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1 Introduction

The two-parameter generalized exponential (GE) distribution has been introduced by
Gupta and Kundu (1999) and it has the following cumulative distribution, and density
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functions:

F(x;α, λ) =
(
1 − e−λ x

)α
,

f (x;α, λ) = αλ e−λ x
(
1 − e−λ x

)α−1
, x > 0, α > 0, λ > 0,

respectively. Note that α is the shape parameter, and λ is the scale parameter. We
denote this distribution by GE(α, λ). The two-parameter GE distribution has been used
quite effectively for analysing lifetime data. The readers are referred to the recent
review article by Gupta and Kundu (2007) for a current account on the generalized
exponential distribution.

Although the GE distribution can be used quite effectively to analyse a data set
which has a monotone hazard function, unfortunately it cannot be used if the hazard
rate function is unimodal or bathtub shaped, similar to the cases for the Weibull and
gamma distributions. The extended generalized exponential distribution is a three-
parameter distribution, with an additional shape parameter. This new family of distri-
bution functions is always positively skewed, and the skewness decreases as both of
the shape parameters increase to infinity. Interestingly, the new three-parameter distri-
bution has increasing, decreasing, unimodal and bathtub shaped hazard rate functions.
Therefore, it can be used quite effectively for analysing lifetime data of different types.

A random variable X is said to have the extended generalized exponential distri-
bution with shape parameters α > 0, −∞ < β < ∞ and scale parameter λ > 0 (denoted
by X ∼ EGE(α, β, λ)) if its cumulative distribution function is given by

F(x;α, β, λ) =


(
1 − (1 − βλ x)1/β

)α
, β , 0,

(
1 − e−λ x

)α
, β = 0.

(1.1)

The support of the random variable X in (1.1) is (0,∞) if β ≤ 0 and (0, 1/(βλ)) if β > 0.
The density function of EGE(α, β, λ) is

f (x;α, β, λ) =


αλ

(
1 − (1 − βλ x)1/β

)α−1
(1 − βλ x)(1/β)−1, β , 0,

α λ
(
1 − e−λ x

)α−1
e−λ x, β = 0,

(1.2)

Kundu and Gupta (2011) showed that the hazard rate function of the EGE distribu-
tion is (i) decreasing for α < 1 and β < 0, (ii) increasing for α > 1 and β > 1, (iii) bathtub
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shaped if α > 1 and β > 1, and (iv) unimodal if α > 1 and β < 0. One may refer to ?
for comprehensive discussions on various properties and applications of the extended
generalized exponential distribution.

A system, consisting of n components, is called a k-out-of-n system if it works
when at least k of its components work. The well-known parallel, and series systems
are special cases of k-out-of-n systems corresponding to the cases k = 1, and k = n,
respectively. Let X1, · · · ,Xn denote the lifetimes of components of the system, and X1:n ≤
· · · ≤ Xn:n denote the corresponding order statistics. Then, Xn−k+1:n corresponds to the
lifetime of a k-out-of-n system. The comparison of important characteristics associated
with lifetimes of technical systems is an interesting topic in reliability theory, because
it usually enables us to approximate complex systems with those systems consisting of
simple components, through the obtaining various bounds for their important aging
characteristics. A convenient tool to achieve such a purpose is the theory of stochastic
orderings. Stochastic comparisons of series and parallel systems with heterogeneous
components have been studied extensively in the literature for the exponential case.
We refer the readers to Dykstra et al. (1997); Khaledi and Kochar (2000); Joo and
Mi (2010) and Zhao and Balakrishnan (2011a,b) for detailed discussions on this topic.
Some of these results have been extended to the case when the lifetimes of components
follow Weibull (Khaledi and Kochar , 2006; Kochar and Xu , 2007a,b; Fang and Zhang ,
2013), proportional reversed hazard model (Dolati et al. , 2011), and gamma (Zhao and
Balakrishnan , 2011c), and (Balakrishnan and Zhao , 2013) ), generalized exponential
(Balakrishnan et al. , 2015) distributions, while the general case is discussed by Misra
and Misra (2012), and Ding et al. (2013).

