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Abstract. In this paper, we investigate the stochastic properties of spacings among
order statistics derived from a sample of independent, non-negative random variables
that are divided into two groups with different distributions. Previous studies have
shown that when these distribution functions are exponential distributions with speci-
fied hazard rates, the likelihood ratio ordering holds among the spacings under specific
conditions. The present work extends these results by considering more general con-
tinuous distribution functions. We identify the necessary conditions on the parent
distribution functions for preserving the likelihood ratio ordering among spacings in
general settings. The comparison results enhance our understanding of stochastic
ordering theory and provide valuable insights for applications in reliability, survival
analysis, and related fields, aiding in the development of more flexible and accurate
statistical models.
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1 Introduction

Let X1:n, . . . ,Xn:n be the order statistics arising from independent random variables
X1, · · · ,Xn, with common distribution function F. Let Di:n = Xi:n − Xi−1:n, i = 1, . . . ,n
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denote the ith spacing with X0:n ≡ 0. The sample spacings as a function of order statis-
tics have wide applications in many problems such as predictions, tests for outliers,
goodness-of-fit tests and stochastic auction theory. For more details on applications of
order statistics and of sample spacings, the reader may refer to the books by Balakrish-
nan and Rao (1998a), Balakrishnan and Rao (1998b). For the case when, Xi’s, i = 1, . . . ,n
are independent random variables from the exponential distribution with hazard rate
λi, i = 1, . . . ,n, Kochar and Korwar (1996) showed that the survival function of Di:n is
given by

FDi:n(x) =
∑
r∈A

pi(r)e−λi(r)x, x > 0,

where A is a permutation of (1, · · · ,n), r = (r1, · · · , rn) is a member of A, λi(r) =
∑n

j=i λ(r j)

and pi(r) =
∏n

i=1 λi∏n
i=1

∑n
i= j λ(r j)

.

First, we review some notations of stochastic orderings. Let X and Y be two non-
negative continuous random variables with density functions fX and fY, distribution
functions FX and FY, survival functions FX = 1 − FX and FY, hazard rate functions
hX = fX/FX and hY, and reversed hazard rate functions h̃X = fX/FX and h̃Y, respectively.

(a) X is said to be larger than Y in the likelihood ratio order (denoted by FX ≤lr FY) if fY(t)
fX(t)

is increasing in t.

(b) X is said to be larger than Y in the hazard rate order (denoted by FX ≤hr FY) if FY(t)
FX(t)

is increasing in t, or, equivalently, hX(t) ≥ hY(t) for all t.

(c) X is said to be larger than Y in the reversed hazard rate order (denoted by FX ≤rh FY)
if FY(t)

FX(t) is increasing in t, or, equivalently, h̃X(t) ≥ h̃Y(t) for all t.

(d) X is said to be larger than Y in the usual stochastic order (denoted by FX ≤st FY) if
FX(t) ≤ FY(t) for all t.

It is well known that

X ≥lr Y =⇒ X ≥hr[rh] Y =⇒ X ≥st Y,

but neither the reversed hazard rate nor hazard rate orders imply each other. one may
refer to Shaked and Shanthikumar (2007) for more details. Kochar and Korwar (1996)
conducted stochastic orders between spacings and showed that D2:3 ≤hr D3:3. Also, in
the case when Xi’s are independent and identically distribution with log-convex density
function, Kochar and Kirmani (1995) showed that Di:n ≤lr Di+1:n. Let X1, . . . ,Xn be a
set of non-negative independent random variables where Xi, i = 1, . . . , p, p ≥ 1, having
common distribution function F1, and X j, j = p + 1, . . . ,n, having common distribution
function F2, and two samples are independent. For the case when F1 is the exponential
distribution function with hazard rateλ1 and F2 is the exponential distribution function
with hazard rateλ2, Wen et al. (2007) proved that forλ1 ≤ λ2, Di:n(p, q) ≤lr Di:n(p−1, q+1).
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After that, Xu et al. (2007) investigated the likelihood ratio order of m-spacings from the
multiple-outlier exponential model. They proved that for i = 1, . . . ,m − n, D(m)

i:n (p, q) ≤lr

D(m)
i:n (p − 1, q + 1), where, D(m)

i:n (p, q) = Xm+i−1:n(p, q) − Xi−1:n(p, q). Motivated by the
above analysis, in this framework and in general case, we focus our attention on
investigating the stochastic comparisons of the spacings D(1)

i:n (p, q) and D(1)
i:n (p − 1, q + 1)

with respect to the likelihood ratio order. The study of spacings in the presence of
outliers, as deal with in this paper, is motivated by both theoretical advancements
in stochastic ordering and practical applications in fields where heterogeneous data
arise. Specifically, our work extends the understanding of how outliers, modeled by a
distinct distribution F2 compared to inliers F1, affect the stochastic properties of spacings
(differences between consecutive order statistics) under the likelihood ratio order. This
is crucial for analyzing ordered data in heterogeneous populations, which is common in
real-world scenarios. The theoretical significance lies in generalizing existing results,
such as those in Wen et al. (2007) and Xu et al. (2007), which assume exponential
distributions, to arbitrary continuous distributions using permanents. Furthermore,
Torrado and Lillo (2015) obtained some new results in the area of stochastic comparisons
of simple and normalized spacings from two samples of heterogeneous exponential
random variables, Barmalzan et al. (2015) studied some ordering results for the sample
spacings arising from the single and multiple-outlier exponential models.

