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out to illustrate the procedures obtained theoretically.
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1 Introduction

Small area estimation is becoming important in survey sampling due to growing de-
mand for reliable small area statistics from both public and private sectors. The small
sample sizes in the areas causes unacceptably large standard errors. Direct survey
estimates for a small area, based on the data only from the sample units in the area,
are likely to yield unacceptably large standard errors due to unduly small size of the
sample in the area.

Let y;r be the direct survey estimator of the ith small area mean for the current

period T, yir,i=1,--- ,M, ie,
Yir = Wit * éit,
where the e;r’s are sampling errors with E(e;r | yir) = 0, see Rao and Yu (1994). A
simple regression synthetic estimator of the small area mean u;r, is obtained by the
deterministic model on p;r:
it = x;7B,

where {(yir, xiT),i = 1,--- , M} is cross-sectional data for time T. Fay and Herriot (1979)
proposed the model

it = WiT t €T,

wir = xpB + v, (1.1)

where x;7 = (xa1,- -, xipT)', B = (By,- - ,Bp)is the p X 1 vector of regression coefficients,
the v;’s are area-specific random effects assumed to be independent and identically
distributed (iid) with mean 0 and unknown variance Var(vir) = 02, and the sampling
errors e;7’s are independent normal variables with

E(eirlwir) =0, Var(eirlwr) = 05,
where o7 is known. Fay and Herriot (1979) have considered the empirical Bayes
predictor, EB, for y;, Prasad and Rao (1990) and Lahiri and Rao (1995) have proposed
the empirical best linear unbiased predictor, EBLUP, of ;. Jiang et al. (2011) derived
the best predictive estimator of the fixed parameters under two well-known small area
models, the Fay and Herriot model and the nested-error regression model.

The model (1.1) uses only cross- sectional data for the current period T. Many
sample surveys are repeated in time with partial replacement of the sample elements.
For such repeated surveys, considerable gain in efficiency can be achieved by borrowing
strength across both areas and times. Since a design-based direct estimate of a small area
characteristic based on the area sample is usually less reliable, model-based approach
to small area estimation has become very popular to produce indirect estimates. Rao
and Yu (1992, 1994) proposed an extension of the basic Fay and Herriot, FM, model as

yit:x;tB+Uz‘+l/lit+eit; i=1,--- M and t=1,---,T,
Ut = PUjp1 + €it, lpl <1, (1.2)
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to handle time series and cross-sectional data, where y;; is the value observed in area
i at time t, x; = (Xj14, - ,xl-pt)' is the covariate values associated with sample of it
area at time ¢, the sampling errors e = (eq,-- -, eM)' are normally distributed with zero
mean and block-diagonal covariance matrix X with arbitrary but known blocks aé.
The 02 may be obtained by using the method of generalized variance function, see
Wolter (1985), and stable estimate of ogi, see Rao and Molina (2015). The random effects
v = (v1,--- ,om) are distributed with zero mean and variance 02l € = (€1, Jem)
are independent and normally distributed with N(0, 02Iy), Iy is the identity matrix
of order M, u = (uq,--- ,up) are normally distributed with zero mean and covariance
pli=il

matrix agI M®T, I'isa T X T matrix with elements =7 and ® denotes Kronecker product.

It is assumed that {v;} and {€;;} are independent. In model-based small area estimation,
itis usually assumed that there is a linear correlation between y;; and x;;. In some cases,
there is no linear correlation between y;; and x;; and this correlation is nonlinear, so a
non-linear regression model can be suggested for the y;.

Modeling of regression parts is an important issue to obtain a good small area
estimator, thereby variable selection problems would arise naturally, see Sugasawa
and Kubokawa (2020). Vaida and Blanchard (2005) proposed the conditional Akaike
Information Criterion, AIC, as an asymptotically unbiased estimator and pointed out
that the classical AIC might be inappropriate for predicting quantity including ran-
dom effects. Jiang et al. (2008) proposed fence method in generalized linear mixed
models, and applied the method for selecting covariates in the FH model. Also, Jiang
et al. (2010) adopted the fence method for fitting the P-spline models. This method
requires selecting the degree of the spline, the number of knots, and a smoothing pa-
rameter. Torabi and Shokoohi (2014) considered hierarchical Bayes generalized linear
models for a unified analysis of both discrete and continuous data with incorporating
cross-sectional and time-series data. Torabi and Shokoohi (2015) proposed small area
estimation under generalized linear mixed models using P-spline regression models
to cover Normal and non-Normal responses and studied the empirical best predic-
tor of small area parameters with corresponding prediction intervals. Shokoohi and
Torabi (2018) proposed P-spline regression models for small-area estimation under the
GLMMs. Also, they studied the empirical best predictors of small-area parameters
and their corresponding prediction intervals where the maximum likelihood estima-
tion approach is used to estimate the model parameters. Jiang et al. (2018) considered
estimation of measure of uncertainty in small area estimation when a procedure of
model selection is involved prior to the estimation. They proved the second-order
unbiasedness of Monte-Carlo jackknife. Sugasawa et al. (2019) considered Fay and
Herriot model, where the rival models are nested, and considered variable selection
and estimation simultaneously to minimize the total mean squared prediction errors
for estimation of small area means.

In this paper, we consider an extension of the Rao and Yu ( 1994) model and
assume that the true model is unknown and propose non-linear regression models as
rival models. The optimal model is selected based on the model selection test such
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as Vuong’s test, Vuong (1989). We use latent variable to propose an algorithm which
improves the estimators of unknown parameters. This test (unlike information criteria)
has the ability to distinguish equivalent models. Sometimes Vuong’s test selects two
competing models as equivalent models. It is less clear that they are close to the
unknown true model or far from it. Also, the EM algorithm has complex calculations
and is affected by the initial values.The results of simulation show that this algorithm
is dependent on the initial value for some complex models (especially for small sample
sizes).

The rest of the paper is structured as follows: in Section 2, we consider linear and
non-linear regression models and improve estimation and model selection based on
latent variables. In Section 3, we study the obtained theoretical results by simulation.
Also, we illustrate our theoretical results with the analysis of a real dataset in Section 4.

2 Estimation and Model Selection

In this section, we consider the problem of estimation and model selection in model-
based small areas estimation. Let y;1,--- ,y;r fori =1,--- ,M be the observed data for
area i and suppose that y;’s,i=1,--- ,Mand t=1,---,T, follow f(yi; 0;) and

Yit = Uit + €it, i=1,--- M and t=1,---,T,

it = hi(xit, B) + v; + u, 2.1)
where hi(x;;, B) denotes the non-linear regression model, the sampling errors e;; are
independent and normally distributed with zero mean and variance o7, that it is known,
01, ..., oM are iid. N(0,02), which is independent of e;’s. The u;’s follow a common
AR(1) process for each i as

Ui = pujpq+e€yp, i=1,--- M and t=1,---,T,

where €;;’s are independent and normally distributed with zero mean and variance 2

and {v;} and {e;} are independent. Model (2.1) can be rewritten as:

Vie = hi(xit, By +vi +up + e, i=1,--- M and t=1,---,T,
ujp = piip-1 + €, | p I< 1. (2.2)

By Substltutlng Uit = Yir — hi(xit/ B) —0U; — €t in model Uit = PUj -1 + €j1, We have
Yir = hi(xit, B) = vi = eir = p (Vi1 = hi(xip-1, B) = vi — €jp1) + €ir.
So,fori=1,--- ,Mandt=1,---,T,

Yit = pYis-1 + hi(xit, B) = phi(xis-1, B) + (1 — p)v; + ejs — pejs—1 + €it
= pyit—1 + hi(xit, B) — phi(xi-1,B) + (1 = p)v; + nit + €,
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where 1;; = ej — pe;t—1. The model (2.1) can be rewritten in matrix terms as
yi=h(x,B)+v+u +e, t=1,---,T,
or equivalently

Yt = Pyt-1 t h(Xt, B) - ph(xt—lr B) + (1 - p)IMV + 1+ €, (23)

where y; = (y14,--+, yMt)', p is M x M matrix of unknown autoregressive coefficients,
h(x;, B) = (hi(x;,B), -, hu(xs, B)), Int is the M x M identity matrix, v = (vq,--- ,om)
= (Mg, -+ ,th)/ and €; = (€, - ,eMt)'. In addition, v, e; and €; are independently
distributed with v ~ Nu(0,G), G = G%IM, € ~ Nm(0,S), S = diag{agl,--- a2 } =

rYem
diag{og}, e; ~ Ny(0,X%), X = diag{agl,--- ,GEM} and n ~ Ny(0,8),S = X + pr'. Note
that model (2.3) follows multivariate normal distribution with

py = (Im — p)~! (h(x;, B) — ph(x;-1,B)),
and variance - covariance matrix
Vy=G+XZ+(Iu—-pp)'s.

The Expectation-Maximization, EM, algorithm is an efficient iterative procedure to
compute the Maximum Likelihood, ML, estimate in the presence of missing or hidden
data. The EM algorithm consists of two processes: In the Expectation-step, E-step, the
missing data are estimated given the observed data and current estimate of the model
parameters. In the Maximization-step, M-step, the likelihood function is maximized
under the assumption that the missing data are known. In the following, based on the
EM algorithm, an algorithm for improving the estimators in model-based small area
estimation is presented.

Step 1: The obtained values of the maximum likelihood estimator of the model parame-
ters are considered as start points.

Step 2: The hidden data are estimated given the observed data and current estimate of
the model parameters.

Step 3: Under the assumption that the missing data are known, the likelihood function
is maximized and the parameters of model (2.2) are computed.