The rest of this paper is organized as follows. In Section 2, we introduce some
definitions and notation pertinent to stochastic orders and vector majorization order.
Section 3 concerns stochastic comparisons of parallel systems with independent het-
erogeneous EGE components. Finally, in Section 4, some ordering results between
series systems with independent heterogeneous EGE components, under the vector
majorization are discussed.

2 Definitions and notation

In this section, we first recall the definitions and notion of some well-known concepts
on stochastic orderings and majorization that are most pertinent to the discussion here.
Suppose X and Y are two non-negative random variables with density function f
and g, distribution functions F and G, survival functions F̄ = 1 − F and Ḡ = 1 − G,
right continuous inverses (quantile functions) F−1 and G−1, hazard rates rX = f/F̄ and
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rY = g/Ḡ, respectively. Throughout this article, we use ‘increasing’ to mean ‘non-
decreasing’ and similarly ‘decreasing’ to mean ‘non-increasing’.

The following definition introduces some well-known orders that compare skew-
ness of probability distributions..

Definition 1. (i) X is said to be larger than Y in the convex transform order (denoted
by X ≥c Y) if F−1G(x) is convex in x ≥ 0. Equivalently, X ≥c Y if and only if
G−1F(x) is concave in x ≥ 0;

(ii) X is said to be larger than Y in the Lorenz order order (denoted by X ≥Lorenz Y) if

1
E(X)

∫ F−1(u)

0
xdx ≤ 1

E(Y)

∫ G−1(u)

0
xdx f or all u ∈ (0, 1]. (2.1)

The following implications between these orderings are well-known:

X ≥c Y =⇒ X ≥Lorenz Y =⇒ cv(X) ≥ cv(Y),

where cv(X) =
√

Var(X)/E(X) and cv(Y) =
√

Var(Y)/E(Y) denote the coefficients of
variation of X and Y, respectively. The Lorenz order is an important criterion in
economics to compare income distributions and the risks associated with different
prospects (see Marshall and Olkin (2007, p. 68)).

The following definition introduces some well-known orders that compare the
dispersion of two random variables.

Definition 2. (i) X is said to be larger than Y in the dispersive order (denoted by
X ≥disp Y) if

F−1(β) − F−1(α) ≥ G−1(β) − G−1(α) for 0 ≤ α < β ≤ 1; (2.2)

(ii) X is said to be larger than Y in the right-spread order (denoted by X ≥RS Y) if∫ ∞

F−1(u)
F̄(x) dx ≥

∫ ∞

G−1(u)
Ḡ(x) dx f or all u ∈ (0, 1). (2.3)

It is well-known that the dispersive order implies the right-spread order which,
in turn, implies the order between the corresponding variances. One may refer to
Barmalzan and Payandeh Najafabadi (2015) and Barmalzan et al. (2016) for discussions
on the right-spread and dispersive order and its applications.

The next definition introduces some well-known orders that compare the magnitude
of two random variables.
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Definition 3. (i) X is said to be larger than Y in the usual stochastic order (denoted
by X ≥st Y) if F̄(x) ≥ Ḡ(x);

(ii) X is said to be larger than Y in the hazard rate order (denoted by X ≥hr Y) if
F̄(x)/Ḡ(x) is increasing in x. In other words, X ≥hr Y if and only if rY(x) ≥ rX(x);

(iii) X is said to be larger than Y in the likelihood ratio order (denoted by X ≥lr Y) if
f (x)/g(x) is increasing in x.

Note that the likelihood ratio order implies the hazard rate order, and the hazard
rate order implies the usual stochastic order. Moreover, for non-negative random
variables, the dispersive order implies the usual stochastic order. For a comprehensive
discussion on various stochastic orderings, one may refer to Müller and Stoyan (2002)
and Shaked and Shanthikumar (2007).