Zhao et al. (2016) extended the analysis to the second sample spacing arising from
multiple-outlier exponential models and obtained its stochastic ordering properties in
terms of the likelihood ratio order.

This consider open questions about the robustness of stochastic ordering results
in non-identical distribution settings, particularly under the strong likelihood ratio
order. Practically, our results have direct applications in reliability analysis, where
spacings represent inter-failure times in systems with defective components (outliers).
For example, understanding how an increased number of outliers affects spacing dis-
tributions can inform the design of robust systems in engineering. In risk management,
our findings are relevant for modeling extreme events, where outliers represent rare
but impactful occurrences, such as financial crashes or environmental anomalies. Ad-
ditionally, in anomaly detection, the likelihood ratio ordering of spacings can help
quantify the impact of outliers on data clustering, aiding in the identification of un-
usual observations in datasets like sensor networks or quality control processes. To
illustrate a practical application, consider a reliability setting with a system consisting
of n components where p are standard components (inliers) from distribution F1 and q
are potentially weaker components (outliers) from F2 with F1 ≤lr F2 (implying higher
failure propensity for outliers). The spacings Di:n(p, q) represent times between succes-
sive failures in the combined system. Our main result shows that replacing an inlier
with an outlier (shifting to (p − 1, q + 1)) makes the ith spacing stochastically larger in
the likelihood ratio sense, meaning longer expected times between failures around that
point or increased variability. This insight can guide engineers in assessing the impact
of introducing heterogeneous (potentially faulty) components on system reliability and
maintenance scheduling.
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The main result demonstrates that spacings from a sample with more outliers (q+1)
are stochastically larger in the likelihood ratio sense than those with fewer outliers (q).
This finding has direct practical implications in several areas. Here, we present some
application where ordering of spacings can be applied.

• The likelihood ratio ordering of spacings, Di:n(p, q) ≤lr Di:n(p − 1, q + 1), estab-
lished in this work, has significant practical implications. In statistical testing, it
enhances the robustness of goodness-of-fit and homogeneity tests by quantifying
the effect of outliers on spacing distributions, applicable in quality control for
detecting defective items.

• In auction theory, the result informs the modeling of bid differences in the presence
of outlier bidders, aiding in auction design. Additionally, in reliability analysis,
it supports the assessment of inter-failure times in heterogeneous systems, while
in anomaly detection, it improves the identification of unusual patterns in data
streams, such as in sensor networks.

• In financial modeling, the result contributes to risk management by characterizing
intervals between extreme events influenced by outliers. These applications
highlight the relevance of our findings in handling heterogeneous data across
diverse fields.

In this paper, we establish the likelihood ratio order for the spacings arising from the
general multiple-outlier models when the numbers of identically distributed variables
are different. In general case, we show that the likelihood ratio order of spacings
from X1, . . . ,Xp,Xp+1, . . . ,Xn is a function of the likelihood ratio order between inlier
and outlier random variables. Specifically, this work establishes the likelihood ratio
ordering of spacings, Di:n(p, q) ≤lr Di:n(p− 1, q + 1), for general continuous distributions
F1 and F2 satisfying F1 ≤lr F2. Unlike previous studies, such as Wen et al. (2007) and
Xu et al. (2007), which focused on exponential distributions, our approach uses the
theory of permanents to derive the joint density of order statistics, enabling a general
framework. The main result demonstrates that spacings from samples with more
outliers are stochastically larger, providing a robust tool for analyzing heterogeneous
data.

2 Main result

The key tool used to prove the main result is the theory of permanents. We first recall the
definition of permanents, and introduce some useful notation. It is useful to represent
the joint density functions of order statistics by using the theory of permanents when
the underlying random variables are not identical. If A = {a}i, j is an n × n matrix, then
the permanent of A is defined as

perm{A} =
∑
σ

n∏
i=1

{a}i,σ(i),
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where the summation is over all permutations σ = (σ(1), . . . , σ(n)) of {1, . . . ,n}. If
v1,v2, . . . are column random vectors on Rn, then the permanent v1︸︷︷︸

r1

, v1︸︷︷︸
r2

, . . .

 ,
is obtained by taking r1 copies of v1, r2 copies of v1 and so on.

Before stating our main result, let us first introduce the following two lemmas,
which are also needed to prove the main result.

