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Abstract. Copulas are essential probability tools for characterizing the joint distribution
of random variables. In this article, we contribute to the topic by studying special
bivariate copulas. They have the property of being defined with piecewise components
and are designed for the analysis of data that have dependence structures with distinct
substructures in square zones. The theoretical properties of the copulas are studied,
with emphasis on their mathematical validity and some dependence measures. In
particular, it is shown that the Kendall tau coefficient has a simple expression that
is governed by several parameters, demonstrating the flexibility of the approach. In
addition, areal data exampleis provided to demonstrate the applicability of the copulas.
Fair comparisons with other standard copulas motivate their use in other practical
scenarios.

Keywords. Copulas, Piecewise Dependence Models, Dependence Measures, Data
Analysis.

MSC: 62G07, 62H12.

1 Introduction

Copulas can be defined as multivariate functions that describe the dependence structure
between random variables independently of their marginal distributions.They provide
a powerful tool for modeling complex types of dependence in multivariate (probability)
distributions. In a sense, they quantify how the joint probability of two or more
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variables is distributed relative to their marginal probabilities. To clarify the ideas, let
us formalize the situation using mathematics in the bivariate (or two-dimensional) case.
Consider two continuous univariate random variables, X and Y, with the corresponding
cumulative distribution functions F(x) = P(X < x) and G(y) = P(Y < y). Then Cis a
special bivariate function, known as a copula, which characterizes the dependence
structure between X and Y. A famous result in Sklar (1959) ensures that C is one of the
main components of the cumulative distribution function of (X, Y), say F(x, ), and we
have
H(x,y) =P(X <x,Y <y) = C(F(x), G()).

Or, equivalently, H(x,y) = C(u,v), where u = F(x) € [0,1] and v = G(y) € [0,1]. A
copula C must satisfy the following properties:

P1 : C has uniform margins such that C(u,1) = u and C(1,v) = v for any u, v € [0, 1],
P2 : Cis grounded such that C(u,0) = C(0,v) = 0 for any u,v € [0,1],

P3 : Cis a2-increasing function meaning that, for any u; € [0,1], u» € [0,1], v1 € [0,1]
and v, € [0,1] such that u; < u» and v1 < v,, we have

C(ua, v2) — C(uz, v1) — C(u1,v2) + C(u,v1) 2 0.

The most classical example is the independence copula defined by C(u,v) = uv =
IT(u,v). Thus, C is a function that determines the stochastic dependence between X
and Y. It may depend on one or several tuning parameters. In order to evaluate the
dependence between X and Y, several copula measures can be considered. Among
them, we may focus on the Kendall tau indicated as

T= 4ff C(u,v)dC(u,v) — 1.
01

There are different types of copulas, each with different characteristics suitable for
different scenarios. Archimedean copulas, characterized by their generating function,
provide flexibility in capturing positive and negative dependences. Elliptic copulas,
such as Gaussian and Student (T), are suitable for modeling symmetric dependence and
are often used in multivariate distributions. Perturbed independence copulas innovate
by considering a sum scheme that aims to modify the independence copula by adding
different functions, thus offering flexible dependence models. In addition, vine copulas
provide a versatile framework for constructing complex dependence structures by de-
composing joint distributions into simpler bivariate components.These different types
of copulas allow statisticians and researchers to accurately model complex relation-
ships between variables in a wide range of applications. An overview of these copula
families can be found in Durante and Sempi (2016), Joe (1997) and Nelsen (2006).

For the purposes of this article, we will first highlight a special family of copu-
las that involve piecewise functions, i.e., functions defined on a sequence of intervals
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such as minimum, maximum, and change point functions. Copulas of this type of-
fer advantages in dealing with dependence structures with substructures that can
be distinguished according to certain square zones. The first example is the com-
plete dependence copula defined by C(u,v) = min(u,v) (see Nelsen (2006)). There
are also the Cuadras and Augé copula given as C(u,v) = [min(u,v)]%(u0)'=¢ with
0 €[0,1) (see Cuadras and Augé (1981)), and the Fréchet copula specified by C(u,v) =
amin(u,v)+(1-a-b)uv+bmax(u+v-1,0), fora € [0,1],b € [0,1] such thata+b < 1 (see
Fréchet (1958)). There are general approaches developed in Durante et al. (2007), which
consider copulas of the following forms: C(u,v) = ¢~ {p[min(u, v)] + Y[max(u, v)]} and
C(u,v) = ¢~ Hep[min(u, v)]Y[max(u, v)]}, where ¢ and 1 denote functions with rigorous
assumptions (see Durante et al. (2007) for the technical details). We may mention the
Marshall-Olkin copula family proposed in Marshall and Olkin (1967); a copula of this
family can be expressed as