The Shannon entropy of a non-negative absolutely continuous random variable X
with probability density function f (x) is defined by

H(X) = −
∫ ∞

0
f (x) ln f (x) dx.

Renyi (1961) defined the entropy of order γ as

Hγ(X) = − 1
γ − 1

ln
∫ ∞

0
f γ(x) dx, γ > 0 (γ , 1).

In particular, H(X) = limγ→1 Hγ(X). Rao et al. (2004) and Wang et al. (2003) defined
the cumulative residual entropy (CRE) as follows:

E(X) = −
∫ ∞

0
F̄(x) ln F̄(x) dx.

Definition 4. (i) X is said to be larger than Y in the Shannon entropy order (denoted
by X ≥SE Y) if H(X) ≥ H(Y);

(ii) X is said to be larger than Y in the Renyi entropy order (denoted by X ≥Re Y) if
Hγ(X) ≥ Hγ(Y), for all γ > 0;

(iii) X is said to be larger than Y in the cumulative residual entropy order (denoted
by X ≥CRE Y) if E(X) ≥ E(Y).
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Obviously, we can observe that the Renyi entropy order implies Shannon entropy
order, but in general there is no any relationship between the cumulative residual
entropy and Renyi entropy orders. It is important to note that the dispersive order
implies the Renyi entropy order Abbasnejad and Arghami (2011, see). Also, Zardasht
(2015) showed that the usual stochastic order implies the cumulative residual entropy
order.

In the next definition, we present some basic majorization and related orders, which
become quite useful in establishing the main results in the subsequent sections.
Definition 5. For two vectors a = (a1, · · · , an) and b = (b1, · · · , bn), let {a(1), · · · , a(n)} and
{b(1), · · · , b(n)} denote the increasing arrangements of their components, respectively. A

vector a is said to majorize another vector b (written a
m≻ b) if

∑i
j=1 a( j) ≤

∑i
j=1 b( j) for

i = 1, · · · ,n − 1, and
∑n

j=1 a( j) =
∑n

j=1 b( j).

The inequality a
m
≽ b implies that, for a fixed sum, the ai’s are more diverse than

the bi’s. To illustrate this point, note that b
m
≽ b̄ always holds, where b̄ = (b̄, · · · , b̄) with

b̄ = n−1 ∑n
i=1 bi.

The concept of majorization, enabling the comparison of dispersion of the compo-
nents of two vectors of real numbers, and the closely related Schur-convexity, turns out
to be the useful tools to deal with this problem.
Definition 6. A real-valued function ϕ, defined on a set A ⊆ Rn, is said to be Schur-

convex (Schur-concave) onA if a
m
≽ b implies ϕ(a) ≥ (≤)ϕ(b) for any a,b ∈ A.

In other words, functions which preserve majorization are said to be Schur-convex.
Note that a Schur-convex (Schur-concave) function must be a symmetric function in
its arguments. For example, ϕ1(a) =

∏n
i=1 ai (ai > 0) and ϕ2(a) = max1≤i≤n ai, are

Schur-concave and Schur-convex, respectively.

3 Stochastic comparisons of parallel systems

Let us consider a parallel system with the lifetimes of its components following the ex-
tended generalized exponential distribution. In this section, we consider the stochastic
comparisons of parallel systems with respect to the usual stochastic, likelihood ratio,
dispersive and convex transform orders.

Theorem 3.1. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables with
Xi ∼ EGE(α, β, λi), Yi ∼ EGE(α, β, µi), i = 1, · · · , n. Then for β ≤ 0, we have

(λ1, · · · , λn)
m
≽ (µ1, · · · , µn) =⇒ Xn:n ≥st Yn:n.
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Proof. The proof for the case β = 0 has been shown in Theorem 8 in (Balakrishnan et al.
, 2015). Now, we present the proof only for the case when β < 0. For the case β < 0, the
distribution function of Xn:n is

FXn:n(x) =
n∏

i=1

(
1 − (1 − βλi x)1/β

)α
, x > 0.