Lemma 1. (?). Let a1, ...,an−1 be non-negative vectors in Rn, and let b be any vector in Rn,
where n ≥ 2. Then

[a1, ...,an−1, b]2
≥ [a1, ...,an−1,an−1] [a1, ...,an−2, b, b] .

Lemma 2. (Misra and van der Meulen (2003)). Let Θ be a subset of real line and U be
a non-negative random variable having a cdf belonging to a stochastically ordered family
P = {H(·|θ), θ ∈ Θ}, that is, for θ1, θ2 ∈ Θ, H(·|θ1) ≤st (≥st)H(·|θ2) whenever θ1 ≤ θ2.
Suppose a real function ψ(u, θ) on R ×Θ is measurable in u for each θ such that Eθ[ψ(U, θ)]
exists. Then

(i) Eθ[ψ(U, θ)] is increasing in θ if ψ(u, θ) increasing in θ and increasing(decreasing) in u.

(ii) Eθ[ψ(U, θ)] is decreasing in θ if ψ(u, θ) decreasing in θ and decreasing(increasing) in u.

Theorem 3. Let X1, . . . ,Xn be independent random variables follow the multiple-outlier model
with Xi’s, i = 1, . . . , p having the distribution function F1, for i = 1, . . . , p and X j’s, j =
p + 1, . . . ,n having the common distribution function F2, where two samples are independent.
If F1 ≤lr F2, then for i = 1, . . . ,n,

Di:n(p, q) ≤lr Di:n(p − 1, q + 1),

where q = n − p.

Proof. The proof proceeds in three main stages: (1) expressing the joint densities of the
relevant order statistics using permanents of structured matrices involving f1, f2, and
F1, F2; (2) deriving closed-form expressions for the densities of the spacings Di:n(p, q)
and Di:n(p−1, q+1) by integrating these joint densities; (3) showing that the ratio of these
densities is increasing in x by establishing the monotonicity of a key ratio involving
permanents, leveraging the likelihood ratio order F1 ≤lr F2 to ensure the required
inequalities hold through sign-preserving properties and matrix factorizations.

Let us define for each pair (p, q),

[F(x)]p,q =

F(x)1p

F(x)1q


p,q

, [F(x)]p,q =

F(x)1p

F(x)1q


p,q

,
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[f(x)]p,q =

 f (x)1p

f (x)1q


p,q

,

where p ≥ 1, p + q = n ≥ 2 and the entries of both 1p and 1q are all ones. Note that each
matrix is an n × n matrix with structured repetitions based on p and q.

The joint density function of Xi:n(p, q) and Xi−1:n(p, q) is given by

fXi−1:n(p,q),Xi:n(p,q)(x, y) =
1

(i − 1)!(n − i)!

p f1(x)

 F(x)︸︷︷︸
i−2

, f(y), F(y)︸︷︷︸
n−i


p−1,q

+ q f2(x)

 F(x)︸︷︷︸
i−2

, f(y), F(y)︸︷︷︸
n−i


p,q−1


=

1
(i − 1)!(n − i)!

 F(x)︸︷︷︸
i−2

, f(x), f(y), F(y)︸︷︷︸
n−i


p,q

. (2.1)

From (2.1) the density function of Di:n(p − 1, q + 1) is given by

fDi:n(p−1,q+1)(x) =
1

(i − 1)!(n − i)!

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p−1,q+1

dt.

Similarly, we have

fDi:n(p,q)(x) =
1

(i − 1)!(n − i)!

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

dt.
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To reach the desired result, it suffices to prove that

fDi:n(p−1,q+1)(x)

fDi:n(p,q)(x)
=

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p−1,q+1

dt

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

dt

=

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p−1,q+1 F(t)︸︷︷︸

i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p−1,q+1

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

dt

dt

=

∫
∞

0
Ψ(t, t + x)h(t|x)dt

= Ex[Ψ(T,T + x)], (2.2)

is increasing in x, where, the distribution function of the random variable T belongs
to a family of conditional distributions parameterized by x, P = {H(·|x), x ∈ R+

}, with
density function

h(t|x) = a(x)

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

and a normalizing constant

a(x) =
1

∫
∞

0

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

dt

,
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such that
∫
∞

0 h(t|x)dt = 1 and

Ψ(t, t + x) =

 F(t)︸︷︷︸
i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p−1,q+1 F(t)︸︷︷︸

i−2

, f(t), f(t + x),F(t + x)︸  ︷︷  ︸
n−i


p,q

.

For convenience, we define that

Ψ(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i


p−1,q+1 F(t)︸︷︷︸

i−2

, f(t), f(x), F(x)︸︷︷︸
n−i


p,q

. (2.3)

We use Lemma 2 to prove that (2.2) is increasing in x. Therefore, it is enough to
verify that Ψ(t, x) is increasing in t and x and for any x1 ≤ x2, H(·|x1) ≤st H(·|x2). In the
following parts (a) and (b), we will prove that Ψ(t, x) is increasing in t and x, respectively.

