  E[Z%¢(Z2%)] = B {t7 Enlo((AD)] + 0 Elp(x3(AD)]} -
Using the formulas (3.1) and (3.2) we have the R.H.S. equal to
= 2BV [0 (A%)] + 2BV [6(x3(A%))]. (3.4)
u

Theorem 3.2. If Z ~ E1(0,0% f) and U is an independently dis-
tributed central chi-square variable with m d.f., then the distribution of

F = (mZ%)U! is given by the pdf/cdf

(e 9]

glm ZK 0) 91+2r m(F;0) (3.5)

and

(e 9]

CC A2 ZK 0) G1+27« m($ 0) vy > 2, (36)

respectively, where gy, 1,(-) and Gy, 1, (+) are pdf and cdf of central F-
distribution with (vy,v2) d.f.
Thus, one may obtain the formulas

o
0 £|o("F)] = BV lorm@2) (3.7)

@) 2|26 (“2)] = 0O lo(aFsn (07)

U

(i) B |72 (mZQ)} = G2ED[G(3Fy m(A2))] + 02 EO[p(5F5 m (A2)]
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where

E(h) [¢( Vi, V2 A2 ZKh AQ |: (Vl :_12TFV1+27’,V2 (0)):| (38)

If Gym(ca; A?) denotes the mon-central F-distribution with (q,m)
d.f. with non-centrality parameter A?, then

E, [tith,m(ca;A?)} = (n(1)>hG(h (Lo; A?)

q?m

where
G (0, A?) = i KMNAaHI, l(q +2r); 2 (3.9)
q,m ) ~ I a 2 ) 2
. _ Ca 2 02
with £y = m‘iqca and A? = e

Theorem 3.3.  Suppose Y ~ Ey(01,, 0%V, f), then the distribution
of (0, — 00)? is given by o2 K hi(x%(A?)).

Proof. From (2.2), (0, — 60)?|t ~ 0*t 'K 'x3(A?). Now integrating
w.r.t. the signed measure W, we get the underlying result. |

In the following, we give some expressions for bias and MSE of the
estimators under study classified into theorems.

Theorem 3.4. IfY ~ E.(0,0*V,, f), then the bias expressions of
0., Bo, 0T and 05 are given by

n 2

D) biba) = (3.10)
(i) by(h) = —ko(e ) = —kooeA, A= (0—6y)o"

A 0 Coy
(iii) b3(6FT) = —koaeAGg%I(ﬁa; A?), Uy = ey

. A cokoCno 0—20
() BB =~ B (A ~ 1], A= t_;”
where
[z z
Cn = oI and EN[|Z|] =1-20(—-Ay). (3.11)
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Theorem 3.5. IfY ~ E.(0,0*V,, ), then the MSE expressions of
0., Bo, 0T and 05 are given by

n K

(i) M (0,) = K1 (3.12)
() M(IRF) = T{(1— ko) + A%
1
) M) = 7 {1 o2 — ko)GH (10: A7)

+ RoA%2G), (€5 A%) = (2= ko) GL), (0; A7)}

2
~ sy Te [ _ 2. _ Yy
i) o) = 7 {1-2¢ |2 (5 ) -1 |
0o Y "
,(_)—/0 e W(iﬁj(l)A2)du

Proof. (i) Since 6, is distributed as E; (9, %,f) and E(6,) = 0,
hence M, (0,) = =

My(05F) = EB(07F - 0)* = E[(1 — ko) (0, — 0) — ko(6 — 6o)]”
= E[(1 — ko)*(6n — 0)* + k3 (0 — 60)
—2ko(1 — ko)(é —0)(0 — 6o)]

2
= (1—ko)2ZE 4 k2022 = TE[(1 — ko)® + k2A?%] (3.13
(ko) 72 ZEI1 — ko)? + KA (313)

(iii)
My(6,") = El(fn —0) = ko(0n — 00)I(Ln < o))’
= E[(6, — 0)* = 2ko(0p — 0)(0,, — 00)I (L, < Cq
]

+k2(0n — 00)%I(L, < o)
2

_ e)q_ _ e A2
= K {1 /{50(2 k‘o)G&m(SCa,A )

+k0A2[2G(0) (36 A%) - G (= ch?)]} (3.14)
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using (3.8) and (3.9).