To establish the desired result, we must show that for fixed x > 0, FXn:n(x) is Schur-
concave in (λ1, · · · , λn). To this end, for fixed x > 0 and i , j, let us define the function
ϕ as

ϕ(λ) = (λi − λ j)
(
∂FXn:n(x)
∂λi

− ∂FXn:n(x)
∂λ j

)
(3.1)

The partial derivatives of FXn:n(x) with respect to λi is

∂FXn:n(x)
∂λi

= α x FXn:n(x)
(1 − βλi x)

1
β−1

1 − (1 − βλi x)1/β
.

Now, by substituting for these derivatives in (3.1), we get

ϕ(λ) = α x FXn:n(x) (λi − λ j)
(

(1 − βλi x)
1
β−1

1 − (1 − βλi x)1/β
−

(1 − βλ j x)
1
β−1

1 − (1 − βλ j x)1/β

)
. (3.2)

Note that for β < 0, the function (1−βλ x)
1
β−1/1− (1−βλ x)1/β is decreasing with respect

to λ, which, together with the assumptions λ j ≥ λi, implies that the right hand side of
(3.2) is non-positive. Thus, the proof of theorem is completed. �

Theorem 3.1 can be used to compute the lower bound for the survival function
of a parallel system consisting of independent heterogeneous EGE components, in
terms of the corresponding functions of a parallel system comprising independent

homogeneous EGE components. More precisely, because (λ1, · · · , λn)
m
≽ (λ̄, · · · , λ̄)

where λ̄ = n−1 ∑n
i=1 λi, then we derive the following lower bound for the survival

function of Xn:n based on Theorem 3.1, for the case β < 0

F̄Xn:n(x) ≥ 1 −
(
1 − (1 − β λ̄ x)1/β

)nα
, x > 0.

The following corollary, which is a direct consequence of Theorem 3.1, enables us
to compare the two parallel systems with heterogeneous EGE components in the sense
of the cumulative residual entropy order.
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Corollary 3.1. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables
with Xi ∼ EGE(α, β, λi), Yi ∼ EGE(α, β, µi), i = 1, · · · , n. Then for β ≤ 0, we have

(λ1, · · · , λn)
m
≽ (µ1, · · · , µn) =⇒ Xn:n ≥CRE Yn:n.

Corollary 3.1 can be used to compute the lower bound for the cumulative residual
entropy of a parallel system consisting of independent heterogeneous EGE components,
in terms of the corresponding functions of a parallel system comprising independent

homogeneous EGE components. Since (λ1, · · · , λn)
m
≽ (λ̄, · · · , λ̄), then a lower bound

for the cumulative residual entropy of Xn:n is given by

E(Xn:n) ≥ −
∫ ∞

0

(
1 −

(
1 − (1 − β λ̄ x)1/β

)nα)
ln

(
1 −

(
1 − (1 − β λ̄ x)1/β

)nα)
dx.

Theorem 3.2. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables with
Xi ∼ EGE(αi, β, λ), Yi ∼ EGE(νi, β, λ), i = 1, · · · ,n. Then for β , 0, we have

n∑
i=1

νi ≤
n∑

i=1

αi =⇒ Xn:n ≥lr Yn:n.

Proof. Suppose β , 0. It is easy to show that the ratio of the density functions of Xn:n
and Yn:n can be rewritten as

fXn:n(x)
gYn:n(x)

=

∑n
i=1 αi∑n
i=1 νi

(
1 − (1 − βλ x)1/β

)∑n
i=1 αi−

∑n
i=1 νi

.

Thus, if
∑n

i=1 νi ≤
∑n

i=1 αi, then the desired result follows. �

We say that X has a decreasing hazard rate (DHR), if r(x) = f (x)/F̄(x) is decreasing
function in x. Next, we will prove the dispersive order between parallel systems with
heterogeneous EGE components. For this purpose, we first need the following lemma.