Part (a): For convenience, we introduce the following notations:

Ap,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i


p−1,q+1

, A1,p,q(t, x) =

 F(t)︸︷︷︸
i−3

, f(t), f(x), F(x)︸︷︷︸
n−i


p−2,q+1

,

A2,p,q(t, x) =

 F(t)︸︷︷︸
i−3

, f(t), f(x), F(x)︸︷︷︸
n−i


p−1,q

, A3,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(x), F(x)︸︷︷︸
n−i


p−2,q+1

,

A4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(x), F(x)︸︷︷︸
n−i


p−1,q

, Bp,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i


p,q

B1,p,q(t, x) =

 F(t)︸︷︷︸
i−3

, f(t), f(x), F(x)︸︷︷︸
n−i


p−1,q

, B2,p,q(t, x) =

 F(t)︸︷︷︸
i−3

, f(t), f(x), F(x)︸︷︷︸
n−i


p,q−1
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B3,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(x), F(x)︸︷︷︸
n−i


p−1,q

, B4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(x), F(x)︸︷︷︸
n−i


p,q−1

.

For a clearer illustration of the structure and dimensions of the matrices Ap,q(t, x),
Bp,q(t, x), and Cp,q(t, x) used in the permanent expressions, explicit examples for small
values of n, p, and q are provided in the Appendix.

According to the Laplace expansion, it follows that

pF1(x)A1,p,q(t, x) + qF2(x)A2,p,q(t, x) = Ap,q(t, x) = p f1(x)A3,p,q(t, x) + q f2(x)A4,p,q(t, x)

and

pF1(x)B1,p,q(t, x) + qF2(x)B2,p,q(t, x) = Bp,q(t, x) = p f1(x)B3,p,q(t, x) + q f2(x)B4,p,q(t, x).

Upon using the Laplace expansion, the derivative Ψ(t, x) with respect to t follows that

∂
∂t

Ψ(t, x)
sgn
= Bp,q(t, x){(i − 2)(p − 1) f1(t)A1,p,q(t, x) + (i − 2)(q + 1) f2(t)A2,p,q(t, x)

+(p − 1) f ′1(t)A3,p,q(t, x) + (q + 1) f ′2(t)A4,p,q(t, x)}
−Ap,q(t, x){(i − 2)p f1(t)B1,p,q(t, x) + (i − 2)q f2(t)B2,p,q(t, x)
+p f ′1(t)B3,p,q(t, x) + q f ′2(t)B4,p,q(t, x)}

= Υ1(t, x) + Υ2(t, x),

where
sgn
= means that two sides of the equality have the same sign and

Υ1(t, x) = (i − 2)2[p(q + 1)A2,p,q(t, x)B1,p,q(t, x) − (p − 1)qA1,p,q(t, x)B2,p,q(t, x)]
×[ f2(t)F1(t) − f1(t)F2(t)]

= (i − 2)2I1 × I2

and

Υ2(t, x) = [p(q + 1)A4,p,q(t, x)B3,p,q(t, x) − (p − 1)qA3,p,q(t, x)B4,p,q(t, x)]
×[ f ′2(t) f1(t) − f ′1(t) f2(t)]

= J1 × J2.

We know that A2,p,q(t, x) = B1,p,q(t, x), A4,p,q(t, x) = B3,p,q(t, x) and p+q > 1. Therefore,
from Lemma 1, we have

A2
2,p,q(t, x) ≥ A1,p,q(t, x)B2,p,q(t, x)

and
A2

4,p,q(t, x) ≥ A3,p,q(t, x)B4,p,q(t, x).

Hence, I1 ≥ 0 and J1 ≥ 0. Next, one can see that

I2
sgn
=

f2(t)
F2(t)

−
f1(t)
F1(t)

= h̃F2(t) − h̃F1(t) ≥ 0, (2.4)
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where h̃ is the reverse hazard rate function. Due to the fact that the likelihood ratio
order implies the reversed hazard rate order, the inequality in (2.4) follows from the
assumption that F1 ≤lr F2. Likewise,

J2
sgn
=

f ′2(t)
f2(t)

−
f ′1(t)
f1(t)

≥ 0,

where the inequality follows from the assumption of the theorem that F1 ≤lr F2. There-
fore , from these observations we have ∂

∂tΨ(t, x) ≥ 0.
Part (b): Similarly, before taking the derivative Ψ(t, x) with respect to x, we introduce

the following notations:

C1,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), F(x)︸︷︷︸
n−i


p−2,q+1

, C2,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), F(x)︸︷︷︸
n−i


p−1,q

,

C3,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i−1


p−2,q+1

, C4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i−1


p−1,q

,

D1,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), F(x)︸︷︷︸
n−i


p−1,q

, D2,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), F(x)︸︷︷︸
n−i


p,q−1

,

D3,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i−1


p−1,q

, D4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(x), F(x)︸︷︷︸
n−i−1


p,q−1

.