21 EM Algorithm

Lety. = (yt,v)l be complete data vector, where y; be the observed data and v be the
vector of unobserved or missing data. From model (2.3), we have that

(v ) Ky Vy o3lm
(sl )
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where g, = E(Yy), V,y = Var(Ys) = G + T + (1 - pp’)_1 S and

E(Yi) = (1 - p)™ (hi(xit, B) — phi(xis-1,B)),

Cov(Yit, v;) = Cov (pYis—1 + hi(xit, B) — phi(x;it-1, B) + (1 = p)v; + ni + €, V)
= pCoov(Y;s-1,v;) + (1 = p)Cov(v;, v;)
= pCov(Yi-1,vi)) + (1 = p)af,.

Based on the stationary condition, we have Cov(Yj, v;) = o2. Also,
Cov(Yi, eir) = Cov(uit + e, eir) = Cov(ey, ei) = oy,
and

Var(Yy) = szar(Yi,t_1) +(1- p)zVur(vi) + Var(eir) + Var(ni)
+2p(1 = p)Coou(Yit-1,vi) + 2pCov(Yjs-1,€i) + 20Co0(Y 1, Mit)
= szar(Yl-,t_1) +(1- p)zag + agi +(1+ p2)a§i

+2p(1 — p)o2 — 2p*Cov(Y;s-1,€i1-1).
After some algebraic computation,
Var(Yy) = o2 + Oé + (1 - pz) 2.
Then, the distribution of v conditional on Y; is
oYt =y ~ Nt (03V;, (Ye — ), 02 (I — 02V 1)).
The complete log- likelihood function can be expressed as

I(B, 02, p; ye) = I(B, 02, p; ylv) + 1(02, p; v)
M 1
=-7 log(2m) — 5 log | @ |

1 ’
=5 (Iy¢ = pyi-1 = h(x, B) + phixi—1, B) = (1 = p)lv] @'

X [yt — pyt—1 — h(x¢, B) + ph(x;—1, B) — (1 — p)Imv])

M 1 2 1 .
-5 log(2m) — > log losIm| — FV v

v

1 1., 4 1 ) 1
:C—Elog|®|—§zt® zt—510g|ole|—EVV,

where C is a constant that is independent of 62, @ = S + S and

z; = y; — pyi-1 — h(x;, B) + ph(x;_1, B) — (1 — p)I\v.
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Let 00 = (B(O), 05(0), p(O)) be starting values of 0 = (B, 0%, p), SO

Qi1 = E(I(B, 0%, p; yo))
=C- 11og o | —1E(z’m—1z |y, 0©) - 11og | 621y | —LE(v’v|y 00). (24)
7 2 t t ts 7 v 20_12] ts . .

The third term of Equation (2.4) is equal to

E(z@'zly, 00) = E[tr (210 zly:, 6)]
E [tr ((D ztztlyt, ))]
[E (tD Zfzt|Yt 6O )]
[0~ )

nE (ztzt ly, e

-~

=tr
=tr

tr (@ [ (ztlyt, 60 )) (z;|yt, 6(0)) +@ War (Zt|Yt, 6(0))]
=F ( zly:, e<0>) @ 'E (ztlyt, e<0>) +tr [w—lwr (ztlyt, e<0>)] . (25)

where
Z1=E (Ztl)’t,e(o))
= E[Y; - pYi-1 — h(x;, B) + ph(xi_1, B) - (1 - p)vly, 6]
=y - pOyi1 - h(x, B?) + pOh(x, 1, B?) - (1- p©) By, (2.6)
b = E(vly:, 6°) = 3V, e - ),
and

Var (zily:, ) = Var (Y; - pYi-1 ~ h(x;, B) + ph(xi-1,B) ~ (1 - p)vly:, 6¥)
= (1 — p(o))ZVar (Vlyt/ 6(0))
=501 - pO? 1y - 62OV, 1). 2.7)

By substituting Equations (2.6) and (2.7) in Equation (2.5), we have

E (Z;fD_thWf/ 0(0)) = Z,ch_lil +tr [tD_l Var (zt|yt, 6(0))]
=20 'z +tr|0 (1 - p2 O -3 OV,H]. 28

The last term of Equation (2.4) is equal to

E(vlvlyt, 6(0)) = E(V’lyt, 6(0))E(V|yt, 6(0)) + tr [Var(vlyt, 6(0))]
=byby + tr[oy” (Iy - 530V, 1) (2.9)
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By substituting Equations (2.8) and (2.9) in Equation (2.4), we have
Q1 = E(I(B, 0%, p; vc))
1 1, 4. _ _
= C~zloglal- 5 (Z07'2 + tr[@7' (1 - p )20y Ol - 57V,

- %log |0§IM| - 21? (5'151 + tr [ai(o) (IM - ai(O)Vgl)]). (2.10)

%

We obtain estimators by solving the estimating equations as:

_dQ1 8(2;@‘121)

0

~ JB JB
a NG
=5 {(yt — pVyi1 — h(x;, B) + p¥h(x;-1,B) - (1 - pO)b1) @'

x (y: = pPyi-1 — h(xi, B) + p¥h(x; 1, B) - (1 - p )by )}, (2.11)

%{2'@‘121 + (1 - pPtr(@  Var(vly, 00)}, (212)

N =

_9Q_ 10 _
0= o 28p{10g|®|}

where @ =S+S8 =S5+ X+ pXZp and
Z =yt — pyi-1 — h(x;, BY) + ph(x;_1, B?) — (1 - p)b;.

Also,

53" = = (byby + tr [Var(vly;, 69))]). (2.13)

L

m

Thus, the EM algorithm is described as follows:
Step 0: Set r = 0 and choose starting value 8.

Step 1: For r > 0, calculate

7(r+1 2 _
b§r+ ) =E (V|yt/ e(r)) = Gv(r)vyl(yt - #(yr)),

and
E(V vlys, 60) = BBy + tr [ 20 (IM _ gg(r)vf)]

Step 2: For r > 0, compute B*D, pi*1) and Gi(rﬂ) based on the Equations 2.11, 2.12

and 2.13.
Step 3. Iterate Steps 1 and 2 from r = 1 until reaching convergence. If the parameter
update is smaller than a pre-specified threshold c, that is, if

16" -6"V I<c,
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stop the algorithm, else return to step 1.

Although an EM iteration does increase the observed data likelihood function, no
guarantee exists that the sequence converges to a maximum likelihood estimator. This
means that an EM algorithm may converge to a local maximum of the observed data
likelihood function, depending on starting values. A variety of heuristic or metaheuris-
tic approaches exist to escape a local maximum, such as random-restart hill climbing
(starting with several different random initial estimates ) or applying simulated an-
nealing methods. The EM algorithm is especially useful when the likelihood is an
exponential family, see Sundberg (2019).

The tightness refers to how closely a given function describes the actual growth rate
of another function as its input grows very large.

Let M denote the EM update, the result after one iteration of the EM algorithm.
Recall from the general theory of the EM algorithm, 8, is a fixed point of M. Suppose
that 0 — M(0) is differentiable and let 1,,(0) be the largest eigenvalue of DgM(0) =
Var(M(0))~!. Since the model is regular, then 0 < A(6,) < 1. Continuity (also a
consequence of regularity) ensures that A,(6) in a neighborhood of 0,,.

Proposition 1. Suppose that there is a A* < 1 such that A,,(0) < A" forall 0 € © for n
sufficiently large and almost every y-sequence. If there exists a c < 1 — A* such that for
some C < oo,

E(V Il 6,(1) = M(8,(0)) llal V(6,(0) = 0,) =h) <C+cll kil

P-almost surely for n sufficiently (and almost every y-sequence) large, then the se-
quence Vn (9n - 60) is tight.

Proof. See Nielsen (2000). O

Theorem 2.1. Suppose \n (én - én) is tight for almost every y-sequence. Then, uncondition-
ally

Vi (6, - 05) b, N (0,100) ™ [21 = (1 + F(©o)) '),

where 0, 0, and Oy denote the maximum likelihood estimator based on the EM algorithm, the
maximum likelihood estimator and the true unknown value of 0, respectively. 1(0) denote the
observed data information and F(0) is the expected fraction of missing information.

Proof. 1t follows from Lemma 1 in Schenker and Welsh (1987), See Nielsen (2000). O

2.2 Vuong’s Test for Model Selection
In this subsection, assume that Yj;,t =1,--- , T follow density function f(vyi; 0;) and

Vit = hi(xit, B) + vi +uje + ey, i=1,--- ,M and t=1,---,T,

Ujp = PUjp-1 + €jt,
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where the true model-based small area estimation is unknown. We consider two rival
models-based small area estimation as:

Yit = 0Yi—1 + D(xit, B) — 0b(xi-1,B) + (1 — 0)vi + Nt + €4, S = (B,0,05) C R,

where b;(x;, f) denote the non-linear regression model, n;; = e; — pe; -1, the sampling
errors ¢;; are independent and normally distributed with zero mean and variance 02 that
itisknown, vy, ..., vy areii.d. N(O, 022,), which is independent of e;;’s, p is autoregressive
coefficient, ¢;;'s are independent and normally distributed with zero mean and variance
o% and {v;} and {¢;;} are independent, and

Vit = QYip—1 + k(xir, @) — Ok(xig, @) + (L = P)Vi + it + &, v = (a, ¢, 0%) CRY,

where k;(x;, @) denote the non-linear regression model, the sampling errors ¢;; are in-
dependent and normally distributed with zero mean and variance oé that it is known,
Vi,..., Vp are iid. N(O, a%/), which is independent of e;;’s, ¢ is autoregressive coef-
ficient, £;'s are normally distributed with zero mean and variance aé and {V;} and
{&it} are independent. Suppose non-linear models h(x;;, f) and k(x;, &) are non-nested
models. Each model satisfies the Vuong’s conditions, A1 — Ag, that given in Appendix
A.