Lemma 3.1. Shaked and Shanthikumar (2007, p. 156) Let X and Y be two non-negative
random variables. If X ≥hr Y and X or Y has a DHR, the X ≥disp Y.

Theorem 3.3. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables with
Xi ∼ EGE(αi, β, λ), Yi ∼ EGE(νi, β, λ), i = 1, · · · , n. Then for β < 0, we have

n∑
i=1

νi ≤
n∑

i=1

αi < 1 =⇒ Xn:n ≥disp Yn:n.
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Proof. From Kundu and Gupta (2011), it is easy to show that Xn:n has DHR property
if

∑n
i=1 αi < 1 and β < 0. Now, the desired result follows from Lemma 3.1 and the fact

likelihood ratio order implies hazard rate order. �

The following corollary, which is a direct consequence of Theorem 3.3, enables us
to compare the two parallel systems with heterogeneous EGE components in the sense
of the Renyi entropy order.

Corollary 3.2. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables
with Xi ∼ EGE(αi, β, λ), Yi ∼ EGE(νi, β, λ), i = 1, · · · ,n. Then for β < 0, we have

n∑
i=1

νi ≤
n∑

i=1

αi < 1 =⇒ Xn:n ≥Re Yn:n.

From Corollary 3.2, we can derive a lower bound for the Renyi entropy of Xn:n in
terms of the arithmetic mean of αi and the assumption ᾱ < 1/n for γ > 0, (γ , 1) as
follows:

Hγ(Xn:n) ≥ − 1
γ − 1

ln
∫ ∞

0

(
nλᾱ

(
1 − (1 − βλ x)1/β

)nᾱ−1
(1 − βλ x)(1/β)−1

)γ−1

dx.

Theorem 3.4. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables with
Xi ∼ EGE(αi, β1, λ1), Yi ∼ EGE(νi, β2, λ2), i = 1, · · · ,n. Then for β1 , 0, β2 , 0 and β1 ≤ β2,
we have

n∑
i=1

αi =

n∑
i=1

νi =⇒ Xn:n ≥c Yn:n.

Proof. Assume β1 , 0, β2 , 0. The distribution functions Xn:n and Yn:n, respectively, as
follow:

FXn:n(x) =
(
1 − (1 − β1 λ1 x)1/β1

)∑n
i=1 αi

FYn:n(x) =
(
1 − (1 − β2 λ2 x)1/β2

)∑n
i=1 νi

.

Note that

F−1
Xn:n

(x) =
1

β1 λ1

(
1 −

(
1 − x1/

∑n
i=1 αi

)β1
)
,
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and if
∑n

i=1 αi =
∑n

i=1 νi, then

F−1
Xn:n

(FYn:n(x)) =
1

β1 λ1

(
1 − (

1 − β2 λ2 x
)β1/β2

)
.

In order to obtain the required result, in view of Part (i) of Definition 2.1, it suffices
to show that F−1

Xn:n
(FYn:n(x)) is convex in x. The partial derivatives F−1

Xn:n
(FYn:n(x)) with

respect to x, respectively, are

∂F−1
Xn:n

(FYn:n(x))

∂x
=
λ2

λ1

(
1 − β2 λ2 x

) β1
β2
−1

and
∂2F−1

Xn:n
(FYn:n(x))

∂x2 =
λ2

2

λ1
(β2 − β1)

(
1 − β2 λ2 x

) β1
β2
−2
.

Thus, for any β1 ≤ β2 we readily observe that ∂F−1
Xn:n

(FYn:n(x))/∂x2 is positive, which
completes the proof of the theorem. �

The following corollary, which is of independent interest in economics, is a direct
consequence of Theorem 3.4. This theorem enables us to compare the largest order
statistics in the sense of the Lorenz ordering.