According to the Laplace expansion, we have

pF1(x)C3,p,q(t, x) + qF2(x)C4,p,q(t, x) = Cp,q(t, x) = p f1(x)C1,p,q(t, x) + q f2(x)C2,p,q(t, x)

and

pF1(x)D3,p,q(t, x) + qF2(x)D4,p,q(t, x) = Dp,q(t, x) = p f1(x)D1,p,q(t, x) + q f2(x)D2,p,q(t, x).

Again, upon using the Laplace expansion, it follows that

∂
∂x

Ψ(t, x)
sgn
= Bp,q(t, x){(p − 1) f ′1(x)C1,p,q(t, x) + (q + 1) f ′2(x)C2,p,q(t, x)

−(n − i)(p − 1) f1(x)C3,p,q(t, x) − (n − i)(q + 1) f2(x)C4,p,q(t, x)}
−Ap,q(t, x){p f ′1(x)D1,p,q(t, x) + q f ′2(x)D2,p,q(t, x)
−(n − i)p f1(x)D3,p,q(t, x) − (n − i)q f2(x)D4,p,q(t, x)}

= Λ1(x) + Λ2(x),
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where

Λ1(x) = (n − i)2[p(q + 1)C2,p,q(t, x)D1,p,q(t, x) − (p − 1)qC1,p,q(t, x)D2,p,q(t, x)]

×[ f1(x)F2(x) − f2(x)F1(x)]
= (n − i)2I1 × I2

and

Λ2(x) = [p(q + 1)C4,p,q(t, x)D3,p,q(t, x) − (p − 1)qC3,p,q(t, x)D4,p,q(t, x)]
×[ f ′2(x) f1(x) − f ′1(x) f2(x)]

= J1 × J2.

We know that C2,p,q(t, x) = D1,p,q(t, x) and C4,p,q(t, x) = D3,p,q(t, x). Therefore, from
Lemma 1, it follows that

C2
2,p,q(t, x) ≥ C1,p,q(t, x)D2,p,q(t, x)

and
C2

4,p,q(t, x) ≥ C3,p,q(t, x)D4,p,q(t, x),

which is reveals that I1 ≥ 0 and J1 ≥ 0. Next, we have

I2
sgn
=

f1(x)

F1(x)
−

f2(x)

F2(x)
= hF1(t) − hF2(t) ≥ 0, (2.5)

where h is the hazard rate function. Due to the fact that the likelihood ratio order
implies the hazard rate order, the inequality in (2.5) follows from the assumption that
F1 ≤lr F2. Also, we have

J2
sgn
=

f ′2(x)

f2(x)
−

f ′1(x)

f1(x)
≥ 0.

Therefore, from these observations we have ∂
∂xΨ(t, x) ≥ 0.

Finally, according to Lemma 1, it is enough to show that H(·|x1) ≤st H(·|x2), x1 ≤ x2.
Due to the fact that the likelihood ratio order implies the usual stochastic order, it is
enough to show that

Φ(t) =
h(t|x2)
h(t|x1)

=
A∗p,q(t, x2)

B∗p,q(t, x1)
; whenever x1 ≤ x2,

is increasing in t. In the following two steps, we will prove that Φ′(t) ≥ 0.
Step 1: Using the same argument used to prove Part (a), in this step we will show

that the derivative of Φ′(t) along the first i − 2 columns and the second column is
non-negative. Before to do that likewise to previous parts, for convenient we have the
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following notations.

A∗p,q(t, x2) =

 F(t)︸︷︷︸
i−2

, f(t), f(t + x2),F(t + x2)︸   ︷︷   ︸
n−i


p,q

A∗1,p,q(t, x2) =

 F(t)︸︷︷︸
i−3

, f(t), f(t + x2),F(t + x2)︸   ︷︷   ︸
n−i


p−1,q

,

A∗2,p,q(t, x2) =

 F(t)︸︷︷︸
i−3

, f(t), f(t + x2),F(t + x2)︸   ︷︷   ︸
n−i


p,q−1

,

A∗3,p,q(t, x2) =

 F(t)︸︷︷︸
i−2

, f(t + x2),F(t + x2)︸   ︷︷   ︸
n−i


p−1,q

,

A∗4,p,q(t, x2) =

 F(t)︸︷︷︸
i−2

, f(t + x2),F(t + x2)︸   ︷︷   ︸
n−i


p,q−1

,

B∗p,q(t, x1) =

 F(t)︸︷︷︸
i−2

, f(t), f(t + x1),F(t + x1)︸   ︷︷   ︸
n−i


p,q

B∗1,p,q(t, x1) =

 F(t)︸︷︷︸
i−3

, f(t), f(t + x1),F(t + x1)︸   ︷︷   ︸
n−i


p−1,q

,

B∗2,p,q(t, x1) =

 F(t)︸︷︷︸
i−3

, f(t), f (t + x1),F(t + x1)︸   ︷︷   ︸
n−i


p,q−1

,

B∗3,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t + x1),F(t + x1)︸   ︷︷   ︸
n−i


p−1,q

,

B∗4,p,q(t, x1) =

 F(t)︸︷︷︸
i−2

, f(t + x1),F(t + x1)︸   ︷︷   ︸
n−i


p,q−1

.
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Then, it holds that

Φ′(t)
sgn
= Υ∗1(t) + Υ∗2(t),

where

Υ∗1(t) = (i − 2)2pq[A∗2,p,q(t, x2)B∗1,p,q(t, x1) −A∗1,p,q(t, x2)B∗2,p,q(t, x1)]