(iv)

My(05) = E[05 —0)?

n

- 2

~ koS, (0, — 0
— B, — o) - ©koSulls — o)

VK160, — 00|

. 21262 2c0koSy(0n — 0)(0, — 0

- E (Qn_9)2+0005u_ cokoSu( ~ )( 0)
Kl \/K1|9n_‘90|
2 272 2 2 2

_ oe cgkgoz - 2¢cokocno; \/? _A¢
= Kl Kl Kl Et { 7Te 2 . (315)

Choosing kocp as kocjy to minimize M4(«§;? ) given by

2 a7
kocy = cn\/jEt |:€_2t:|
™
o0 AQ
= cn\/g/ e~ 2 W(t)dt
T Jo
2 1 R u
= C"\/;<7ﬁ(1)A2>/0 e W<7R(1)A2>du
B \/5 1
B A VEONY:

The optimum value of My (65) reduces to

M(és)—“—g 1= 2290 (L) 1 (3.16)
=R, 7 [P\ kDAz '
by choosing kocjj = cn\/g to make kocf, independent of A2 |

Theorem 3.6. IfY ~ E,(0,0?V,,f), then the bias expressions of
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SIQJ, 51237 52, 62 SIQJTM, SIQJT[Q] and S[QS} are given by

(i) b (SE) =0, (3.17)
) _ 202
(i) ba(52) =~ ==
2A2
(i) bs(Sh) =~

0.2
(iv) bi(6D) = —Z(A—2)

() bs(Spry) = g {Chmaalle: A7) = GE) (0o A7)

~A2GE) (00 A7) |
ol _ o2
m+2 (m+2)(m+3)

G (00 A7) = A2GO) (1; 4%)]

(vi) bo(Srpz) = - [m(m + 261, 4 (fa: A7)

and
(vii) br(S2) = — i i [mm+2 G\ 0y A?)
s m+ 2 (m+2(m+3 L2 (e
T+ GE0 (03 A7) = A2G) (05 47)].

Proof. (i) - (iv) are simple. For (v) we consider

bs(Sprp) = ElSprp — o)
= B[S — (8 = SR (Ln < ca)] — 02
= —E[(S — SR)I(Ly < ca)l. (3.18)
Now
(m +1)8% = mSE + K1 (6, — 6p)>.
Then
2 m 2_Kl(9~n_90)27 1 2 RY
so that

B(SPI(Ln < ca)] = 062G\ 1y (Las A?), (3.20)
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and
E[K1 (B, — 00)*1(Ln < ca)] = 02GS) (62;A%)
+K1(0 — 00)°GE), (L A%), (3.21)
so that
o2 1 1
b5(8123T[1]) = _m—_’s_l{GgJ)nJFQ(ga; AQ) - Gi(‘),r)n(gna AQ)
2260 (L AQ)} (3.22)

by (2.6)-(3.1) and ¢, = ==

m+cq

For (vi) we have
b6(Spri) = E(Sprpy — 02)
2 2 2
- E[mSU (mSU ° )I(£n<ca)—af-

m+2 \m+2 m+3
- _ o2 B mSE B mSE
K1 (0, — 60)? )
- I(L,, < cq
m+2)m+3) ) [ < )
2 2
— 0—6 o Js (1) . 2
o om+2 m+3|:mG1,m+2(€a7A)
1

i {GE(ba 8%) + 2%GE) (o AQ)}}

O¢ UZ

(1) 2
e — _ 2 ) A
m+2  (m+2)(m+3) [m(m +2)GY mya(las A7)

+G§3n(€a; A?) — A2G§?;(ea; A)} ,

Similarly,
2 O-g O-g (1) * 2
b7(8[5]) = _m_|_ 2 - m-+3 mGl,erQ(ga;A )
1 . .
e o + el )
2 2
= T __ Oc (1) e a2
- m+2 (m+2)(m+3) [m(m +2)Gy g (6 A7)

G035 - 2760 18]
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with €, = ;. m

Theorem 3.7. IfY ~ E,(0,0>V,, f), then the MSE expressions of
SIQJ, 512%7 52, 62, SIQDTM, SIQDT[Q} and Sl23T[5] are given by

(i) Mi(Sg) = 2mog;

(i) Ma(53) = {(21?)