ul=2y if u® > ob,
Clu,0) = { uol=Fif u® < ob,
where a € [0,1] and f € [0, 1]. There are also the copulas associated with order statistics
established in Schmitz (2004). We mention the following one:

o—[(1—w)/™ + oMM 11" if 1—(1—u)/™ <ol/m,
C(u,v) = { v lf 1= (1 _ u)]/m > Ul/m,

where m > 1is an integer. Still with a piecewise component, there is the Raftery copula
developed in Raftery (1984), and indicated as

u — 1=ay1/0-a) (p-a/(-a) _ ,1/0-0)) if 4 <o
C(u U) — 1+a -
, v - Lagl/i-0) (u—a/(l—a) _ ul/(l—“)) if u>o.

As a final illustrative example, there is the Shih and Louis copula proposed in Shih and
Louis (1995), and specified as

(1 = v)uv + vmin(u, v) ifv>0,
A+vuv+viu-1+o)lu+v-1) if v<0,

C(u,v) = {

where I(a) = 1ifa > 0 and I(a) = 0 if a < 0. All of the above copulas have been used as
dependence models in many applications, exploiting their piecewise nature to analyze
appropriate real data.

In parallel with this family, the family of perturbed independence copulas has
seen significant developments. Obviously, the independence copula cannot model
complex dependence structures observed in real-world data. To address this limitation,
researchers have developed various methods to perturb the independence copula,
introducing additional parameters or functions that allow for more flexible modeling
of dependence. Perturbing the independence copula involves modifying it by adding a
perturbation function H(u, v), resulting in a new copula of the form: Cy(u, v) = Il(u, v) +
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H(u,v). The function H(u, v) must be carefully chosen to ensure that Cy(u, v) remains a
valid copula, i.e., it satisfies the necessary conditions of being 2-increasing, grounded,
and having uniform margins. In this topic, we focus on the general methodology
described in Rodriguez Lallena (1992), which has the characteristic of relying on a
univariate generator function, denoted as ¢. Such a function is defined on a unit
interval, and the associated copula can be expressed as follows:

C(P(u, v) = Il(u, v) + OP(u)P(v), (1.1)

with 0 € [-1,1] (and we recall that II(u,v) = uv). The conditions on ¢ ensuring
that Cg is a valid copula are explicit in Ambrard and Girard (2002). They are given
in Theorem 1. It is important to note that more general perturbation methods have
been developed to extend the model defined in Equation (1.1). For instance, Mesiar et
al. (2015) proposed a general framework for perturbing the independence copula by
considering perturbation functions of the following product form:

H(u,v) = Af(1)g(v),

where f and g are functions defined on the unit interval, and A is a parameter that
controls the strength of the perturbation. The functions f and g must satisfy certain
conditions (e.g., f(0) = g(0) = f(1) = g(1) = 0 and Lipschitz continuity) to ensure
that the resulting function Cy(u,v) is a valid copula. This approach allows for an
asymmetric version of the family in modeling dependence structures.

Theorem 1. If ¢ meets the following conditions, it can be considered a valid generator function
of the parametric family of copulas as defined by Equation (1.1):

1. ¢(0) = 0 and (1) = 0.

2. ¢ isa1-Lipschitz function, i.e., for any t; € [0, 1] and t, € [0, 1], we have |p(t1) —P(t2)| <
thl - t2| with L = 1.

More precisely, the copula properties P1 and P2 hold if and only if ¢(0) = ¢(1) = 0.
For the property P3 (the 2-increasing condition), the volume of the copula function
simplifies to:

A(ur,u2,v1,v2) = (U2 — u1)(v2 — v1) + O(P(u2) — P(11))(P(v2) — P(v1)).

To ensure A > 0, the Lipschitz condition on ¢ is required, i.e.,

lp(x) = p(Y)I < Ix = yl.

For more details, see Ambrard and Girard (2002).