×[ f2(t)F1(t) − f1(t)F2(t)]
= pq(i − 2)2I∗1 × I2

and

Υ∗2(t) = pq[A∗4,p,q(t, x2)B∗3,p,q(t, x1) −A∗3,p,q(t, x2)B∗4,p,q(t, x1)]

×[ f ′2(t) f1(t) − f ′1(t) f2(t)]
= pqJ∗1 × J2. (2.6)

Using the same argument in Part (a), it reveals that I2 ≥ 0 and J2 ≥ 0. Next, our task
is to show that I∗1 and J∗1 are also non-negative. In the following, we firstly show the
non-negativity of I∗1. This is equivalent to show that

A∗2,p,q(t, x2)

A∗1,p,q(t, x2)
≥

B∗2,p,q(t, x1)

B∗1,p,q(t, x1)
.

Set t + x2 = u and t + x1 = v, we have u ≥ v, therefore, from which we only need to
show that

Λ1(u) =
A∗2,p,q(t,u)

A∗1,p,q(t,u)
,

is increasing in u. Let us define the following notations

C∗1,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), F(u)︸︷︷︸
n−i


p−2,q

, C∗2,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), F(u)︸︷︷︸
n−i


p−1,q−1

,

C∗3,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), f(u), F(x)︸︷︷︸
n−i−1


p−2,q

, C∗4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(u), F(u)︸︷︷︸
n−i−1


p−1,q−1

,

D∗1,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), F(u)︸︷︷︸
n−i


p−1,q−1

, D∗2,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), F(u)︸︷︷︸
n−i


p,q−2

,
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D∗3,p,q(t,u) =

 F(t)︸︷︷︸
i−2

, f(t), f(u), F(u)︸︷︷︸
n−i−1


p−1,q−1

, D∗4,p,q(t, x) =

 F(t)︸︷︷︸
i−2

, f(t), f(u), F(u)︸︷︷︸
n−i−1


p,q−2

.

Using proof of Part (b), the sing of derivative Λ1(u) with respect to u can be evaluated
as the following

Λ′1(u)
sgn
= ξ∗1(u) + ξ∗2(u),

where

ξ∗1(u) = (n − i)2[pqC∗2,p,q(t,u)D∗1,p,q(t,u) − (p − 1)(q − 1)C∗1,p,q(t,u)D∗2,p,q(t,u)]

×[ f1(u)F2(u) − f2(u)F1(u)]
= (n − i)2A1 × I2

and

ξ∗2(u) = [pqC∗4,p,q(t,u)D∗3,p,q(t,u) − (p − 1)(q − 1)C∗3,p,q(t,u)D∗4,p,q(t,u)]

×[ f ′2(x) f1(u) − f ′1(u) f2(u)]
= B1 × J2.

We know that C∗2,p,q(t,u) = D∗1,p,q(t,u) and also C∗4,p,q(t,u) = D∗3,p,q(t,u). Therefore, using
the similar way in proof of the previous parts, one can be proved that A1, I2, B1 and
J2 are non-negative, which implies that ξ∗1(u) and ξ∗2(u) are non-negative. Hence, we
obtain that Λ1(u) is an increasing function in u for the first i−2 columns and the second
column. Hence, Υ∗1 is non-negative. Finally, to show that Υ∗2 is also non-negative, it
suffices to show that J∗1 is non-negative, or equivalently,

A∗4,p,q(t, x2)

A∗3,p,q(t, x2)
≥

B∗4,p,q(t, x1)

B∗3,p,q(t, x1)
,

where x1 ≤ x2. This is equivalent to saying that

Λ2(u) =
A∗4,p,q(t,u)

A∗3,p,q(t,u)
,

is increasing in u. Using the same argument to prove that Λ1(u) is increasing in u, it
is easy to be proved. Hence, Υ∗2 is also non-negative. Therefore, Φ′(t) ≥ 0, which this
reveals that Φ(t) is increasing in t along the first i − 2 columns and the second column.