(2) 2 2\ 4
K 2] _1}0§+A (4 + A2)o!

(k) (m+1)?
~ m H(z) (m — 2)0—‘3
(iil) M3(52) = <'m T 2> (n(l))2] Te — (m+2)
. . m-+1 k(2 oe(At —4A% 1+ 4)
(1v) M4(Ug): {(m+3> (Ii(l))2 _1}021"‘ (m+3)2

a‘el m+2)(2m +1
() Ms(Spr) = Ma(3) - U EDERE D6l 0,0
oe
(m+1)2 {{SG%%(EQ; A%) + m(Gé?BnJFQ(Ea; A?) +2(m +1)

G0, 12(00: %) - G (; 29]} + 2206680, 1047

G, o (Cas A%) = 2(m + 1)GE), (Las A7)} + AGE)

,m

(Co; A?)].

M (SIQJT[%) = Ms(5e) - (mm—:22n)l(:1 i) 3)

30-;1 (2) 2 204 (2) 9
g i A e SA2) _
m2(m + 3)? Gy m(lai A7) + (m + 3)2 {G3,m+2(€aﬂ ) — (m+3)
2 4

2 A g 2
Xl (lai AN |+ o e {26 sl A7) 4 6(m +2)

UgG%?erzL (Cas AQ)

_|_

Algl

(1) (. A2 M) (. A2
X G (o ) + 2(m + 3)GE), (a; %) + T

Gi(a(,?n (Lo A2)

4G2) E*AQ 30_3
0eGY mpa(las )+m

m(2m + 5)
(m +2)(m + 3)
208 T2 el A2 (2)
m+3)2 |:G3,m+2(€ou A%) — (m + 3)G3,m]

Azt
+ < {
(m+2)(m + 3)2

Mr(SE)) = M3(52) —

[s
xGE) (055 A%) +

22

5m

(055 A2) - 6(m + 2)GL) (£ A)

Aol

1 *
+ 2(m + 3)GE(—)77)71(€O¢; A2)} + m

G (65: A7)
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where £ is given by (1.7) and £}, = P

Proof. Using (2.5) we have

(i)  Mi(Sh) = B(S§—o02)
2
= Var(S}) = 2mo? (H(1)>

4

= 2mo,

From (1.8) we have
(i) Var(S%)

—  Var{ En[S3[t]} + Ei{ Vary[S%[t]}

0.2 -1
= var{ Bl (o)

0.4 —2
+Et{(%VarN[x%1+1<A§>]}

m+ 1)
0'47572 2
4 4
o 2 -1 20 -2
= — E
(m+1)2{(m+1) Vart(t )}+(m+1) t(t )
40’2K1(9 - (90)2 -1
e )
m+3 e 4A%02 4
= —0
m+1) | (xM)?] ¢ (m+1p? ¢
Hence,
sy [(m+3 B A4+ A0
My(Sg) = <m—|—1> (ﬁ(l))Q O¢ = O¢ (m+ 1)2

Te T T m 1)

e ]_1} L A4+ A2)od
2
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(i) Var[s?] = Vart{EN(mS?f t)}—kEt{VarN[mS?J t]}

m+ 2 m+ 2

(2 () o)

2 4
e Y o Ay (2&@ (t2)

(m+2) m + 2)2
2 4,.(2)
S U A g ) N Qi
(wa) ot - oth+ oo
B < m >— k) -04_ m?od
- \m+2 _(,{(1))2_ € (m+2)?2
[ k@] m2od 4ol
M ~2 — m K 4 € €
3(0¢) (m+2) (kW)? % (m—|—2)2+(m—|—2)2
( m ) [ k@ ] s (m—2)d
== O — —F/—————— .
m+2) | (kM) ¢ (m+2)

. m+1 m—+ 1\2
(iv) Var{m_i_?)S}Qz] = <m—+3> Var(S%)
_omA L RPN AA?
m+3 | (x0)?]F F (m+3)2)

My(62) = <m - 1>

2) 2 40A2 _ 9)2

m+3/) | (xW)*] ¢ m+ 3)2 (m + 3)2
m+1 2 A 4 LAY —4A? 1+ 4)

= 3|0 — 0t 2
m+3) | (s0) (m+3)

-{(z5)

(V) Ms(Spry)) = ElSpry) — ocl” = E[SG — o2]”
‘WQTnEVS?J — oSt — K10 — 00)*H (£, < ca)}]
1

(m + 172

@ e ol(A* —4A% 4 4)
(kM)? c (m + 3)?