Thus, in the setting of Theorem 1, the function ¢ plays a determinant role in
generating a semiparametric family of copulas. Each copula Cy is described by the
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function ¢. Moreover, ¢ modulates the Kendall tau; the following simple formula

holds: ,
T =14 =80 (L | ¢(t)dt) . (1.2)

We refer to Ambrard and Girard (2002). Thus, researchers have made attempts to create
new semiparametric families of copulas through the concept of generator function.
Recent developments on the perturbed independence type copula family and some
extensions can be found in Shubina and Lee (2004), Durante et al. (2013) and Saminger-
Platz et al. (2021).

Some examples of perturbed copulas of the independence type defined with piece-
wise functions have recently been considered in Saminger-Platz et al. (2021). In
particular, in Saminger-Platz et al. (2021) a sophisticated piecewise perturbed function
is given as min(au, 1 — u) min(v, (1 — v)/a) with a > 0. In this article, we follow the
same spirit, but consider a simpler and more tunable approach, closer to the form in
Equation (1.1), with the following min function as a candidate generator function:

(a,p(t) = min ,Bleat,ﬁ(l - t)], te[0,1], (1.3)
with a > 0 and B > 0 (to be refined later), that is
et tel0,al,
qba,ﬁ(t) =
pa—-t) telal]

We cannotice that ¢, g(t) is continuousint = @, since lim; 4~ Pq g(t) = lims— o+ Pu p(t) =
B(1—a). Also, the corresponding potential copula based on Equation (1.1) is defined as

C(Ll, U) = 1_.[(1/[, U) + Q¢d,ﬁ(u)¢a,ﬁ(v)/
that is
2
uv + B(ﬁle“) uv, u€el0,a], vel0,al,
uwo+ 02 2u(1-v), wuel0,a] velal],
C(u,v) = -
uv + 0p~ =4 (1 — u)o, u€la,1], vel0,al,

uv + Gﬁz(l —u)(1-v), wuelal],velal],

where the exact range of values for a and f must be determined. This scheme allows us
to provide a dependence model with theoretical guarantees, and to handle dependence
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structures with distinguishable substructures according to certain square zones. This
article will discuss these details.

The following sections are briefly described: Section 2 presents the main theoretical
properties of the proposed copula. Some related dependence measures are discussed
in Section 3. A real data example is given in Section 4. A conclusion is provided in
Section 5.

2 Theoretical Properties

The next result is about the value ranges for a and , which makes the function in
Equation (1.3) a valid generator function in the copula context of Equation (1.1).

Proposition 1. The function ¢ag(t), t € [0,1], given in Equation (1.3) is valid generator
function if the following conditions hold:

1. p€[0,1]and a € (0,1],
2. pe <1,

Proof. It is immediate that (o (0) = ¢Pap(1) = 0. Now, let us examine the 1-Lipschitz
condition, i.e., if, for any t1, f, € [0, 1], we have

|Pap(t1) — Pap(t2)l < [t — tol.

by distinguishing between t; € [0,a] and t; € [, 1], and t; € [0,a] and £, € [a, 1] in
parallel.

e Fort; €[0,a] and t, € [0, @], we have

1-—

04
(t1 — t2).
04

Gap(t) — Papta) =B

Thus, under the assumptions € [0,1], a € (0,1]and f(1-a)/a < 1, itisimmediate
that |(a,p(t1) — Qap(t2)l < [B(1 — a)/a]lts — ta| < [t1 — tal.

e Fort; €[0,a] and t, € [a, 1], so that t, > {1, we have

Gap(t) = Gap(tz) = 1"t~ (1 - 1)

1
[
t
:ﬁ[(gl—l)Jr(fz—tl)]-
Since t; < a, itis clear thatt1/a —1 <0, so

Gap(tr) = Pap(ta) < B(t2 — t1) = Blt1 — fal. (2.1)
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On the other hand, we can also write

1-

Pap(t1) = bap(ts) = p—t1 = f(1 — 1)
=p[te -t
-
Since t, > @ and 1 + (1 — a)/a > 0, we have

(1+1_—“)t2—1z(1+1_0‘)a—1=0.
(04 04

Th-(- fz)]

1 1-
a(t1—t2)+(1+—a)t2—1:|.
(04 a

As a result, we have

1-« 1-

Pap(tt) = Gaplte) 2 p——(th — o) = —p—

It follows from Equations (2.1) and (2.2),and 5 € [0,1], @ € (0,1]and (1-a)/a < 1,
that

04
[t — tol. (2.2)

l1-«a
(Bap(t) = Gap(t2) < max (B,5— It = 2] < It — ta.
e Fort; € [1,a]and t; € [0, o], the proof is identical to the above proof; it is enough
to exchange the roles of t; and t.

e Fort) € [a,1] and t; € [¢, 1], we have

Pap(tr) — apltz) = Btz — t1).