Step 2: In this step, our task is to show that Φ(t) is also increasing in t along the
third columns and the forth n − 2 column. Using the same argument in Step 1, the
proof is validated. � �
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Note that the condition F1 ≤lr F2 is a sufficient condition for the likelihood ratio
ordering between spacings and applies to all continuous distributions satisfying this
stochastic order. This includes many common parametric families, such as exponential,
Weibull (with common shape parameter), gamma (with common shape parameter),
and normal (with common variance) distributions, where the order between their pa-
rameters implies the likelihood ratio order. While the assumption is strong, it provides
a general and verifiable condition under which the result holds uniformly across a wide
class of distributions.

As be mentioned in the introduction, Xu et al. (2007) established the likelihood
ratio order between m-spacings in multiple-outlier exponential samples. Therefore,
it should be mentioned here that, by comparing the results stated in Xu et al. (2007)
and the present result, we see that the conditions stated in the present work is a quite
general. In Xu et al. (2007) and in Appendix, they considered the conditions (14)-(17)
to prove the main results. To be more specific, in the following we want to show that
the conditions given in Theorem 3 satisfied in conditions (14)-(17) in Xu et al. (2007).
Therefore, the condition that F1 ≤lr F2 is equivalent to F̄1(u)

F̄2(u) is increasing in u, which is
implied that

F̄1(u)
F̄2(u)

≤
F̄1(u + x)
F̄2(u + x)

f or all x,u > 0.

Hence, the inequality (14) in Xu et al. (2007) is given. From the fact that F1 ≤lr F2 implies
F1 ≤rh F2, it follows that

f1(u)
F1(u)

≤
f2(u)
F2(u)

,

which reveals that inequality (15) in Xu et al. (2007) is also satisfied. On the other hands,
F1 ≤lr F2 implies F1 ≤st F2 and then we have

F̄1(x + u) ≤ F̄2(x + u) and F̄1(u) ≤ F̄2(u)

or equivalently,

1
F̄1(x + u)

≥
1

F̄2(x + u)
f or all x,u > 0.

Hence, the inequality (16) in Xu et al. (2007) is also satisfied. Notice that only the
inequality (17) in Xu et al. (2007) may be does not hold for the general case. We can
consider the inequality (17) as a assumption in the statement of theorem, because there
are some family of distributions that are satisfied in (17). Therefore, in the following
we verify the inequality (17) for Weibull distribution as an illustration.

Remark 4. Let X be a random variable from Weibull distribution with shape and scale param-
eters, α and λ, respectively. It is known that the distribution function of X is F(x) = 1− e−(λx)α ,
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x > 0. Now, let us take λ = λ1, λ∗ = λ2 and λ2 ≥ λ1. By replacing Weibull above observations
in the following inequality

f (x + u)
F(x + u) − F(u)

≥
f ∗(x + u)

F∗(x + u) − F∗(u)
,

it observed that

λα1
e−λ

α
1 (uα−(x+u)α)

− 1
≥

λα2
e−λ

α
2 (uα−(x+u)α)

− 1
.

Hence,

λα1
e−λ

α
1 t
− 1
≥

λα2
e−λ

α
2 t
− 1

,

where uα − (x + u)α = t. Let λα1 = u1, λα2 = u2. Thus, one has

tu1

e−u1t − 1
≥

tu2

e−u2t − 1
, u1 < u2,

and this is because from Lemma 2.1 of Khaledi and Kochar (2000), one concludes that φ(x) =
x

e−x−1 is decreasing in x > 0.
Therefore,

λα1
e−λ

α
1 t
− 1
≥

λα2
e−λ

α
2 t
− 1

is true for λ2 > λ1. Note that if X1 and X2 be non-negative random variables from Weibull
distribution with common shape parameter α and the scale parameters λ1 and λ2, respectively,
then it is easy to see that F2 ≤lr F1 if, and only if, λ2 > λ1 and hence the inequalities (14)-(17)
in Xu et al. (2007) are satisfied.

Example 5. To illustrate the main result, Theorem 4.1 (Section 4, page 4), which establishes
the likelihood ratio ordering Di:n(p, q) ≤lr Di:n(p − 1, q + 1), we provide a numerical example
using Weibull distributions. Consider a sample of size n = 5, with spacing index i = 2,
p = 3 inliers following distribution F1, and q = 2 outliers following distribution F2. Let
F1 ∼ Weibull(2, 1) with density f1(x) = 2xe−x2

,for x ≥ 0, and F2 ∼ Weibull(2, 1.5) with
density f2(x) = 2x

2.25 e−(x/1.5)2
= 2x

2.25 e−x2/2.25 ,for x ≥ 0. These distributions satisfy F1 ≤lr F2,
and the likelihood ratio is given by

f1(x)
f2(x)