+ E[(SZ — K1(6,, — 0,))I(L, < co))?
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2m + 1
(m+1)2

E[K2(0, — 00)*'1(L, < c4)]

— Mi(S3) — E[(SHI(Ln < ca)]

1
+ -
(m+1)2

N m
(m +1)2
2 2

2J€ 2 . 2U€ ~ . 2
p— 1E[SUI(£7—L < Ca)] p— 1E[K1(0n 00) I(ﬁn < Ca)].

E[SEK (6, — 00)*1(Ly, < co)]

_|_

Now

Qtfl 2 AQ 1
E[SHI(L, < ¢cy)] = E; {Jm Ey [X%J (% <— %)]}

m

= ki [UQt_lGLerQ(Ea;A?)] = UEGSB,HQ(EQ;AQ)

by (3.9) where £, = —S—

2,—1 2 2
4 ot 4 Xi(A7) 1
E[SUI(ﬁn < Ca)] = Et |: m2 EN {XmI ( X2 ¢ < Eca

m

= FE [U4t_2 {m(m +2)G1mra(le; A?)}]

m2

m+ 2 2
= T olG (e ) by (39).
Next we have,

E[K1(Bn — 60)°T(Ly < ca)]
— E {a%‘lE [X%(AE)I (% < lca)”

m m
= E{o*t G5 mla; A) + AIG5 i (la; A%) ]
= 02GE) (0a: A2) + 020%GY) (02 A).

and

E[Kf(én - HO)QI(ETL < Ca)]
2 2
_ 2 (xi(A7) 1
_Et{a4t ’En {[Xf(Af)] I( 1X$nt < —ca
= B {0 2 [3Gs5,m(la; A) + 6ATG7 10 (ba; AF) + ALGo (Lo AD)]}
= 302G T, (o A?) + 602 A2GY) (00 A?) + o2A'GY) (£a; A?).

,m
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Further,

E[SEET (0 — 00)1(Ly < ca)]
4,-2 2 2
- {7 e [atanr (12D < 1))
m X m

m

= B [0"7?{Gsmi2(la; A7) + AIG5 mio(la; A7) }]
= 02G) ol A%) + 0EAGL) (00 A?)

Mr(Spriz) = B |(Sprpy)?| —202E[Spypy] +0
- Et{(mtjm?EN(”ZS? )i}
+ e (- o) CE) e <)
B () (- )1 < ol

et e () (s - e <o} -

= %Et (t2)+mEt{t2EN [(mrj—2>2_m%—?2 "
+ 2] (”ZSQ) I(L, <ca>|t} (m+22)<m+3>Et{“EN

X

K m )(m_Sl2> (L, <ca)_<t52) LoI(L, <Ca)]t}

+2
() (3 <o
- (m52 LoI(Ln <ca”

t

m04

ot
- m-l-QEt( )+m2(m—|—3)2

< B [12Ey { () X (@) < )}

m+ 2

0_4
- erramr g [ (P (SDIF (8D < o)}
0_4

m2(m + 3)?

E; [t_2EN {an(Fl,m(A?)QI(FLm(A?) < ca)}]
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204 _
CEPHTES (72BN D (Fum (A7) < ca)}]
204 _
(m +2)(m +3) Er [t By {xn(Erm( M) (Fum (A7 < ca)}]
204 _9 4
+ (m+2)(m+ 3)2Et [t BN X I (FLm < ca)}]
204 _
" o rap B Do P ADIFn (4D < co)}] - e
Simplification leads to M7(SJQDT[2}). Similarly, MS(S[QS]) may be obtained
by replacing co by 45- |

4 Analysis of the Estimators

In this section, we provide the analysis of the various estimators. In
section 4.1 we consider the estimators of the location parameter, 6, and
section 4.2 contains the analysis of MSE expressions for the estimators

of the variance, o2.

4.1 Location Parameter

We considered four estimators of 8, namely,

(a) unrestricted estimator, 6,

(b) restricted estimator, A2

(¢) Preliminary Test estimator, 957
(d) Shrinkage type estimator, éEE .