Vuong (1989) proposed a Likelihood Ratio(LR)-based test for selecting between
separate models. Define the complete-data likelihood ratio statistic for f(y;, 9;:) against

f(yit,Vit) as:

[y éit))
Fyis Vi) )

Theorem 2.2. (Asymptotic Distribution of the LR Statistic): Given assumptions A1-A6:
(@) If f(yit; 93,) # f(yie; v},) then

T
LR(Sit, i) = Le(Sis; Yit) — L{(ﬁit} Vi) = Z log(
=1

f it 93)

T“%LRA§ﬁ;m0——T%EhPog(qufv*)
s lt

)yﬂwaﬁ

where V*, = ¢(3;,,v},) are pseudo-true value of Viy = c(3it, vit), w? = Vary, [log(ff((];z\:l’:)) )], E;

and Vary, denote the expectation and variance with respect to the true model.

(i) If f(yir; %) = f(yir; v3,) then
QLR (S, Pit) 2> Mpiq(5 A7),

where M is weighted sum of chi-square distribution and A* is the vector of eigenvalues of QXy-
and Ty- = (V)™ [2I = (1 + F(v*)) 7.

The proof of the theorem is given in Appendix B. Given a pair of rival models, it
is natural to select the model that is close to the true model. It means that the model
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which has minimum Kullback-Leibler divergence, KL, is selected. Following Vuong
(1989) we consider the following hypothesis:

it; 9
H() : Eh {log(%)} = 0,
s T

against Hy : Ej {log({f(é';il’f)))} >0orH, :E, {log(%)} < 0. The null hypothesis

mean that f(yi; S;) and f(yl-t;v;ft) are equivalent. The acceptance of Hy means that
f(yir; 9,) is better than f(yi;v;,) to fit the data. The acceptance of H, means that
f(yit; v},) is better than f(yi; 97,) to fit the data.

Corollary 1. (Model Selection Test) Given assumptions A1-A6 and under Hy,

TR, 00) D, o0 1y

W

T
Since & %, 1, so using Slutsky Theorem %M 2 N, 1).

One chooses a critical value C, from the standard normal distribution for some

_1 8 o
significance level. If I%MI < C, then one can not reject null hypothesis that

> C,, then one

IS
the rival models are equivalent. If the value of the statistic M

.

1 A
rejects the null hypothesis in favor of f(y;;v},) being better than f(y;; 97,). If %M
is smaller than —C,, then one rejects the null hypothesis in favor of f(y;; S;t) being better
than f(yi; v},)-

Sayyareh (2012) studied the results of Vuong’s test, Cox’s test, Akaike’s informa-
tion criterion, Bayesian information criterion, Kullback information criterion and bias
corrected Kullback information criterion and the ability of these tests to discriminate
between non-nested linear models.

3 Simulation Study

In this Section we examine by simulation the relative performance of the material
presented so far in the paper. In particular, we examine more closely the performance of
the proposed algorithm for estimation and also the performance of the model selection
test such as Vuong's test. The R software is used in the simulation and analysis of real
data.

3.1 Partl

Following simulation set up in Rao and Yu (1994) we have

Yit = pYit—1 + h(xit, B) — ph(xit—1,B) + (1 — p)v; + eir — peit—1 + €it,
lpl<1, i=1,--,M and t=1,---,T, @3.1)
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where h(x;;, B) = Boexp(Bixi:), €i's independently distributed as N(0,1 + %), v; and
€;+'s independently and identically distributed as N(0, 1), ue = 0, ag =1,p=07,By=2
and By = 5. The observations are generated from model (3.1), where x;;’s are generated
from N(0,2). We set M = 30 small areas and T = 40, and generate R = 10* independent
samples {yg);t =1,---,40; i =1,--- ,m;r = 1,--- ,R}. The samples are partitioned
into two subsamples {y;1,--- , yis2} and {yi33,. .., Viao}. The subsample {y;1, -, yiz2}is
used as training data and the subsample {v;33, ..., y;40} is retained as testing data.

We consider the following rival models:

model 1: yit = pyis-1 + h(xit, B) — ph(Xis—1, B) + (1 — p)v; + et — peis—1 + €,
h1(xit, B) = Bo exp(B1xit),
model 2: yit = pyis-1 + h(xit, B) — ph(xit-1,B) + (1 — p)vi + eir — pejr-1 + €it,
ha(xit, B) = Bo(By — xit)”",
model 3: yi; = pyis—1 + h(xit, B) — ph(xi-1, B) + (1 — p)v; + eir — pej -1 + €it,
hs(x;it, B) = By + B1x;.

It can be seen from Figure 1 that the relationship between y;; and x;; is non-linear, so we
suggest model 2 . To compare the proposed model with the Rao and Yu (1992) model,
we suggest model 3. Also to check the performance of the EM algorithm, we suggest
model 1. In Table 17, we report the results of the mean of the values of estimators, mean
of the values of the Bayesian information criterion, BIC, and mean-squared prediction

error, MSPE;,
8
Z (yi,T+h - 9i,T+h)2 ,
h=1

where y; 7,y is true value and {; r4; is h-step ahead forecast value. Recall that we
estimate the parameters using the proposed EM algorithm. We do this to illustrate the
potential problems that will arise in a misspecified model when parameters that do
not belong to the true model are estimated and then used to make predictions. Since
model 1 has the lowest value of the Bayesian information criterion, so this information
criterion selects model 1 as the optimal model. Also, model 1 has the lowest value of
the MISPE;,. The results of Table 1 show that rival models, model 2 and model 3, are
not suitable for fitting the data based on the BIC and MSPE),. Also, it show that the EM
algorithm has a good performance in estimating model parameters.

MSPE), =

| =

Table 1: The value of estimated parameters of rival models and BIC.
fe a2 p Bo Bl MSPE, _ BIC
model 1  -0.0013 1.0849 0.6531 2.0840 50416 10345 149.8534
model2 32211 3.0827 05190 03155 23155 3.7182  227.0204
model 3 0.0000  2.2302  0.3032 32523 -1.6239  2.2647  200.2506
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The estimated value of i, (mean of random effect v) and 02 (variance of random
effect v) are computed and are presented in Table 2. It shows that although for all
rival models, the estimated value of parameters are close to i, = 0 and 02 = 1, but the
estimated model 1 has the closest estimated value to the true value.

Table 2: The value of estimated parameters i, and o2.
model 1 model 1 model 2 model 2 model 3 model 3
2 2 2 2 2
2.71018e-07 09998  7.1375e-06 09997 _ 3.5195e-06 _ 0.9995

For theoretical results of model selection test, using obtained data and proposed
algorithm, the value of Vuong's statistic for paired of rival models are computed and
compared with zp 975. The relative frequency of proposed model selection test for each
of rejection-acceptance regions is computed and the results are summarized in Tables
3,4 and 5. We see that, based on the Vuong's test, the model 1 is better than the model
2. Also, it selects model 2 is better than the model 3. Table 3 presents the relative
frequency of model selection for 30 areas when model 1 and model 2 are considered
as rival models. The relative frequency of selecting model 1 as the optimal model
(column 2) for each area is 1, meaning that model 1 is selected as the optimal model
in every 10,000 iterations. The relative frequency of selecting model 2 as the optimal
model (column 3) and selecting model 1 and model 2 as equivalent models (column 4)
is 0, meaning that in none of the iterations is model 2 selected as the optimal model or
model 1 and model 2 selected as equivalent models. The relative frequency of model
selection for 30 areas is given in Table 4 when model 1 and model 3 are considered as
rival models. The relative frequency of selecting model 1 as the optimal model (column
2) for each area is 1, meaning that model 1 is selected as the optimal model in every
10,000 iterations. In Table 5, the average of relative frequency of model selection is
presented when model 2 and model 3 are considered as rival models. The average
of relative frequency of selecting model 2 as the optimal model (column 2) is equal to
0.8924. The results of Tables 3 and 4 show that rival models, model 2 and model 3,
are not suitable for fitting the data based on the Vuong’s test. For more illustration
see Figure 1. The graphs of the estimated model 1 and the splines estimated density
function are almost the same, in other words, these two models are equivalent and also
better than estimated models 2 and 3.

Table 3: The values of Vuong's test, Hy : model 1 VS H, : model 2.

area model 1 better model 2 better models 1 and 2 are equivalent
(A1, ..., A30) 1,...,1) ©,...,0) ©,...,0)

Table 4: The values of Vuong's test, H IR model 1 VS Hyg : model 3.
area model 1 better model 3 better models 1 and 3 are equivalent
(A1, ..., A30) 1,...,1) ©,...,0) ©,...,0)
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Table 5: The values of Vuong's test, H I model 2 VS Hyg : model 3.
model 2 better model 3 better models 2 and 3 are equivalent

0.8924 0.0105 0.0971
g - o jeXeRs) rp?p;.ullarion
: Modoiz
a4 “P :"piln¢

10
|

Figure 1: The generated data and estimated competing models curve.

To fit a proper model for data, we consider splines estimated density function as
semi-parametric rival models. Semi-parametric estimation methods have some of the
advantages over parametric estimation and some of the flexibility of non-parametric
estimation. In a smooth spline, the time t =1, ..., T is divided into k intervals

[to, tl], [i’l + 1, tz], ceey [tk—l + 1, tk = T],
with knots at to, t1, ..., tx. We then fit a polynomial regression of the form

ft = Bo+ Byt +--- + Byt?,

in each interval. One of the most commonly used splines is cubic spline. For cubic
spline, p = 3, the regression is fitted by minimizing

T
(ye = f> + A | (f)dt,
; t t f t

where f; is a cubic spline with a knotat each t. This optimization results in a compromise
between the fit and the degree of smoothness, which is controlled by A > 0.

Using data and estimated parameters, the values of Vuong's test for paired of para-
metricrival models and splines estimated density function (model 4) are computed. The



Comparing Linear and non-linear Mixed Effects Models 81

results of the relative frequency of model selection test for each of rejection-acceptance
regions are computed and the results are summarized in Tables 6-8. It shows if a = 0.05,
the Vuong’s test decides the splines density function and model 1 are equivalent. Also,
it decides the splines estimated density function are better than model 2 and model 3.

