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Abstract� A conditional test based on quadratic form using type��

censored sample for testing exponentiality against Weibull alterna�

tive is proposed� The simulated percentage points and powers are

given� The proposed test performs well for identifying Weibull DFR

alternative even for small sample� An example is also given�

� Introduction

Weibull distribution is quite popular as a life testing model and for

many other applications where a skewed distribution is required�

Probably the main justi�cation for consideration of the Weibull dis�

tribution is that it has been shown experimentally to provide a good
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�� Muralidharan and Shanubhogue

�t for many di�erent types of characteristics derived in an analysis

of breaking strengths� This model is quite �exible and has the ad�

vantage of having a closed form of cumulative distribution function

	CDF
�

A two parameter Weibull distribution is de�ned by the pdf

f	x� �� �
 �
�

�
x���e�x

���� x � �� �� � � �� 	
�



where � is the shape parameter and � is the scale parameter� This

model includes the exponential distribution with constant failure rate

	CFR
 for � � 
 and provide an increasing failure rate 	IFR
 for � � 


and decreasing failure rate 	DFR
 for � � 
� Hence test for � is of

interest� because it could indicate whether simple exponential model

is adequate or whether more general Weibull DFR 	or IFR
 model

should be used�

Thoman et� al 	
���
 have considered the problem of testing of

hypothesis regarding the shape parameter based on complete sam�

ples� Bain and Engelhardt 	
���
 have proposed a modi�ed version

of Thoman et� al 	
���
 test statistic whose asymptotic distribu�

tion is approximated to a chi�squared distribution� For the complete

inferences of Weibull distribution under di�erent censoring schemes�

one may refer to Bain and Engelhardt 	
��

 and Lawless 	
���
� In

this paper� we suggest an exact test based on conditional means and

covariances of the censored sample using quadratic form�

� Derivation of the test

Many times observations of failures are naturally occurring in order�

In this case� it is convenient to terminate the experiment after ob�

serving the �rst r failures from n units� The principal advantage of

such censoring called type�� censoring is that it may take much less

time for the �rst r failures of n items to occur� than for all itmes in

a random sample of size r to fail� In this section we derive a test

statistic based on a Type�� censored sample and study its properties�

Let X��� � X��� � � � � � X�r�� r � n� be a Type�� censored

samples of a complete sample of size n from 	
�

� Then the joint
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density of X���� X���� � � � � X�r� is

fX	x� �� �
 �
n�

	n� r
�

�
�

�

�r rY
i��

x����i� e
�

hPr

i��
x���
�i�

��n�r�x�
�r�

i
��
� 	��



� � X��� � X��� � � � � � X�r� � �� �� � � �� Making the trans�

formation Y�i� � X��
�i�� �� � �� we consider the problem of testing

H� � � � �� against H� � � � �� 	H� � � � ��
� based on

	Y���� Y���� � � � � Y�r�
� The joint pdf of Y���� Y���� � � � � Y�r��� is then

fY 	y� �� �
 �
n�

	n� r
�

�
�

�

�r rY
i��

y����i� e
�

hPr

i��
y���
�i�

��n�r�y�
�r�

i
��
� 	���


� � Y��� � Y��� � � � � � Y�r� � �� � � ���� � �� For given ��

T �
Pr

i�� Y
�
�i� � 	n � r
Y �

�r� is the complete su�cient statistic for ��

having the pdf

fT 	t� �
 �



�r	r� 

�
tr��e�t�� � t � � 	���


The joint pdf of 	Y���� Y���� � � � � Y�r���
 and T is

f	y���� y���� � � � � y�r���� t
 �
n�

	n� r � 

�

�
�

�

�r�� �

�

� r��Y
i��

y����i� e�t���

� � Y �
��� � Y �

��� � � � � � Y �
�r��� � 	t �Pr��

i�� y
�
�i��	n � r � 


 � ��

Therefore� the conditional pdf of Y���� Y���� � � � � Y�r��� given T � t is

f	Y���� Y���� � � � � Y�r���jT � t
 �
n�	r� 

�

	n� r� 

�

�
�

t

r��
� r��Y

i��

y����i� � 	���


� � Y �
��� � Y �

��� � � � � � Y �
�r��� � 	t�Pr��

i�� y
�
�i��	n� r � 


�

The conditional distribution 	���
 does not depend on the nui�

sance parameter �� Hence� we derive the test statistic for testing H�

versus H� by treating the observations have come from 	���
� For

this� we de�ne

Q � 	Y � 	�

�
X��

�
	Y � 	�
�

where Y � � 	Y���� Y���� � � � � Y�r���
� 	�� � 		�� 	�� � � � � 	r��
� 	i �

EH� �Y�i�jT � t� and
P

� � 		
ij

 is the conditional variance�covariance
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�� Muralidharan and Shanubhogue