Thus, under the assumptions f € [0, 1], we obviously have |, g(t1) — Pap(t2)| =
Blt1 — to| < |t — tof.

O

Based on Proposition 1, it is worth noting that § € [0,1], « € (0,1], and f(1-a)/a < 1,
imply that @ € [1/2,1]. These parameter constraints need to be taken into account for
practical analysis.

Hence, under the related parameter assumptions, we define a new copula by
Cn(u,0) = Il(w, 0) + Oy p(U)Pap(v), O € [-1,1]. (2.3)

In what follows, it will be sometimes denoted as Cn = C%/ﬁ when the parameter needs
to be explicit.

The created copula can also be written as

Cn(u,0) = TI(u, 0) + Y Pa,1()Paa (), y € [-1,1]. (24)
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where y = 0f2. To the best of our knowledge, it is new in the literature, totally practi-
cable, and offers interesting perspectives on the analysis of data that show dependence
structures in squared zones with different substructures. We complete this claim by
a graphical analysis of the considered generator function in Figure 1, along with the

generation of values represented by the associated scatterplots.
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Figure 1: Generator function and random sample for the copula Cy = Cy,,

In this figure, we clearly see the dense square zone of substructures of dependence.

The proposed copula is designed to handle such a practical data scenario.

3 Dependence Measures

In this section, we investigate the dependence framework of the proposed copula. The
next result determines the exact expression of the Kendall tau of the proposed copula.
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It is centered on the general formula in Equation (1.2).
Proposition 2. The Kendall tau associated to the copula in Equation (2.4) is given by
T="Tg,, =2(1 - a)*Bo.

Proof. Based on the general formula in Equation (1.2), we have

2 11—« 2
T =80 Papt)dt] =80( | p——tdt+ | paA-bdt)
[0,1] [0,a] a [a1]
1-a o> (1-a)?\2 -
= 80(p — X o+ p—s ) =2(1-ayp%.
The desired result is established. O

Assuming o € [1/2,1] and $ € [0,1], we find that T € [-1/2,1/2], which means
that the proposed copula is able to model positive and negative dependence, with a
moderate range of values. Not surprisingly, the case of independence, i.e., T = 0, is
obtained by taking @ = 1 or 6 = 0. The Kendall tau varies linearly with 6, and depends
on the values of @ and . For example, if &« = 0.5 and g = 1, then 7 = 0.50, which ranges
from -0.5 to 0.5 as O varies from -1 to 1. Equivalently, with the re-parameterization
y = 0B%, we get T = 2(1 — @)?y.

Other dependence measures can be defined. For instance, the medial correlation as
suggested in Nelsen (2006) is given by

€[0,a], 5 €[0,a],

N|—

)
—
=
=1
R
N—
N
~
NI—=

D
=
()
T
1=}
~
[T

€[0,a], 5 € [a,1],

N|—

11
M = 4C (—,—)—1:
N\22

D

=
e}
T

Q
NI

€la,1], 3 €10,a],

N—=

D
=

LS
[T

€la,1], 5 € [a,1].

N|—

This formula shows the complexity of the dependence, which depends mainly on the
value of a.

Other dependence measures can be investigated in a similar way, including various
local measures of dependence (see Huang (2018), among others). The article by Am-
brard and Girard (2002) provides a detailed analysis of the symmetry and dependence
properties of a semiparametric family of bivariate copulas. The results are particu-
larly useful for understanding how the choice of the generating function ¢ influences
the dependence structure of the copula. The conditions for radial symmetry, positive
quadrant dependence, total positivity, and concordance ordering are clearly estab-
lished, making this family of copulas a valuable tool for modeling moderate degrees of
dependence in bivariate data. For further details, see the original article by Ambrard
and Girard (2002).
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4 Real Data Example

In this section, we compare the proposed copula with the most commonly used copulas,
including the Frank, Clayton, Gumbel, Normal, Plackett and FGM copulas. See Nelsen
(2006) for more information on these copulas. The data set used in this section is derived
from 655 water samples with log concentrations of two chemical elements, where X is
the log concentration of uranium (U) and Y is the log concentration of titanium (Ti).
This data set, called the "uranium data set", can be found in the R package "copula"
(see Hofert et al. (2020)).