Table 6: The values of Vuong's test, Hy : model 4 VS H, : model 1.

area model 4 better model 1 better models 1 and 4 are equivalent
(A1,...,A30) ©,...,0) ©,...,0) 1,...,1)

Table 7: The values of Vuong's test, H IR model 4 VS Hyg : model 2.

area model 4 better model 2 better models 2 and 4 are equivalent
(A1,...,A30) 1,...,1) ©,...,0) ©,...,0)

Table 8: The values of Vuong's test, Hy : model 4 VS H, : model 3.

area model 4 better model 3 better models 3 and 4 are equivalent
(A1, ..., A30) 1,...,1) ©,...,0) ©,...,0)
3.2 Part2

Similar to the simulation of part 1, the data is generated from model (3.1) where
h(xit,B) = Boexp(Bixit), ei;'s independently distributed as N(0,1 + %), v; and €;4’s
independently and identically distributed as N(0, 1), ye =0, o2=1, p=0.7,Bgp =2and
B; = 0.5. The observations are generated from model (3.1), where x;;’s are generated
from N3 (ty, L),

0 1 2 04
w=|0|Z,=| 2 5 05
0 04 05 3

We set M = 3 small areas and T = 30, and generate R = 10* independent samples

{ygtr);t =1---,32;, i=1,--- ,m;r =1,--- ,R}. Similar to the simulation of part 1, we

consider {y;1,--- , yir} as training data, the subsample {y; 7+1, ¥; 7+2} as testing data and
model 1, model 2 and model 3 as rival models. The results of the mean of the values of
estimators, mean of the values of the Bayesian information criterion, BIC, and mean-
squared prediction error, MSPE}, are given in Table 9. Since model 1 has the lowest
value of the Bayesian information criterion, so this information criterion selects model
1 as the optimal model. Also, model 1 has the lowest value of the MSPE;,. The results
of Table 9 show that rival models, model 2 and model 3, are not suitable for fitting the
data based on the BIC and MSPE,. Also, it show that the EM algorithm has a good
performance in estimating model parameters.
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Table 9: The value of estimated parameters of rival models and BIC.
Area fle 62 0 By By MSPE, BIC
model 1 -0.0155 1.0852 0.8404 2.0821 5.0257 12305 149.8486
model2 27487  2.6333 0.5260 04803 04803 32964 2109609
model 3 0.0000 19212 04177 29402 -1.4636 19801  184.7156

The estimated value of i, (mean of random effect v) and 02 (variance of random
effect v) are computed and are presented in Table 10. It shows that although for all
rival models, the estimated value of parameters are close to i, = 0 and 02 = 1, but the
estimated model 1 has the closest estimated value to the true value.

Table 10: The value of estimated parameters , and o2.

modell modell model2 model?2 model 3 model 3
fo & flo & L &3

Ho
-0.0155 1.0852 2.7487 2.6333 -1.1892e-09 1.9212

The value of Vuong’s statistic for paired of rival models are computed and compared
with zg 975. The relative frequency of proposed model selection test for each of rejection-
acceptance regions is computed and the results are summarized in Tables 11, 12 and
13. They show that, based on the Vuong's test, the model 1 is better than the model 2
and model 3. Also, it selects model 2 and model 3 as equivalent models.

Table 11: The values of Vuong's test, H IE model 1 VS Hyg : model 2.
area model 1 better model 2 better models 1 and 2 are equivalent
(A1,...,A2,A3)  (0.9839,1,1) (0,0,0) (0.0161,0,0)

Table 12: The values of Vuong's test, H IE model 1 VS Hyg : model 3.

area model 1 better model 3 better models 1 and 3 are equivalent

(A1,A2,A3) (0.9654,0.9991,0.9873) (0,0, 0) (0.0346, 0.0009, 0.0127)

Table 13: The values of Vuong's test, H IE model 2 VS Hyg : model 3.

model 2 better model 3 better models 2 and 3 are equivalent
(0.0211, 0.0107, 0.0033) (0,0,0) (0.9789, 0.9893, 0.9967)

The values of Vuong’s test for paired of parametric rival models and splines esti-
mated density function (model 4) are computed. The results of the relative frequency
of model selection test for each of rejection-acceptance regions are computed and the
results are summarized in Tables 14-16. It shows if a = 0.05, the Vuong’s test decides
the splines density function and model 1 are equivalent. Also, it decides the splines
estimated density function are better than model 2 and model 3.

From the results of both simulations, it can be seen that although the obtained
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results of the first simulation are better, the difference in these results is not significant
and both simulations confirm the same result. Both simulations show that model 1 and
the semi-parametric model are equivalent and are better than other rival models.

Table 14: The values of Vuong's test, H IE model 4 VS Hg :model 1.

area model 4 better model 1 better models 1 and 4 are equivalent
(A1, Az, A3) (0,0,0) (0,0,0) (1,1,1)

Table 15: The values of Vuong's test, H IE model 4 VS Hy : model2.

area model 4 better model 2 better models 2 and 4 are equivalent
(A1,A2,A3) (1,1,1) (0,0,0) (0,0,0)

Table 16: The values of Vuong’s test, Hy : model 4 VS Hg : model 3.

area model 4 better model 3 better models 3 and 4 are equivalent
(Ali AZ/ A3) (11 1/ 1) (0/ O/ 0) (OI 0/ 0)

4 Real Data Analysis

Climate data analysis is the most fundamental step in predicting the climate change.
Its main objective is to increase understanding of the atmosphere and its interaction
with the oceans, cry sphere and the land surface, through various types of approaches
or techniques. The humans observe nature and climate from antique time to now to
find out, or take out information, and to predict. The climate system is complex because
not all variables can be observed at random spatial and temporal range and resolution,
our information and shall be controlled and improbability is introduced. To handle
such complexity in the climate system, climate data analysis tools and software plays
a vital role to obtain quantitative and qualitative information to predict the weather.

Climate is the result of a slight constancy between several elements like atmo-
sphere, water systems, living organisms and topography. These elements establish
various factors that manage the climate. These factors are called climatic variables.
The most important and common climate variables are rain, atmospheric pressure,
wind, humidity and temperature. These climate variables are essential in climate data
analysis, research.

We considered the climate change Canada dataset from the website of Environment
and Climate Change Canada !. This web site provides basic access to selected data
and locations contained in Environment and Climate Change Canada’s database of

1https : [ [climate.weather.gc.ca/historical_data/search_historic_data_e.html.
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historical climate data. This data corresponds to three basic sampling frequencies of
climate data collection:

e Hourly data is provided for each hour of the day requested
e Daily data is provided for each day of the month requested
e Monthly data is provided for each month of the year requested

Data collection, processing, quality control checks and procedures have evolved and
changed over the years since the earliest data was observed in 1840. Data contains
information about monthly, seasonal and annual means of the daily maximum, mini-
mum and mean temperatures, daily rainfall, snowfall and total precipitation for many
locations in Canada. There are thirteen provinces. These thirteen provinces were fur-
ther sub-divided into 8819 stations, with data available between 1840 and 2023. We use
a monthly returns of climate change Canada from January 2022 to December 2022. The
1545 stations found within all provinces and territories, with data available between
January 2022 and December 2022. The data of some stations were not complete. Since
the purpose was to evaluate the performance of the EM algorithm and the model selec-
tion test for small areas, we considered four provinces (British Columbia, Ontario, New
Brunswick, and Alberta) and selected 20 stations from these provinces with complete
data, as listed in Table 17.

Table 17: Twenty selected weather stations from four Canadian provinces (British
Columbia, Ontario, New Brunswick, Alberta) with complete monthly data for 2022,
used for evaluating the EM algorithm and model selection.

Parameter  Station Province

Aq 100 MILE HOUSE 6NE BRITISH COLUMBIA
Ay AMHERSTBURG ONTARIO

Az APPLETON ONTARIO

Ay AROOSTOOK NEW BRUNSWICK
As KAMLOOPS PRATT ROAD BRITISH COLUMBIA
Ag BALDWIN ONTARIO

Ay BARKERVILLE BRITISH COLUMBIA
Ag BELLEVILLE ONTARIO

Ag CAPE BEALE LIGHT BRITISH COLUMBIA
A1 KINGSVILLE MOE ONTARIO

An CENTREVILLE ONTARIO

A1 CHEMAINUS BRITISH COLUMBIA
Az CORNER BROOK NEWFOUNDLAND
Ay DELTA TSAWWASSEN BEACH BRITISH COLUMBIA
Ais KOOTENAY NP WEST GATE BRITISH COLUMBIA
A1g ENTWISTLE ALBERTA

A1y FABYAN ALBERTA

Aqg LITTLE QUALICUM HATCHERY BRITISH COLUMBIA
A1g GRIMSBY MOUNTAIN ONTARIO

Ao HALIBURTON 3 ONTARIO

These datasets contain the monthly returns with the sample extending from 01-
Jan-2021 to the 31-Dec- 2021. We used the mean temperatures as dependent variable
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and daily snowfall as covariate variable and denote 7;; as the i daily return for the

t" month then the monthly data is defined as )", r;;, where m is the number of days.
Consider model,

Yit = pYis-1 + h(xi, B) — ph(xis-1, B) + (1 — p)v; + p1cos2m ft) + Bosin(2mft) + ni + €3, (4.1)

as family of rival models, where f = % and Sicos(27ft) + Basin(2mft) + n; capture

seasonality of the data. For each area, we consider four rival models:

model 5:

Yit = pYit-1 + hs(xit, B) — phs(xii-1, B) + (1 — p)v; + p1cos(2m ft) + Posin(27tft) + ni + €it,
hs(xit, B) = Bo exp(=B1xit)) — Baxit,

model 6:

Yit = pYit-1 + he(xit, B) — phe(xi -1, B) + (1 — p)v; + f1cos(27ift) + Pasin(2mft) + 0 + €,
he(xit, B) = Bo(1 + Bixit) ™' — Bsxit,

model 7:

Yit = pYit-1 + h7(xit, B) — ph7(xis-1, B) + (1 — p)v; + p1cos(2mft) + osin(27tft) + ni + €it,
h7(xit, B) = (Bo + B1x:)%,

model 8:

Yit = pYit-1 + hs(xit, B) — phg(xi-1,B) + (1 — p)v; + f1cos(27ift) + Pasin(2mft) + 0 + €,
hs(xit, B) = Bo + Bixy,

where t represents the month (t = 1,2,---,12). The estimation of parameters of rival
models are given in Appendix C. We consider 20 stations and estimate the parameters
of rival models. The results for the value of the estimated parameters, the values of
the Akaike information criterion, AIC, and mean-squared prediction error, MSPE), are
reported in Table 18. Model 5 has the lowest value of the Akaike information criterion
and MSPE},, so we select model 5 as the optimal model based on the AIC and MSPE,,.
The value of the Vuong’s statistic for paired of rival models are computed and are given
in Table 19. We compared the value of the Vuong’s statistic with zpg5. It shows that,
the Vuong’s test selects the model 5 against the models 6, 7 and 8. For more illustration
see Figure 2.
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Table 18: The value of estimated parameters of the proposed models, AIC and MSPE;,.

~Z 7

Area fle 62 2 b By By B, A [ MSPE,, AIC
model 5
A 19187 71.0731 1.0020 0.2908 342.1848 0.059%4 3.4816 75.9189 -14.7093 592898  132.0182
Ay -10.4183 61.7377 1.0046 0.7012 461.0058 0.0226 -1.5092  -152.2698  22.4084 515056 1289203
A -15.2980 67.6542 1.0050 0.0326 423.0320 0.1284 01443  -1489435  -107.3739 609125  130.9337
Ay -24.0786 75.7197 1.0028 0.3484 407.4171 0.0337 12014  -1020146 250077  59.1198  133.4115
As -17.1753  107.9227  1.0021 0.5145 394.2252 0.0375 35051  -101.7721 3.4047 88.8424  141.2078
Ag -18.2315 68.4024 1.0041 0.5041 389.0683 0.0426 -1.3888  -137.0408  -64.0718 574172 131.1756
Ay 26.6798 75.7752 1.0006 0.7475 214.0461 0.7079 2.2683 -31.5275 15.3993 645003  133.4276
Ag -16.9488 66.7008 1.0055 0.4792 406.0779 0.0638 35918 -159.0095  -60.8232 612171  130.6214
Ag -4.2077 29.5362 1.0005 0.2492 370.9456 0.0201 -10771 353921 -33.0759 247770 112.7002
Ao -17.2914 71.1059 1.0052 0.5263 411.8578 0.0257 22868  -171.9353  -31.4372 62.0042  132.0284
Anp -4.8302 67.3359 1.0048 0.0709 430.4085 0.1423 03090 1254301  -105.9344 604263  130.8299
Ara 24132 64.4585 1.0010 04725 441.0911 0.0171 0.5926  -81.4573 4.9340 521409  129.8691
Ars -17.8612 88.8500 1.0012 0.5673 377.3286 0.0341 0.7886 -80.8138 -42.2773 785286 1369295
Ay -4.6259 425290 1.0016 0.3513 353.8037 0.0595 79469 1325470  -44.5539 376110 1207207
Ars -19.5667 96.5480 1.0023 0.3924 334.7104 0.0056 11666  -112.1326  21.2367 79.0026  138.7575
Ate -0.8188 93.3341 1.0018 0.6027 104.7379 0.0366 13.8020  -199.5722  -12.9799 80.8764  138.0127
Az -12.6589 88.1615 1.0022 0.5867 427.2896 0.0740 4.9442 -49.9788 7.7095 740457 136.7584
Ag -3.1888 40.4285 1.0003 0.5783 222.0354 0.019 -1.8856  -70.5844 18.5880 322668  119.6064
Ao 17.4236 74.6146 1.0033 0.0062 467.4190 0.1259 10214  -1055198  -109.4570 629980  133.0880
Az -24.2551 78.8927 1.0025 0.3253 421.8283 0.0350 0.6596 -90.1408 -28.2774 639077  134.3146
model 6
A 66.8575 86.9660 1.0024 0.2754 3483.407 9.5451 3.9156 -66.4423 124417 739964  136.4580

Ay 124.0467 142.0804 1.0067 0.6895 19214.245 41.6833 -0.3113 -153.0393 18.0855 154.2365 147.2573
Az 173.4722 155.8472 1.0055 0.0606 2337.049 5.4486 1.1139 -147.8048 -98.7025 177.7214 149.2919

Ay 90.3335 119.0235 1.0034 0.3537 10133.650 25.1230 1.9094 -107.0606 -27.6311 98.2557 143.3617
As 77.1645 137.8827 1.0031 0.5217 10657.156 27.0985 4.8698 -102.4218 4.4747 127.2231 146.5975
Ag 158.0147 144.6638 1.0090 0.4627 12425.896 32.6025 1.7127 -142.0282 -76.6495 168.1643 147.6537
Ay 34.3345 96.7327 1.0011 0.9603 136.543 -90.4442 2.3790 -65.5251 65.3576 84.3604 138.7996
Ag 164.0492 151.2499 1.0080 0.4837 5155.441 12.6013 -1.8729 -157.2786 -59.0947 169.2648 148.6332
Ag 42.6216 45.4470 1.0009 0.1663 14551.489 38.3968 -0.3936 -28.6109 -34.4576 45.0934 122.1807

Aqp 167.2739 161.0366 1.0074 0.5062 14591.831 35.4539 -1.1546 -173.3892 -38.0151 184.1331 150.0125
A 142.3582 132.6306 1.0048 0.1673 2184.523 4.9041 0.4774 -118.2649 -84.7623 148.8282 145.7431
A1p 73.0683 93.7851 1.0018 0.4726 26341.038 59.8496 0.3107 -82.9119 4.5485 87.1827 138.1188
Ags 81.9809 115.8527 1.0024 0.5786 11881.361 31.5720 2.1470 -82.1123 -39.9244 110.6551 142.7677
Ay 147.4049 119.8488 1.0020 0.3722 6755.972 19.5264 -5.2868 -133.7007 -42.5760 158.1186 143.5137
Ags 73.6716 129.7617 1.0014 0.6684 618.664 2.4526 1.3992 -59.4773 51.4741 128.1794 145.2620
Ate 193.2505 187.4752 1.0025 0.6085 4641.106 44.7780 14.7927 -199.3812 -11.8081 227.1216 153.3569
Ay 23.4576 94.9370 1.0019 0.6043 3414.505 7.6759 5.3180 -44.4767 11.3806 72.2080 138.3873
Arg 54.4218 73.0876 1.0005 0.5706 10737.720 48.3468 -1.3867 -70.8986 17.6450 75.1857 132.6331