matrix of Y given T � t computed under H�� They can be obtained

as follows�

We know that Z�
i � 	n�i�

	Y �

�i��Y �
�i���
� i � 
� �� � � � � r� Y��� �

�� � known� are i�i�d exponential random variables with mean � andPr
i�� Zi � t� Then the pdf of Zi given T � t is

fZijT 	zijt
 �
	r� 



t

�

� zi

t

�r��
� � � zi � t 	���


According to the theorem 
���� of Reiss 	
���
� the distribu�

tion of the vector 	Z��T� Z��T� � � � � Zr�T 

� is the same as that of

	V�� V�� � � � � Vr

� where V �s are the spacings of a random sample of

size r from the uniform distribution on 	��

� Further� the author

has given the asymptotic distribution of this vector of spacings and

other related results 	see corollary 
���
� of Reiss 	
���

�

Since Y �
�i� �

Pi
j�� zj�	n� j � 

� under H�

	i � EH�	Y�i�jt


�



	n � j � 



iX
j��

E	ZjjT � t


�
t

r

iX
j��




	n� j � 


	���



ii � VH�	Y�i�jt


� VH�	
iX

j��




	n� j � 


Zj jT � t


�
iX

j��




	n� j � 

�
VH�	Zj jT � t


�
iX

j ��k




	n� j � 

	n� k � 


CovH�	Zj � ZkjT � t


�
iX

j��




	n� j � 

�
VH�	Zj jT � t


�
iX

j ��k




	n� j � 

	n� k � 

	r� 


VH�	Zj jT � t


�
r

r � 


iX
j��




	n� j � 

�
VH�	Zj jT � t
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�
iX

j��

iX
k��




	n� j � 

	n� k � 

	r� 


VH�	Zj jT � t


�
r�

r � 


�
ai � 


r
bii

�
� 	���


and


ii � COVH�	Y�i�� Y�l�jt
� i �� 
� i � 


�
iX

j��

lX
k��




	n� j � 

	n� k � 


COV 	Zj � ZkjT � t


�
iX

j��




	n � j � 

�
VH�	Zj jT � t


� 


	r � 



iX
j��

lX
j ��k��




	n� j � 

	n� k � 


VH�	Zj jT � t


�
r

	r� 



iX
j��




	n� j � 

�
VH�	Zj jT � t


� 


	r � 



iX
j��

lX
k��




	n� j � 

	n� k � 


VH�	Zj jT � t


�
r�

	r� 



�
ai � 


r
bii

�
� 	���


where

� � VH�	Zj jT � t
 �
	r� 

t�

r�	r � 


�

ai �
iX

j��




	n� j � 

�
� i � 
� �� � � � � r� 


and

bil �
iX

j��

lX
k��




	n� j � 

	n� k � 


� i � 
� �� � � � � r� 
�

Using 	���
 and 	���
� the variance�covariance matrix
P

� of 	Y jT � t


under H� is X
�
� k

�
A� 


r
B

�
� 	���
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�� Muralidharan and Shanubhogue

where

k �
r�

r � 


A �

�
��������

a� a� a� � � � a�
a� a� a� � � � a�
a� a� a� � � � a�
���

���
���

� � �
���

a� a� a� � � � ar��

�
							

�

and

B �

�
��������

b�� b�� b�� � � � b��r���
b�� b�� b�� � � � b��r���
b�� b�� b�� � � � b��r���
���

���
���

� � �
���

b��r��� b��r��� b��r��� � � � b�r����r���

�
							

�

Since A is non�singular matrix and B can be written as B � CC��

where

C �

�
� 


n
�

�X
j��




	n� j � 


� � � � �

r��X
j��




	n� j � 





A �

using the result ���� pp��� of Rao 	
���
� we have the inverse of
P

�

as X��

�
�




k
�A�� �D��

where A�� is given by

�
���

n� � �n � ��� ��n� ��� � � � � �

��n� ��� �n� ��� � �n� ��� � � � � �

�
�
�

�
�
�

� � �
�
�
�

�
�
�

� � � � � �n � r � 	�� � �n� r � ��� ��n� r � ���

� � � � � ��n� r � ��� �n� r � ���

�
		
 �

and

D �

�
�����


 
 � � � 	n� r � �



 
 � � � 	n� r � �

���

���
� � �

���

	n� r� �
 	n� r � �
 � � � 	n� r� �
�

�
				
 �
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A Conditional Test for Exponentiality Against ��� ��

Therefore� the expression for the test statistic based on the censored

sample Y���� Y���� � � � � Y�r��� and the value t of T is

Q � 	Y � 	�

�
X��

�
	Y � 	�


�



k
�	Y � 	�


�A��	Y � 	�
 � 	Y � 	�

�D	Y � 	�
�

�



k
�Q� � Q��� say� 	��
�


Now�

Q� � 	Y � 	�

�A��	Y � 	�


�
r��X
j��

�	n� j � 

� � 	n� j
��	Y�j� � 	j

�

��
r��X
j��

	n� j
�	Y�j� � 	j
	Y�j��� � 	j��


�	n � r � �
�	Y�r��� � 	r��

�

�
r��X
j��

	n� j � 

�	Y�j� � 	j

�

�
r��X
j��

	n� j
��	Y�j� � 	j
� 	Y�j��� � 	j��
�
�

�
r��X
j��

	n� j
�	Y�j��� � 	j��

�

� n�	Y��� � 	���

� �

r��X
j��

	n� j
��	Y�j� � Y�j���
� 		j � 	j��
�
�

�
r��X
j��

�
	n� j
	Y�j��� � Y�j�
�

t

r

��

�
r��X
i��

�
	n� i� 

	Y�i� � Y�i���
�

t

r

��
� 	��




and

Q� � 	Y � 	�

�D	Y � 	�


�
r��X
i��

	Y�i� � 	i
 � 	n� r � �
	Y�r��� � 	r��

�
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�� Muralidharan and Shanubhogue

�

�
	n� r � 

	Y�r� � Y�r���
�

t

r

��
� 	��
�


Hence� using 	��


 and 	��
�
 in 	��
�
 we have �nally�

Q �
r	r� 

�

t�

rX
i��

�
	n� i� 

	Y�i� � Y�i���
�

t

r

��
� 	��
�


This statistic is again based on the given condition T � t� So� we

modify this statistic by replacing t by its corresponding random vari�

able T and propose the new statistic based on a type�� censored

sample X���� X���� � � � � X�r� as

Q� � r	r � 



�
rX

i��

	n� i� 

�

T �
	X��

�i� �X��
�i���


� � 


r

�
� 	��
�


where T �
Pr

i��X
��
�i� � 	n� r
X��

�r��

To �nd the exact mean and variance of Q�� under H�� we again

consider Zi � 	n � i � 

	X��
�i� � X��

�i���
� i � 
� �� � � � � r� X��� � ��

Then we have Q� � r	r � 

�V � 
�r�� where V �
Pr

i�� Z
�
i �T

� and

T �
Pr

i�� Zi� Since EH�	V 
 �
�

r�� and EH�	V
�
 � 	�r�
�

�r�����r����r��� �

we have

EH�	Q
�
 � r � 


and

VH�	Q
�
 �

�r�	r� 



	r� �
	r� �

�

Hence� the standardized form of Q� is

Q�
�sd� �

Q� �EH�	Q
�
p

V ar	Q�


�

s
	r� �
	r� �


	r � 

�
��	r� 



Pr
i��	n� i� 

�	X��

�i� �X��
�i���


�

�
�Pr

i��X
��
�i� � 	n� r
X��

�r�

�� � 


�
	
 �

Since we could not �nd the expression forEH�	Q
�
�sd�
� we observed the

direction of the test procedure by simulating its values for di�erent

n � 
�� ��� �� with censoring proportion p� � � p � 
 and for di�erent
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A Conditional Test for Exponentiality Against ��� ��

values of � and found thatEH�	Q
�
�sd�
 � EH�	Q

�
�sd�
 for � �� ���� g	n
��

where g	n
 is a function of n which tends to �� as n��� Hence� the

test procedure is to reject H� for large values of Q
�
�sd� when � � ��

and � � g	n
�

� Asymptotic null distribution of Q�

De�ne Vi � 	Zi� Z
�
i 


�� i � 
� �� � � � � r� where

Zi � 	n� i� 

	X��
�i� �X��

�i���
�

It is noted that fVi� i � 
� �� � � � � rg are iid random vectors in view of

the iid nature of fX��
i � i � 
� �� � � � � rg� Applying Multivariate CLT

to fVi� i � 
� �� � � � � rg� the asymptotic distribution of
p
r 	V �E	V 



is bivariate normal with zero mean and dispersion matrix D	V 
�

where V � 	V�� V�

�� V� �

Pr
i�� Zi�r and V� �

Pr
i�� Z

�
i �r� Also

we have E	V 
 � 	�� ���
� and D	V 
 �

�
�� ���

��� ���	

�
� Then the

asymptotic distribution of g	V�� V�
 � V��V
�
� is normal with mean �

and variance ��r� Hence

Q� � 	r � 

�V��V
�
� � 
� � N	r� 
� �	r� 

��r
�

� A power study of the test

First obtain the percentage points of the distribution of Q�
�sd� by

Monte Carlo method� For this� we generate ���� random samples

of di�erent size n from Weibull distribution with � � � � 
 and

then construct type�� censored samples with censoring proportion

p � r�n 	� � p � 

� Using these samples we simulate the percentage

points of the distribution of Q�
�sd�� The results are presented in Table


 for p � ��
�
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�� Muralidharan and Shanubhogue

Table �� The percentage points of the distribution of Q�

�sd� for p � ����

n � � ���
 � � ���� � � ���� � � ����


� �
��� �
�
� ���� ����

�� �
��� �
��� ���� 
���

�� �
��� �
��� ��
� ����

�� �
��� �
��� ����� ����

�� �
��� �
��
 ����� ����

�� �
��� �
��� ����� ����

�� �
��� �
��� ����
 ����

�� �
��� �
��� ����� ����

�� �
��� �
��� ����� ����


�� �
��� �
��� ����� ����


�� �
��
 �
��� ����� ����

Using the above percentage points we compute the power of the

test statistic Q�
�sd� for Weibull alternative through simulation for dif�

ferent values of n and ����� The powers are compared with the test

proposed by Bain and Engelhardt 	
���
 test and are given in tables

� and � for di�erent censoring schemes�

Table �� Power of Q�

�sd� test for values of � � ���

n ���� � ��� ���� � ��� ���� � ��� ���� � ���


� �� 
� �� 
� �� 
� ��


� ��� ��� ��� ��
 ��
 ��
 ��� ���

��� ��� ��� ��� ��� ��� ��� ��


�� 
��� 
��� ��� ��� ��� ��� �
� ���


��� 
��� ��� ��� ��� ��� �
� ��


�� 
��� 
��� ��� ��� ��� ��
 ��� ���


��� 
��� ��� 
��� ��� ��
 �
� ���

�� 
��� 
��� 
��� 
��� ��
 ��� ��� ���


��� 
��� 
��� 
��� ��� ��� ��� ���

�� 
��� 
��� 
��� 
��� ��� ��� ��� ���


��� 
��� 
��� 
��� ��� ��� ��� ���

�� 
��� 
��� 
��� 
��� ��� 
��� ��
 ���


��� 
��� 
��� 
��� ��� 
��� ��� ���
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Table �� Power of Q�

�sd� test for values of � � ���

n ���� � 
�� ���� � 
�� ���� � 
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	The second entries are correspond to Bain and Engelhardt 	��
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� Example

We now present an example from Meeker and Escobar 	
���
� For

readability� we reproduce below� the data on the distance to failure

for �� Vehicle Shock Absorbers�

����� ����� ����� ����� �
��� ����� ����� 

�
��



���� 

���� 

���� 
�
��� 
����� 
����� 
�
��� 
�����


����� 
����� 
����� 
����� 
����� 
����� 
����� 
�����


����� 
��
�� ��
��� ��
��� ��
��� ������ ������ ������

������ ���
�� ���
�� ������ ������ ��
���

Meeker and Escobar 	
���
� have obtained maximum likelihood es�

timates and con�dence intervals for the parameters under Weibull

and lognormal distributions respectively and concluded Weibull as

the best model to represent the above data� Suppose we would like

to test H� � � � 
 against H� � � � 
� For this� the computed

value of Q�
�sd� is ������ and the corresponding percentile points for
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� and �� level of signi�cance are �
��� and �
��� respectively� Since

the calculated value of Q�
�sd� is larger than the tabulated values� we

conclude that Weibull distribution is an accepted model for the data�

The estimated power against the alternatives H� � � � 
 is close to


�

� Conclusions

We have proposed a test Q� for testing H� � � � �� against H� �

� � �� 	H� � � � ��
 and through power study shown that the test

performs very well for � � �� even for small samples� but for � � ��
it perform well only for large samples� Thus� we recommend the test

Q� for identifying Weibull DFR alternatives�
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