The bias and MSE expressions are given by Theorems 5.1 and 5.2 re-
spectively.

Comparison of éffE and 60,,. The bias of 6, is zero and the bias of éffE
is —kgoe. At A =0, both are unbiased but as A moves away from the
origin, bias éffE is unbounded. As regards the MSE of the estimators,
we have the MSE-difference given by

AV
o

Ma(B) — Ma0F) = 2 {1 - (1 - ho)? — kA2 (a.1)
1
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whenever
A?Z 2kt 1), 0<ko <1

Thus, if A% < (2k;' — 1), then 8P is better than 6, and if A% >
(2kq 1_1), then 6,, dominates 0,,. The relative efficiency of the estimator

~

0, is
RE(0,, : 0,) = [(1 — ko)? + K2A% L. (4.2)
Comparison of éTJ:T and 0,. Here the bias of éTJ:T is —kooe A G3 (Lo

AQ).A If A2 = 0, then both 6, and éfT are unbiased. Otherwise
|b3(0LT)] > 0V A2 > 0. As regards MSE for the estimators, we have

J2

My(0n) = My(077) = 3= {ko(2 — k)G (Lo: A7)

= koA 2G5 (£a3 AY) = (2~ k)G, (Las A7) }

Thus, MSE-difference is % 0 whenever

(2ky ' — DG (£a; A?)
2G) (£ A2) — (2 — ko)GL), (£a; A2)]

AQ

NIV

(4.3)

The relative efficiency of éf T w.r.t. 6, is given by
B(a,A%) = REOTT50,) = [1 ko(2 = ko)GY), (€as A7)
+ ko A2{2GO) (£4; A?)
(0) 2] 7"
2 k)Gt 2] (4a)
Note that
(i) If A% =0, then it reduces to [1 — ko(2 — ko)Gggn(Ba; 0] t>1.
(ii) If A% — oo, then, RE(6LT;0,) — 1.

(iii) The RE(GLT0,,) crosses the 1-line in the interval (1 — Tko, k:_lo - %)

(iv) Re(827:0,) equals [1 — ko(2 — ko)GS), (€a3 0)]7! at A2 = 0, then
drops monotonically crossing the 1-line in the interval (1—%!@0, k—lo —
%) keeping to a minimum, then increases towards the 1-line. Thus,
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an optimum a-level MSE is obtained by solving the equation for
a € A= {a|RE(a,A?) > Ey}

min RE(a,A?) = E(a, A3()) = Ey (4.5)
where Fj is a prefixed or guaranteed relative efficiency.

Comparison of ,, and é;f . The bias expression is given by

A Cokoc g
0i5) = {220 Bpo(a - 1)
As Ay — 0, [b4(05)] — 0 and as Ay, — oo, |by(05)] = colteade  The
absolute bias is a non-decreasing function of A;. Thus, near the origin

the bias is smallest and becomes largest when A; — oo. 3
As regards MSE comparison, the relative efficiency RE(5;60,,) is

given by
2 1 -
2
{1 - [2@ (TDA?) - 1] } . (4.6)

Under A% =0,

and (6.6) decreases to (1+ 2¢2)71(< 1) as A% — co. The relative loss
of efficiency of 65 relative to 6, is 1 — (1 + 2¢2)7!, while the gain in
efficiency is (1 — 2¢2)7!. The efficiency is 1 when A? = 26Mp. If
A? <A2H(1)Q, é;f performs better than 6,, otherwise 6, is better. Note
that 67 does not depend on the level of significance while 7 does. As
A? the efficiency of PTE w.r.t. ,, tends to 1 while that of 85 w.r.t. 0,
tends to (14 2¢2)~! < 1. Thus, 03 is better near the null hypothesis
than that of 927

4.2 Analysis of the Estimators of Scale Parameter

In sections 2 and 3, we have defined seven estimators of 2. The bias
and MSE expressions of these estimators are given in section 5. In this
section, we present the analysis of the MSE expressions.