A1g 146.8430 131.1303 1.0041 0.0417 2974.678 6.0751 -0.1529 -102.8173 -99.2635 151.9577 145.4929
Ay 71.4327 109.3710 1.0029 0.3569 9048.199 21.2534 1.3335 -88.6786 -23.9254 89.3141 141.5011
model 7
A 13.3769 112.9682 3.6105 0.9432 21.8647 -0.2226 - -68.9209 76.6311 94.1476 142.2130
Ay 122.8686 143.2448 1.3853 0.6907 21.4185 -0.1448 - -153.5394 20.9175 157.0632 147.4369
Az 118.4313 145.0992 1.0743 0.4552 20.7101 -0.5334 - -132.9445 -47.3301 149.8676 147.7198
Ay 25.2087 107.8614 3.3883 0.7379 21.6391 0.2718 - -69.3522 33.7799 85.0728 141.1953
As 24.0131 138.8384 1.8810 0.7781 21.8057 -0.3740 - -83.0316 53.5111 111.4818 146.7495
Ag 176.8311 155.0814 1.1790 0.3419 19.4666 -0.2911 - -140.4421 -109.7453 191.5638 149.1835
Ay 19.9269 122.1358 37.4739 0.9297 20.2987 0.0960 - -68.0829 44.5703 100.2305 143.9296
Ag 198.8566 167.4801 1.1021 0.3590 19.7213 -0.3583 - -170.7876 -91.8821 203.3231 150.8757
Ag 39.4605 47.9579 10.7092 0.5352 19.1477 -0.0705 - -39.4871 -15.7095 46.0352 123.3637
Aqg 157.7508 159.6241 1.4480 0.5352 20.3092 -0.1228 - -170.9793 -26.7695 182.2478 149.8187
Ay 151.3467 152.8629 1.0907 0.3109 20.3598 -0.5215 - -134.2323 -90.7629 176.5648 148.8666
Aqp 75.8920 95.1471 4.6810 0.5101 20.5819 -0.1114 - -81.4521 7.0988 90.7725 138.4360
A1z 67.1025 113.0988 2.0976 0.5962 19.9628 -0.3676 - -71.5098 -34.1392 101.2232 142.2384
Ay 147.6842 117.7734 1.1233 0.4154 18.2618 -0.0617 - -129.6435 -41.6546 161.0651 143.1294
Ars 12.7725 135.6658 82.7806 0.6222 20.0763 -0.0908 - -81.1222 55.8668 96.9549 146.2409
Aqg 67.1988 187.6723 1.0361 0.9490 17.4525 -0.5949 - -162.9472 66.5432 153.0725 153.3800
A1y 27.1142 132.1854 4.2708 0.9475 24.3445 0.2740 - -90.5663 97.6048 110.3625 145.6692
Aig 53.6700 73.5315 1.3317 0.5737 14.8700 -0.0382 - -71.2646 18.7869 76.5379 132.7664
Aqg 203.0199 162.4459 1.0739 0.1050 20.6179 -0.4821 - -128.2581 -128.7800 203.9011 150.2042
App 38.6512 109.3047 3.9149 0.5572 21.2221 0.2554 - -72.0279 6.6018 91.9144 141.4877
model 8
Aq 2138.357 875.371 1.0025 -2.2530 8.6982 0.2886 - -1074.723 -1293.469 2138.357 187.258
Ay 8384.010 163.327 1.0280 52.7765 116.2275 0.0000 - -9298.953 -3485.304 8384.010 808.862
Az -1572.336 462.843 1.0315 -0.5223 94.7546 -0.0551 - 1587.332 968.520 1572.336 173.239
Ay 2242644 674.417 1.0296 -1.2389 63.3879 0.0866 - 500.689 -618.948 608.412 181.521
As 1434.597 266.305 1.0247 0.2297 38.6669 0.8517 - -1372.931 -192.425 1434.597 161.078
Ag 4219.516 198.948 1.0264 0.4585 89.6206 0.7102 - -690.885 584.773 421.951 154.663
Ay 3522.695 397.982 1.0258 -0.2801 -44.7429 0.9713 - -3134.716 -1427.093 3522.695 169.917
Ag 1852.164 547.920 1.0279 17.5921 99.8305 0.0000 - -2239.246 -6074.974 1852.164 784.834
Ag -4511.269 785.987 1.0021 1.2924 86.3180 -0.5539 - 949.711 891.810 451.126 134.232
Aqp 4312.271 104.033 1.0251 35.1843 105.2731 0.0000 - -5000.059 -1694.167 4312.271 798.939
A 2116.878 726.433 1.0291 3.0396 83.1374 -0.2491 - -1886.856 -1781.717 2116.878 183.155
A1p 1912.218 407.886 1.0107 21.3001 94.0504 0.0000 - -2361.568 -9186.575 1912.218 525.056
A1z 4540.266 153.329 1.0080 0.8812 71.9527 0.2867 - -570.491 120.864 454.026 148.933
Ag 1000.818 151.239 1.0076 1.6136 89.9181 -0.3206 - -773.515 -1026.617 1000.818 148.631
Aqs 4834.978 217.428 1.0018 -7.0543 20.4921 0.0932 - -1974.018 -3616.533 4834.978 207.274
Atg 1123.206 242.333 1.0035 0.9574 18.9609 0.4748 - -264.452 188.450 206.038 159.003
Ayy 1506.856 802.716 1.0058 -1.1541 -7.9529 0.4906 - -908.421 -889.276 1506.856 185.352
Ajg -2015.494 803.646 1.0021 0.4799 64.7153 -0.0310 - 205.721 206.209 201.549 134.721
Aqg 2190.035 520.378 1.0251 17.59219 105.7737 0.0000 - -2553.320 -8004.597 2190.035 783.699

A -2727.249 143.929 1.0278 -3.7867 79.6964 -0.0026 - 3373.206 1037.288 2727.249 198.198
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Table 19: The values of Vuong's test.

A Hy : model5 Hf : model5 Hf : model6 Hf : model5 Hf : model6 Hf : model7
rea H\y : model6 Hyg : model7 Hg : model7 Hg : model8 Hg : model8 Hyg : model8
Aq 1.6390 2.9782 1.4693 12.3411 10.5543 10.7780
Ay 5.1341 5.0265 0.2116 129.2823 118.9785 113.0560
Az 5.3073 4.3315 -0.7422 9.8919 10.6242 7.7196
Ay 2.9020 1.8894 -0.6150 10.3615 10.3019 8.2226
As 2.7919 3.0962 0.0761 4.4456 2.8559 2.7737
Ag 4.4773 4.5642 1.5706 4.8870 2.4643 1.5902
Ay 1.0955 4.6623 0.9838 12.7219 6.7424 8.0283
Ag 6.3809 6.7705 1.7242 183.0188 173.3721 171.6382
Ag 3.0573 3.6653 0.4258 6.9338 2.9040 2.7786
Aqp 5.5487 5.3846 -0.2073 167.8561 151.5434 135.0003
Al 3.9492 4.2099 2.0389 12.0984 9.5226 8.7918
Ay 2.6801 2.6834 0.5264 78.8859 74.1305 75.6960
A1z 2.1520 2.2558 -0.9792 3.8591 1.5696 1.7473
Ay 5.6003 5.0755 -0.4295 7.0776 1.0294 1.0492
A1s 2.1408 2.8877 0.3835 14.7927 11.5978 12.1650
Ag 5.3420 6.0740 0.0108 6.1486 1.4515 1.5128
Ayy 0.7844 3.9279 2.9402 9.8783 8.4765 7.7231
Ajg 3.0813 2.9065 0.1420 3.1661 1.0393 1.4961
Apg 2.7839 3.7641 2.9553 130.8784 169.3102 178.6782
App 2.0831 1.7959 -0.0070 12.1922 12.4220 10.8482
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Figure 2: The curve of competing models for station 20.

The X-axis represents the monthly sum of snowfall and the Y-axis is the value of
the monthly sum of mean temperatures. It shows that the estimated model 5 is better
than estimated model 6 and 7. The estimated model 8 creates the worst fit.

The values of forecasts for 20 stations are given in Table 20. The results show that,
the model 5 has the closest prediction to the true values.

Since Vuong's test selects estimated model 5 as optimal model and estimated model
5 has the lowest value MSPE;, and AIC, so we select model 5 as an optimal model.
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Table 20: The values of prediction based on the rival models for 20 stations.

True model 5 model 6 model 7 model 8
Ay 4525  455.8231 333.3080  460.0273  -2634.217
Ay 736.3 7435005  496.6321 497.2091 -6758.108
Az 607.5 611.7354 262.4199 371.5804 1.685.666
Ay 560.6 554.0434 344.7395 4771373 -401.4504
As 719.1 5419770  369.4762  459.8345 -1137.509
Ag 608.6  647.4270  322.2742 278.9192 18.8796
Ay 437.0  323.6091 297.1312 303.1851 -357.9229
Ag 6484 6822564  350.9758 282.2109 -1307.493
Ag 448.1 4352690  347.0663 363.6853 919.6064
Aqo 682.4 7034517  364.6726 379.7896  -3249.767
Aqp 6283  603.3244  324.8577  307.5046  -900.5252
A1 660.9 574.6587 436.5525 436.2365 -1470.066
A1z 511.5 527.0924 345.6385 368.5153 -1.494507
A1y 567.4 560.1092 285.1896 290.7058 -349.4189
A1s 628.3 505.2589 424.7602 451.4870 -7224.866
Atg 577.0 504.5205 148.3215 354.1947 316.4679
Aqy 602.6 530.7318 467.3436 509.7241 -1867.557
A1g 300.2 323.3473 218.3106 218.4046 462.5413
Aqg 663.6 614.6202 357.3427 272.4461 -1667.324
A 558.0  550.8766  376.0042  438.5052 1795.151

4.1 Manitoba Data

We use a monthly dataset of climate change Canadian province of Manitoba from
January 2022 to December 2022. The province consisted 79 stations. We selected 9
stations from Manitoba for analysis.

Table 21: Nine selected weather stations from Manitoba used for model evaluation in

2022.
Parameter  Station Province
A1 BALDUR MANITOBA
Ay BRANDON A MANITOBA
Az ELKHORN 2 EAST MANITOBA
Ay INDIAN BAY MANITOBA
As MARQUETTE MANITOBA
Ag GILLAM A MANITOBA
Ay STONY MOUNTAIN MANITOBA
Ag THOMPSON A MANITOBA
Ag VIRDEN WATER MANITOBA

The stations, RANDON A and ELKHORN 2 EAST, don’t follow of rival models.
So, we considered the 7 stations as dataset and model 5 to model 8 as the rival models.
We estimate the parameters of rival models and reported the value of the estimated
parameters, the values of the Akaike Information Criterion, AIC, and Mean-Squared
Prediction Error, MSPE), in Table 22. The results shows that the model 5 has the lowest

value of the AIC and MSPE;,.

The values of Vuong's statistic for paired of rival models are computed and are
given in Table 23. We compared the value of the Vuong's statistic with zp95. It shows
that, the Vuong’s test selects the model 5 is better than the model 6, model 7 and model
8. For more illustration see Figure 3. The X-axis represents the monthly sum of snowfall
and the Y-axis is the value of the monthly sum of mean temperatures. It shows that the
estimated model 7 and 8 do not create proper fits. The estimated model 5 is better than