1.0

08

0.4
I

0.2

0.0
I

(a) Real data set (b) Generated data set

Figure 2: Scatter plots of generated data sets

We use the goodness-of-fit test as suggested in Genest et al. (2006) to reveal the
dependence structure between variables. Its definition is based on the copula-based
Cramér-von-Mises distance, indicated as follows:

CoM = 1(Cu(u, v) — Cn(u, 0))?dCp (11, ),
(012

where C,, represents the empirical copula based on the data. We can thus compare
the distances between the null hypothesis copula and the empirical copula using the
CvM test statistic. In addition, the hypothesis that the data belong to the parametric
family of copulas is assessed by the p-value (P-Val) derived from the bootstrap process.
Furthermore, the minimum distance estimator is used to estimate the parameters of
the copulas by minimizing the CvM.

In statistical modeling, particularly in copula selection, it is crucial to balance model
complexity with goodness-of-fit. Two commonly used criteria for model selection are
the Akaike information criterion (AIC) and the Bayesian information criterion (BIC).
These criteria help in identifying the most appropriate copula function by penalizing
excessive model complexity.

The AIC and BIC are respectively defined as follows:
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optimal choice.

AIC = -2log L + 2k,

BIC = -2logL + klogmn,

where L is the maximum likelihood of the estimated copula model, k is the number of
parameters in this model, and 7 is the sample size. The model with the lowest AIC
or BIC value is preferred, as lower values indicate a better balance between goodness-
of-fit and model simplicity. Both criteria suggest the same model, it is likely to be the

0.5

n
-~ FGM

-~ min(t,1-t)
2

a1
9

0.4

o)
0.3

0.2

0.1

0.0

t

Figure 3: Generator functions based on the considered data sets

Table 1: Goodness-of-fit results for the copulas based on the considered data set

A

Copula 0 a CoM  P-Val AIC BIC
Normal 0.2097 — 0.0768 0.0004 -12.5647 -8.0801
Plackett 1.8262 — 0.0663 0.0004 -24.3768 -21.1921
Gumbel 1.1554 — 0.0601 0.0015 -13.1129 -8.6283
Clayton 0.3108 — 0.1359 0.0004 -1.1266  3.3579
Frank  1.2288 — 0.0657 0.0004 -24.9144 -20.4298
FGM  0.6053 — 0.0668 0.0004 -20.1731 -15.6885
Coan 0.4193 0.5923 0.0361 0.0495 -25.3827 -21.5147

Table 1 presents the estimated parameters and goodness-of-fit results for the consid-
ered copula models at the hypotheses under the following generic forms: “Hy : C € Cg
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versus Hy : C ¢ Cp”. Table 1 indicates that Cy_ , is the best-fitting copula model because
it has the lowest CvM (0.0361) and highest p-value (0.0495). It is worth noting that
0.0495 = 0.05, so we can conceptually accept H, and the adequate fit can be reasonably
validated. When selecting among different copula models, AIC and BIC values are also
computed for each candidate model. The model with the lowest both AIC and BIC is
also Cy, ;-

We create random samples to evaluate the graphical goodness-of-fit of the data set
for Cy,,. The scatter plots of the data set and the simulated random sample from the
Co,, are shown in Figure 2, respectively. The suggested copulas Cy, , appear to fit the
data set fairly well, as this figure demonstrates. Furthermore, the estimated generator
functions associated with the copulas defined in Equation (1.1) are shown in Figure 3.

5 Conclusion

In conclusion, this article has highlighted the interest in a special copula of the per-
turbed independence type, defined with a simple piecewise generator function. It is
designed to capture specific types of dependence patterns; it provides an advantage
in dealing with complex dependence structures in data with distinct substructures in
square zones. Theoretical properties of the proposed copula are presented, showing
the possible ranges of parameter values and determining the exact expression of the
Kendall tau. This theoretical work is followed by a practical study. In particular, an
example of real data is used to illustrate the application. Comparisons with existing
models are made using famous statistical criteria and convincing results are obtained.
Through innovative approaches such as piecewise functions and perturbed indepen-
dence models, this article helps to advance the understanding and use of copula theory
in statistical modeling and analysis.
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