First we note that the MSE expression for SIQJ is constant while the
restricted estimate, SIQ{ depends on the departure parameter, A2, Under
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(mm)?] - 1}(’3

e (m+1)2m+1)

Hy, i.e. for A2 =0,

sty = (57)

so that Ms(S%) < M;(S%) provided

4.
(kM)? m+ 3 (47
The MSE’s are equal when A? equals
5 (m+1)k®
A =-2+ 2\/1 + o (R (H(l)) . (4.8)

Hence, the range of A? for which S% dominates S7 is given by [0, A2
otherwise S[QJ dominate SIQ%. Note that the MSE of SIQ% is unbounded as
A? — 0.

Similarly, under Hy,

. m+ 3 k(2
M4(Ug) = {<m+1> (/@(1))2] B

so that My(62) < M3(52), provided

R [(m+2)(m +3) +4m + 8 — (m — 2)(m +3)) (m + 1)
(kD)2 (m +3)2[(m + 3)(m + 2) — m(m + 1)]

.(4.9)

Hence, the range of A? for which 42 dominate 2 is given by [0, AZ,]
where A2, is defined by the solution of the equation

m + k@) (m
A*(A2 +4) = 2(2(m++ 9 ()’i(l);r3) (4.10)
s (m+3)(2m + k(2)
A2 — 2+2\/1+ 2o +2) (O (4.11)

2
P

Now, we show the uniform dominance of S[Qs] over 62 under the

2

quadratic loss function (%4(0920 — 02)2. For this, we consider the risk

otherwise, 52 dominates &

of S[QS} with respect to the quadratic loss-function.
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Then, we have

1
FE[mS(%¢S(£n) - 02]2

€
€

- e o] () (250
~2ue] (L) (422)

Now, consider the term inside the curly bracket of (4.12). For fixed
A? and for each £, this is a quadratic form in ¢5(L,,) with the minimum

at
B|(5) ()
5() (74)
which is a function of £,, and AZ.
The optimum (L) is given by

]

En]4—2}. (4.12)

)

2

t
o

V5(Ln) = (4.13)

(14 LL£,) (kM)
(m + 3)k(

Yo(Ln) = maxs(Ln) = (4.14)

1+ Ln A .
If £, < ;4. then —;Tf;_g < mLJFQ which implies also that

1
m + 2

¢§(£n) < @Z)O(Ln) <

1

for all A2, that is 1o(L,) is closer to the minimizing value than R

So it is obvious that for each A? and £,

1 mS? 2
< —E L — o2
En} ~ ot {[m—l—Q Js]

g

1
i s(Lams? — o2

@}@m

2
so that mi/)g([,n)S?J dominates Z—i% = &2 uniformly in A% € (0, 00).
Similarly, we consider the SIQJTM with the mean square error M5(S]23Tm)

which is optimum at the critical value 1 for all (1, m) under Hy. Then,
Sbrpy =S¢l (Lo > 1) + SEI (L, < 1).
Using Stein’s method, we have optimum t-function as

1+212, 1
¢10(£n) = +7m < — for L, <1

m—+1 m
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for all A2, This means that 119(L,) is closer to the minimum value than
1/m. Hence,

2

Bl - 17]e] < B[ (22 - 1) |e]
< g U (L — (m+ 2
< Bl (L - m)?| ) (4.16)

Thus the estimator mys(L,,)S# dominates the PTE(1) of o2 with crit-
ical value 1.

Further, mys(L,)SE < mio(L,)SE and equality holds when the
critical value is (m/m + 2). Thus, Stein type estimator, myg(L,)SF is
superior to S7 as well as PTE(1) and PTE(2) uniformly in all A2

5 Conclusion

We have studied the properties of four estimators of location and seven
estimators of the scale-parameter of the ECD. In the case of location
parameter estimators, the biased estimators do better than the unbi-
ased estimators. Also, the shrinkage estimators do better than the PTE
under Hy or near it. In the case of variance estimation, the Stein-type
estimator which is a PT-type estimator with given critical value, does
better than any other though the improvement may not be significant.
This work in addition to the given theorems can be used as a leading
reference in future theoretical and practical studies concerning location
and scale estimators. Whereof it can be realized some relations between
the model under study and the other models, the result of this paper
can be applied to multiple regression, ridge regression, seemingly unre-
lated regression model and etc. with no essential differences. Lastly,
interested readers may refer to recently published works of Arashi and
Tabatabaey (2008, 2009) for some numerical and graphical displays of
some of these estimators under multivariate Student’s t model to rely
on the claims of this paper.
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