estimated model 6.
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Table 22: The value of estimated parameters of the proposed models, AIC and MSPE;,.
Area fic fA 52 b By By B, IR [ MSPE,, AIC
model 5
A 31.6943 154.4794 0.9999 0.6986 235.8562 0.3713 6.5300 -127.2852 51.5260 132.5765 168.5330
Ay 4.3929 152.0204 0.9999 0.6628 291.8761 0.5314 44717 -148.4742 17.5341 116.7794 168.5734
Az -39.6928 145.7110 0.9999 0.7189 484.2704 0.2774 -4.6733 -119.0389 42.2992 121.3695 166.5067
Ay -45.0781 150.2976 0.9999 0.8053 228.8458 0.9758 2.1657 -178.8337 55.9895 112.5609 168.2882
As -37.3118 156.9454 0.9999 0.7482 451.5861 0.6247 -6.2498 -152.0756 61.5824 120.8987 169.6704
Ag -12.7622 158.2032 0.9999 0.5180 261.4957 0.1860 6.5292 -132.4267 -2.6369 125.3152 170.4368
Ay 29.8748 139.0192 0.9999 0.7013 271.6336 0.5225 5.9623 -123.4351 43.4789 115.5249 169.0752
model 6
Aq 19.5450 168.5600 1.0006 1.0222 -38.5245 -6.8775 9.3756 -86.1456 148.6225 145.1353 293.1353
Ay 55.5381 145.6261 1.0004 1.0154 119.8440 -7.3203 15.0007 -112.1533 107.0340 125.4583 291.1970
A3 187.6937 214.9857 1.0008 0.7706 -46.1149 -2.0188 4.2474 -192.9496 61.3186 227.1888 278.8069
Ay 106.1035 213.2422 1.0008 0.7526 -79.6246 -0.3576 1.5932 -183.8670 28.6667 187.8144 281.7978
As 87.4450 187.2937 1.0007 0.8855 -313.3551 -4.3044 12.6649 -136.8757 110.4395 158.7462 293.7598
Ag 197.5773 208.2014 1.0073 0.6230 -386.4628 -11.4070 7.3587 -179.6126 8.4709 257.5382 283.9281
Ay 37.7289 175.7815 1.0007 1.0182 -104.9378 -6.5483 9.0782 -101.4009 147.0155 133.0896 293.8134
model 7
A 54.1816 194.9948 1.0893 0.7912 21.8083 -0.4027 - -129.6200 72.0297 156.5259 283.9596
Ay 127.4626 206.6277 1.0633 0.6788 19.5903 -0.4814 - -180.6527 -6.9147 207.3007 276.3817
As 35.1331 168.8286 1.0338 0.7723 22.6346 -1.3232 - -101.5328 56.3047 126.4901 282.9573
Ay 80.6278 194.2301 1.0318 0.9937 -18.9443 0.6533 - -158.2914 86.3684 144.3064 288.8826
As 65.3237 199.5453 1.0135 0.8659 22.2364 -2.7610 - -157.9121 61.8637 158.9496 286.2566
Ag 83.1379 232.8209 1.3157 0.9406 18.3420 -0.2466 - -179.4252 89.4267 180.5132 289.1396
Ay 62.4507 178.9990 1.0892 0.8040 22.2793 -0.4143 - -129.2819 69.2302 146.8072 285.8954
model 8
A 1285.8728 600.2341 1.0008 -0.7133 16.2113 0.5525 - -812.1815 -638.5573 1285.8728 272.9445
Ay 157.9988 270.5531 1.0008 1.0966 52.4400 0.2931 - -367.8513 293.1938 228.5064 294.1917
Az -255.8197 238.9348 1.0108 0.9785 55.9162 -1.1720 - 286.6726 23.7547 293.9770 286.0954
Ay -942.0899 1459.5359 1.0010 4.6918 -35.9030 -0.1803 - -144.8467 2024.7534 1472.1466 356.7325
As -279.4147 277.1970 1.0014 1.0922 43.0830 -2.0707 - 245.6905 90.8301 329.0517 295.9128
Ag -952.0567 1492.9107 1.0019 4.6436 -35.8374 -0.1419 - -319.5895 2204.9663 1500.8729 357.9214
Ay 1236.4294 549.3784 1.0009 -0.5195 24.3516 0.5775 - -806.1113 -581.1634 1236.4294 260.1735

The values of forecasts for 7 stations are given in Table 24.

the model 5 has the closest prediction to the true values, except for two cases.

The results show that,

Since Vuong's test selects model 5 as an optimal model and model 5 has the lowest
of MSPE), and AIC, so we select model 5 as an optimal model.

Table 23: The values of Vuong's test.

A Hp : model5 Hy: model5 Hy: model6 TE model5 Hy : model6 Hp : model7
rea Hg : model6 Hyg : model7 Hyg : model7 Hg : model8 Hg : model8 Hg : model8
Aq 64.3599 36.4858 42.2874 6.9622 6.5305 27.86712
Ay 79.9658 33.4311 35.8403 3.2575 24574 24.53049
Az 57.8962 32.3729 29.5292 3.0853 0.8559 25.17017
Ay 52.3257 32.6215 22.8248 8.9403 6.6134 19.15768
As 64.3224 29.1118 24.0156 3.7295 1.6479 25.43459
Ag 48.3754 31.4229 27.7917 14.3239 9.0256 20.17827
Ay 69.5053 27.8776 28.5469 5.4550 4.5172 28.90255

Table 24: The values of prediction based on the rival models for 7 stations.

Area True model5 model 6 model 7 model 8
Ay 568.7 412.4899 312.88846 265.5610 -1213.5078
A; 557.6 4549482 275.38379 176.4350 167.1877
Az 608.5 508.7173 140.60117 329.2660  206.4697
Ay 224.8 493.6710 157.61064 2299578  1403.1424
As 616.7 5169600 242.27486 251.1702 620.8599
Ag 398.6 491.1830 62.92666  120.8465  1395.2991
Ay 577.0 4345993 319.37600 283.6450 -1122.0826
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Figure 3: The curve of competing models for station 7 of Manitoba data.

5 Conclusion

In this paper, we make a number of contributions to the literature that relates to an
extension of the basic Fay and Herriot model involving non-linear regression model,
autocorrelated random effects and sampling error for small area estimation with uti-
lizing both time series and cross -sectional data. First, we estimated the parameters of
model and variance of random effects based on the EM algorithm. This is important,
because the standard methods of variance component estimation used in the Fay and
Herriot model for small areas produce a negative or zero estimate. Second, we pro-
posed a test for equivalence of the model in all small areas. Also, we examined the
properties of estimators and model selection statistic using simulations which validate
our theoretical results. In summary, the theoretical derivations and the simulations
support the use of EM algorithm and the use of proposed model selection test as a use-
ful tool in a practitioner’s toolbox for empirical analysis of small area. The simulation
results show that the performance of the semi-parametric model is better than other
rival models. The Vuong’s test selected the semi-parametric model and the true model
(model 1) as equivalent models. It also results that the semi-parametric model is better
than other rival models.

Conflict of interest: The Authors declare that they have no conflict of interest.

This research was completed at University of Manitoba, Canada, where the first author
was in sabbatical leave by the K.N. Tossi University of Technology, Tehran, Iran.



Comparing Linear and non-linear Mixed Effects Models 91

References

Fay, R.E., and Herriot, R. A. (1979). Estimates of income for small places: an application
of James-Stein procedures to census data. Journal of the American Statistical Association,
74, 269-277.

Jiang, J., Rao, J. S., Gu, Z., and Nguyen, T. (2008). Fence methods for mixed model
selection. The Annals of Statistics, 36, 1669-1692.

Jiang, J., Nguyen, T., and Rao, J. S. (2010). Fence method for non-parametric small area
estimation. Survey Methodology, 36, 3—11.

Jiang, J., Nguyen, T., and Rao, J. S. (2011). Best predictive small area estimation. Journal
of the American Statistical Association, 106(494), 732-745.

Jiang, J., Nguyen, T., and Lahiri, P. (2018). A unified Monte-Carlo jackknife for small
area estimation after model selection. Annals of Mathematical Sciences and Applications,
3, 405-438.

Lahiri, P.,, and Rao, J. N. K. (1995). Robust estimation of mean squared error of small
area estimators. Journal of the American Statistical Association, 82, 758-766.

Nielsen, S. F. (2000). The stochastic EM algorithm: Estimation and asymptotic results.
Bernoulli, 6(3), 457—-489.

Prasad, N. G. N., and Rao, J. N. K. (1990). The estimation of the mean squared error of
small-area estimators. Journal of the American Statistical Association, 85, 163-171.

Rao, J. N. K., and Molina, L. (2015). Empirical Bayes and hierarchical Bayes estimation
of poverty measures for small areas. In M. Pratesi (Ed.), Analysis of Poverty Data by
Small Area Methods. John Wiley & Sons, Inc.

Rao, J. N. K., and Molina, I. (2015). Small Area Estimation (2nd ed.). Wiley, New York.
https://doi.org/10.1002/9781118735855.

Rao, J. N. K., and Yu, M. (1992). Small area estimation by combining time series and
cross-sectional data. Proceedings of the Section on Survey Research Method, American
Statistical Association, 1-9.

Rao, J. N. K., and Yu, M. (1994). Small area estimation by combining time series and
cross-sectional data. Canadian Journal of Statistics, 22, 511-528.

Sayyareh, A. (2012). Inference after separated hypotheses testing: an empirical in-
vestigation for linear models. Journal of Statistical Computation and Simulation, 82(9),
1275-1286.

Schenker, N., and Welsh, A. H. (1987). Asymptotic results for multiple imputation.
Annals of Statistics, 16, 1550-1566.



92 Sayyareh et al.

Shokoohi, E.,, and Torabi, M. (2018). Semi-parametric small-area estimation by combin-
ing time-series and cross-sectional data methods. Australian & New Zealand Journal of
Statistics, 60(3), 323-342. https://doi.org/10.1111/anzs.12234.

Sugasawa, S., Kawakubo, Y., and Datta, G. S. (2019). Observed best selective prediction
in small area estimation. Journal of Multivariate Analysis, 173, 383-392.

Sugasawa, S., and Kubokawa, T. (2020). Small area estimation with mixed
models: a review. Japanese Journal of Statistics and Data Science, 3, 693-720.
https://doi.org/10.1007/s42081-020-00076-x.

Sundberg, R. (2019). Statistical Modelling by Exponential Families. Cambridge University
Press.

Torabi, M., and Shokoohi, F. (2014). Hierarchical Bayes estimation in small area estima-
tion using cross-sectional and time-series data. Journal of Statistical Computation and
Simulation, 84(3), 605-613. https://doi.org/10.1080/00949655.2012.721365.

Torabi, M., and Shokoohi, F. (2015). Non-parametric generalized linear mixed
models in small area estimation. Canadian Journal of Statistics, 43(1), 82-96.
https://doi.org/10.1002/cjs.11236.