Corollary 3.3. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables
with Xi ∼ EGE(αi, β1, λ1), Yi ∼ EGE(νi, β2, λ2), i = 1, · · · ,n. Then for β1 , 0, β2 , 0 and
β1 ≤ β2, we have

n∑
i=1

αi =

n∑
i=1

νi =⇒ Xn:n ≥Lorenz Yn:n.

The following corollary is another direct consequence of Theorem 3.4.

Corollary 3.4. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables
with Xi ∼ EGE(αi, β1, λ1), Yi ∼ EGE(νi, β2, λ2), i = 1, · · · ,n. Then for β1 , 0, β2 , 0 and
β1 ≤ β2, we have

n∑
i=1

αi =

n∑
i=1

νi =⇒ cv(Xn:n) ≥ cv(Yn:n).



Stochastic Comparisons of Series and Parallel Systems ... 55

4 Stochastic comparisons of series systems

In this section, we discuss the usual stochastic order between series systems from two
heterogeneous samples of EGE random variables.

Theorem 4.1. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables with
Xi ∼ EGE(αi, β, λ), Yi ∼ EGE(νi, β, λ), i = 1, · · · , n. Then for λ > 0 and β , 0, we have

(α1, · · · , αn)
m
≽ (ν1, · · · , νn) =⇒ Y1:n ≥st X1:n.

Proof. For β , 0, the survival function of X1:n is

F̄X1:n(x) =
n∏

i=1

(
1 −

(
1 − (1 − βλ x)1/β

)αi)
, x > 0.

To establish the desired result, we must show that for fixed x > 0, F̄X1:n(x) is Schur-
concave in (α1, · · · , αn). To this end, for fixed x > 0 and i , j, let us define the function
ϕ as

ϕ(α) = (αi − α j)
(
∂F̄X1:n(x)
∂αi

−
∂F̄X1:n(x)
∂α j

)
. (4.1)

The partial derivatives of F̄X1:n(x) with respect to αi is

∂F̄X1:n(x)
∂αi

= − ln
(
1 − (1 − βλ x)1/β

)
F̄X1:n(x)

(
1 − (1 − βλ x)1/β

)αi

1 −
(
1 − (1 − βλ x)1/β

)αi

= − ln
(
1 − (1 − βλ x)1/β

)
F̄X1:n(x) ψ

(
αi, 1 − (1 − βλ x)1/β

)
,

where ψ(α, z) = zα/1 − zα, 0 < z < 1. Now, by substituting for these derivatives in
(??), we get

ϕ(α) = − ln
(
1 − (1 − βλ x)1/β

)
F̄X1:n(x) (αi − α j)

×
(
ψ

(
αi, 1 − (1 − βλ x)1/β

)
− ψ

(
α j, 1 − (1 − βλ x)1/β

) )
.

Note that for α > 0, the function ψ(α, z) is decreasing with respect to α, for all z ∈ (0, 1).
By combining these observations, we conclude that ϕ(α) ≤ 0 and then the proof of
theorem is completed. �
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The following corollary, which is a direct consequence of Theorem 4.1, enables us
to compare the two series systems with heterogeneous EGE components in the sense
of the cumulative residual entropy order.
Corollary 4.1. Suppose X1, · · · ,Xn and Y1, · · · ,Yn are independent random variables
with Xi ∼ EGE(αi, β, λ), Yi ∼ EGE(νi, β, λ), i = 1, · · · ,n. Then for λ > 0 and β , 0, we
have

(α1, · · · , αn)
m
≽ (ν1, · · · , νn) =⇒ Y1:n ≥CRE X1:n.

Since (α1, · · · , αn)
m
≽ (ᾱ, · · · , ᾱ), then a upper bound for the cumulative residual

entropy of X1:n is given by

E(X1:n) ≤ −n
∫ ∞

0

(
1 −

(
1 − (1 − βλ x)1/β

)ᾱ)n
ln

(
1 −

(
1 − (1 − βλ x)1/β

)
dx.
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