=
2xe−x2

2x
2.25 e−x2/2.25

= 2.25e−x2(1− 1
2.25 ) = 2.25e−x2(1− 4

9 ) = 2.25e−
5x2

9 ,

which is non-increasing for x ≥ 0 since the exponent − 5x2

9 decreases as x increases. We compute
the density functions of the spacings D2:5(3, 2) = X3:5(3, 2) − X2:5(3, 2) and D2:5(2, 3) =
X3:5(2, 3) − X2:5(2, 3), where Xi:5(p, q) denotes the i-th order statistic from a sample with p
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variables from F1 and q variables from F2. For Weibull distributions, the density of spacings is
complex due to the non-exponential nature, but it can be numerically approximated using the
permanent-based formulas. To visually confirm the likelihood ratio ordering, we numerically
evaluate the density functions fD2:5(3,2)(t) and fD2:5(2,3)(t) for t ∈ [0, 3], and compute the likelihood

ratio
fD2:5(3,2)(t)
fD2:5(2,3)(t)

. Figure 1 plots the likelihood ratio as a function of t, demonstrating its non-
increasing behavior, which validates D2:5(3, 2) ≤lr D2:5(2, 3). The plot in Figure 1 provides a

Figure 1: The likelihood ratio
fD2:5(3,2)(t)
fD2:5(2,3)(t)

.

clear visual representation of the likelihood ratio ordering. The decreasing trend indicates that
the spacing D2:5(3, 2), from a sample with fewer outliers (q = 2), is stochastically smaller than
D2:5(2, 3), from a sample with more outliers (q = 3), in the likelihood ratio sense. This behavior
reflects the influence of additional outliers, which tend to increase the magnitude of spacings
due to the heavier tail of F2 (Weibull with larger scale parameter λ = 1.5).

To ensure reproducibility of the numerical results presented in Figure 1, we note
that the density functions of the spacings and their likelihood ratio were computed
exactly using the closed-form expressions for the permanents derived in Theorem 2.3.
These computations were performed in Mathematica without employing any numer-
ical approximations or Monte Carlo simulations. The explicit permanent formulas
allow direct evaluation for the chosen parameters, guaranteeing precise and fully re-
producible results.

3 Conclusion

This work presents the new result to compare the spacings from the multiple-outlier
statistical model in the general case where inlier and outlier random variables follow
arbitrary continuous distributions. For the case when Xi, i = 1, . . . , p, having common
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distribution function F1, and X j, j = p + 1, . . . ,n, having common distribution func-
tion F2, it was verified that if F1 ≤lr F2, then Di:n(p, q) ≤lr Di:n(p − 1, q + 1), q = n − p.
Motivate by this, it will be interesting to examine whether under the assumption of
Theorem 3, Di:n(p, q) ≤lr Di+1:n(p, q), i = 1, . . . ,n and Di:n(p, q) ≤lr Di+1:n+1(p + 1, q),
i = 1, . . . ,n. These comparisons would provide deeper insights into the stochastic
behavior of spacings across different indices i and sample sizes n. However, estab-
lishing these orderings presents significant theoretical challenges due to the complex
structure of the joint density functions of order statistics, which are derived using
permanents. The dependencies introduced by the mixture of distributions F1 and F2,
require advanced techniques beyond the scope of the current framework. For instance,
comparing Di:n(p; q) and Di+1:n(p; q) involves analyzing the conditional distributions of
consecutive spacings, which necessitates handling higher-order permanents and en-
suring the monotonicity of the likelihood ratio under general continuous distributions.
Similarly, comparing Di:n(p; q) with Di:n+1(p; q) requires addressing the effect of increas-
ing sample size on the spacing distributions, further complicating the permanent-based
density computations. We have previously considered these orderings during the de-
velopment of this work, recognizing their potential to complement the main result,
Di:n(p, q) ≤lr Di:n(p − 1, q + 1), established in Section 2. However, the complexity of the
proofs, particularly in maintaining the likelihood ratio order’s strict requirements, has
led us to defer these investigations to future research. We are currently working on this
problem and hope to report these findings in a future paper.
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Appendix

Consider n = 3, with p = 2 inliers following F1 and q = 2 outliers following F2. Take
i = 2. Then, the expression for Bp,q(t, x) involves the permanent of the matrix with rows
corresponding to the functions at different points and columns repeated according to
the following types 

f1(t) f1(t) f2(t)
f1(t + x) f1(t + x) f2(t + x)
F1(t + x) F1(t + x) F2(t + x)


Its permanent is 2

[
f1(t) f1(t + x)F2(t + x) + f1(t) f2(t + x)F1(t + x) + f2(t) f1(t + x)F1(t + x)

]
.

Similarly, for Ap,q(t, x) (for p − 1 = 1, q + 1 = 2), we have
f1(t) f2(t) f2(t)

f1(t + x) f2(t + x) f2(t + x)
F1(t + x) F2(t + x) F2(t + x)


Its permanent is 2

[
f1(t) f2(t + x)F2(t + x) + f2(t) f1(t + x)F2(t + x) + f2(t) f2(t + x)F1(t + x)

]
.

This explicit representation illustrates the structure of the permanents used in the proof.
Similarly, explicit forms for Cp,q(t, x) is provided, along with a step-by-step explanation
of how the Laplace expansion is applied in the proof.
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