Vaida, F,, and Blanchard, S. (2005). Conditional Akaike information for mixed-effects
models. Biometrika, 92, 351-370.

Vuong, Q. H. (1989). Likelihood ratio tests for model selection and non-nested hypothe-
ses. Econometrica, 57(2), 307-333.

Wolter, K. (1985). Introduction to Variance Estimation. Springer-Verlag, New York.

Appendix A

Each model satisfies the Vuong’s conditions, Vuong (1989).

ASSUMPTION A1: For every 9 in V (parameter space), the distribution F(y; 9) has a
Radon-Nikodym density f(y; 9) which is strictly positive.

ASSUMPTION A2: V is a compact subset of ‘R7 and the density f(y; 9) is continuous
in 9.

Given Assumption Al and A2, for all T there exists a measurable MLE 3. Tt ensures
that a MLE always exists, but does not say anything about its uniqueness.

ASSUMPTION A3: (a) For all y, | log f(y; 9) | is dominated by an integrable functions
independent on 3. (b) The function f log f(y; 9)dF(y) has a unique maximum on V at
O..

The value 9. is called the pesudo-true value of 9 for the conditional distribution F(y; 3).
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Assumption A3 (b) is the fundamental identification condition, Vuong (1989). When
Assumption A3 (b) holds, we say that 9. is globally identifiable.

ASSUMPTION A4: (a) For all y, log f(y;¥) is twice continuously differentiable on

. . 2 .
V. (b) For all y, | 208/ Z08JUR) | qpq | 210800
functions independent on §.

| are dominated by integrable

Assumption A4 (b) ensures that the derivatives are appropriately dominated by in-

: : . _ 2% log f(Y;9)
tegrable functions with respect to F, which ensures that C¢(9) = E|—255— ) and

B¢(8) =E (810g£y; S).aIO%EY"S)) are continuous in J.

ASSUMPTION AS5: (a) 9. is an interior point of V. (b) 9. is a regular point of C(9).

In Assumption A5 (b), a regular point of matrix C(9) is defined as a value for 9 such
that C¢(9) has constant rank in some open neighborhood of 9.

. 2 .
ASSUMPTION A6: | w | and | % | are differentiable on V and these

derivatives are appropriately dominated by functions integrable with respect to F(y; ).
Appendix B

Proof of Theorem 2.2. From the Taylor expansion of L.(7; y;) around 3t we obtain

IL(Sit; Vi)

Le(83; Yig) = Le(Sir; yir) + 79, l5,=8, (Sit - 9#)

PL(Sit; Yiy) it = i) = S
IR s + Op(1
[ 99,09, 9= 2 p(1)
A PLc(Sit; yir) it = i) (St — i)
- LC(Sitl ]/i,t) + [ asltas;t |Sit:‘§it 2 + Op(l)

Note that

1 [ach(Sit}yi,t) )QE {8210gf(]/it; Sz‘t)} _A
| = e o9 (= Apts

i\ "ossay, [t 99499,

where A £ is the complete data information. So, we can write

A n A A7
Le(Sit; yig) + E(Sit = Vi) A gy (Bt = Vi) + Op(1).
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Similarly, we have

. . ILc(vit; Yit) .
Le(vVi; yig) = Le(i; yig) + CTfyllvit:ﬁit Vit — Vi)
1

PLc(Vit; Yiy) Vit = Vi) (v — D)
4| iy, +0,(1
( aVltaVlt |V,t Vit 2 p( )
A aZLC(Vit; yi,t) (V‘t - ﬁ't)(v't - ﬁ't),
= Le(Dit; yig) + (W|Vﬂ=9ir - > 2+ Op(1).

and

PL(vi; i 1 it Vi
1( Vit y't)|vit:f/,-t]£>Eh{ og f (Vi Vt)}=Afm-

n\ oJvyov, v,
So, we can write
. n . .
Le(i; yig) + E(Vit = Di)Aprie (it = Dir) + Op(1).
Since LR.(8it, 9it) = Le(Si; vir) — LL (9i1; yiy), s0 we obtain
N n A A n ’
LR:(B, Vi) = LR(8, v},) — E(Sit = Vi) Aoy (Oir = Oir) + E(Vit = Vi) Api (vie = Vi) + Op(1).

To prove (i), we note that n‘%LRC(éit, i) = n‘%LRC(S;, V) + 0p(1). So we have

1 R ] Y; 9 1 Y; S
n~2LR.(8y, Vi) — n2E, {log (ﬁy Sf;)} =n2 [%LRC(S;;,V;) —-E, {log(;iy_ Sf;)}] +0p(1).
7Yt 7Yt

Using multivariate central limit Theorem

_1 A 1 FGI\\ b 2
n 2LR.(Sj, Vi) — n2Ey {log(f(y; ‘9;))} — N(0, w?).
To prove (ii), if f(yis; 9;) = f(yir V) then LR(97,v) = 0 and

A n At A n ’
LR, Vir) = _E(Sit = i) Aoy (i — Vie) + E(Vit = Dit) Api (vie — Dir) + 0p(1)
. . i — 9; D .
= ( O — Oy vir — Vit )Q( VZ _ 1;;: ) +0p(1) = Mpg(, A7),
—Afsit 0

where Q = ( 0 A
frit

), A" are the eigenvalues of QX.y- and

Sy =1V 21 - 1+ Fv) ™.

Proof of Corollary 1. Straightforward from Theorem 2.2. ]
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Appendix C

(Yt o Hy Vy oilu
Proof. From model (4.1), we have that y. = ( v ) Nom ([ 0 ],[ G%IM G%IM ,

where y; is observed data, v is vector of unobserved or missing data, p, = E(Y}),
N1
Vy=Var(Yt)=G+Z+(1—pp) S and
E(Yir) = (1 = p)™" (hi(xit, B) — phi(xis-1, B) + B1cos(2mft) + Basin(2mft)),

and Var(Yy) = o2 + UZ’_ + (1 - pz)agi. The complete log- likelihood function can be
expressed as
I(B, a3, p; ye) = (B, a3, p; ylv) + (o5, p; 0)
1 1, 1 1
=C-log|a| —Ezto_lzt — =log|o%Ipm| - AL

2
2 o’

where C is a constant that is independent of 62, ® = S + S and
zy =yt — pyi—1 — h(x¢, B) + ph(x;_1, B) = (1 — p)Imv — B1cos(2mift) — Pasin(2m f1).
Let 60 = (B(O), aﬁ(o), p(o), ,Bgo), 20)) be starting values of 0 = (B, a%, [ ﬁz), Y0)
Qi1 = E(I(B, 0%, p; yo))
=C- %log o | —%E (z@ 'z | y:,6©) - %log | 621y | —2%%13 (v'vly, 69). (5.1)

The third term of Equation (5.1) is equal to
E (z;(D_lztlyt, 6(0)) =F (Z;|Yt/ 6(0)) ® 'E (ztlyt, 6(0)) +tr [(D_lVar (ztlyt, 0(0))] , (5.2)

where

71 = yi — pOyi-1 — h(x;, BO) + p@h(x;_1, BQ) = (1 — p )by — Brcos2mft) — osin(2mft), (5.3)

El =E (V|Yt; 6(0)) = Gg(O)Vgl (Yt - y(yO))/

and
Var (zily:, 0©) = 6201 - p O (1 - 070V, (5.4)
By substituting Equations (5.3) and (5.4) in Equation (5.2), we have
E (z;(D_lzt|yt, e<0>) = 7,0 ' + 7 [m—1(1 - pOy22O0 gy, — aﬁ@vj)] . (5.5)
The last term of Equation (5.1) is equal to

E(v'vlyt, 00) = byby + tr[o” (Iu - 550V, (5.6)
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By substituting Equations (5.5) and (5.6) in Equation (5.1), we have
Qi = E(I(B, a3, p; o))
=C- %log @] - % (Z07'2 + tr[@7'(1 - p )20y Ol - 57V, ]
- 2 loglo?Iui - ZL (5,51 + tr[02® (1w - 2OV;1))). (57)
We obtain estimators by solving the estimating equations as:

0= @ B (9(2/1@_121)

~ OB JB
- % {(Yt = pOy1 —h(x;, B) + pOh(x,_1, B) — (1 — pO)by — Brcos2mft) — Bosin(2m ft))' @'
x (y: = p¥yi1 = h(x, B) + pOh(x 1, B) = (1 = p™)by — prcos(2nift) - posin(2mfh))}, (5.8)
_ (9Q1 _ 1 a 1 9 ! 1~ 2 ~1 (0)
0= 5 =35 flog | @1} - 5 5 [Zi07'21 + (1 - pPtr@ ' Var(vly, 60)},  (5.9)

where @ =S+8 =S+ X+ pZp and

71 =yt — pyi-1 — h(x;, BY) + ph(x,y, BO)-(1- )by = Bicos(2mft) = Basin(2m f1).

B1 = (cos@rfH) 2@ (cos2mft) (y: — pyi-1 — h(xi, BY) + ph(xi -1, BY) = (1 = p)by — Basin(2nf1))), (5.10)
and

pr = (sin2rfH)?@ (sin@nft) (yi - pyr-1 — h(x, B?) + ph(x,-1, BO) = (1 = p)by - prcos2mft))). (5.11)
Also,

20 1 s

67" = — BBy + tr [ Var(vly, 6))]). (5.12)
Thus the EM algorithm is described as follows:

Step 0: Set r=0 and choose starting value 6©.

Step 1: For r > 0, calculate

7(r+1 2 —
B = E(vly:, 09) = 27V, ye - ),

and
E(v'vlyt, 00) = BBy + tr 03" (I - 057V 1))

Step 2: For r > 0, compute 8" based on the Equations (5.8- 5.12).

Step 3. Iterate Steps 1 and 2 from r = 1 until reaching convergence. m]



