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1 Introduction

A postmodern world of increasingly heuristic and interdisciplinary problems requires
integrative solutions that do not always have the answer in the current frameworks of
mathematics and statistics. Chaos theory as a paradigmatic element of phenomenal
interrelation links more and more random variables. They are not only univariate and
vector variables, but matrix variates, due to their great versatility in the description
of variability and intrinsic multiple correlation. Likewise, the domain of the variables
began to move from the real field to the remaining real normed division algebras, such
as complex, quaternionic and octonionic. There the emerging models of multiple natu-
ral, exact and engineering sciences have their own scope and they are not restricted by
the real field. Given multiple statistical models for marginal distributions in univariate
and vector cases, the additional problem of parametric estimation arises from a set
of samples provided by the scientific expert user of statistics. Then comes another
challenge for statistics, which has historically been resolved by optimising likelihood
functions as a joint law for sample distribution. The theory of copulas emerged as a
possible solution to the problem of explaining a joint phenomenon of known interre-
lation. Countless link functions then appear for two variables, however, the intention
of a dependent relationship is diluted when using the typical likelihood functions for
estimating copula parameters from independent samples. The role of likelihood in
the history of statistics is of such transcendence that it is a popular tool for estimating
parameters. While copulas and similar theories represent the solution to the prob-
lem of dependence, the concept of likelihood function, defined as the product of the
marginal densities, seems immutable and universal. Recently, the authors study the
role of classical likelihood functions in statistics, showing the differences in application
in databases declared dependently probabilistic. Time series in particular are the source
of the greatest discrepancy, given the historical effort in proposing models for variance
and volatility. But maintaining the postulate of an estimate via likelihood functions
on independent data is an obvious contradiction in the face of a temporal process that
intrinsically is founded on dependency. Recently, Diaz-Garcia et al. (2022), proposed
a new way of reframing likelihood functions. In a real data series, the discrepancy
of likelihood function over independent time samples versus likelihood function over
dependent samples was observed. The study indicated that decisions diffused about
the mean estimated from the database using independent likelihood were in the tails of
the dependent expected likelihood distribution. The finding was possible thanks to the
definition of the so-termed multivector variate distribution, a natural way of defining
a likelihood function of dependent vector samples, further parameterised by a large
class of elliptically contoured distributions that are isolated from the choices of popular
models. Until then, the mutivector could be an approach to vector copulas, but the
implemented theory is designed to address the matrix case, which is still an open prob-
lem for copula theory. Then, the matrix version appeared in the form of the so-termed
classes of multimatricvariate distributions, which provided the likelihood function or
joint matrix distributions with a family of elliptically contoured distributions with a va-
riety of kurtosis and symmetries, see Diaz-Garcia and Caro-Lopera (2022). The choice
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of distributions that are invariant under the class of elliptically contoured laws within
the family of multimatricvariate and multimatrix variate distributions gives robustness
to the analysis since it avoids the adjusting the link function, if we speak in parallel to
the procedure. in vector copulas.

Multimatricvariate distributions specialise in distributions based on the determi-
nant. Still to be defined a class of multiple distributions of random matrices that
depended on the trace, the other function that has historically governed the theory of
matrix distributions. Recently, the so-termeded multimatrix distributions appear in
Diaz-Garcia and Caro-Lopera (2024). Like the multimatricvariate distributions, they
maintain the philosophy of probabilistic dependence, computability and a wide class
of underlying distributions.

When we surpass the level of random vectors, where the most popular statistical
techniques remain, such as copulas, we find immense difficulty for the calculation.
We must observe the domain of the matrices, their transformations and Jacobians, and
therefore their integration. It is generally difficult because it involves averaging over
orthogonal groups, cones and hypercubes. The central, isotropic, non-central and non-
isotropic cases also emerge. These integrations comprises the geometric filtering that
comes for their definitions and factorisations.

At this point, we find that the new multimatricvariate and multimatrix variate
distributions on the real field satisfy the first 2 of the 3 conditions that we establish for
a robust point of view of joint distributions, namely: 1) modeling of several dependent
matrices capable of being combined with all univariate and/or vector variables unde a
elliptically contoured models; 2) with strictly verifiable marginals under the trivial case
of independence and testable from the dependent sample likelihood; and 3) founded
on the same algebraic principles that allow them to be applied indistinctly from the
real normed division algebras.

We now address the third desirable characteristic: its versatility in the four unique
real normed division algebras.

Until a couple of decades ago it would be unthinkable to unify the theory of real
random matrices with complex ones. History shows us that the theory of distributions
of the central cases overflowed into an immense effort to characterize the indispensable
elements of random matrices, namely: After its establishment, works on the complex
case began to appear very slowly and completely conceptually distant from their real
analogues. The so-termed statistical theory under real normed division algebras is to
statistics what the expected theory of unification of forces is to physics. Its simplification
is simple, reducing to modifying a beta parameter that goes from 1 (real) to 2 (complex)
to 4 (quaternionic) to 8 (octonionic), see Diaz-Garcia (2014) were the transitions to
complex, quaternionic and octonion are reached by changing the support group from
orthogonal to unitary, compact symplectic or exceptional type.

If the real multimatricvariate distributions (Diaz-Garcia and Caro-Lopera, 2022)
and multimatrix variate distributions (Diaz-Garcia and Caro-Lopera, 2024) articles
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are parallel compared with the results of the present work, an apparent repetition
shall appear by its simplicity; Its notation makes the beta parameter open one of the
four algebras by simply changing the value, although understanding the profound
difference that underpins them requires an extensive and difficult literature that began
in other areas far from statistics. The non commutativity for quaternions and non
associative for octonions promotes a deep research for some applications in those
algebras.

We place the above discussion into the setting of two main problems that we shall
address in this article.

The interest in multimatricvariate and multimatrix variate distributions has been
motivated by the following two situations:

1. In different areas of knowledge (such as Finance and Hydrology, among oth-
ers), people are interested in simultaneously modeling two random variables,
say X and Y, which are suspected of not being probabilistically independent. On
the one hand, the marginal distributions of each variable are known, whether
they are fx(x) and gy(y). Typically this problem has been approached assum-
ing that the random variables X and Y are independent and, as a function of
joint density of the two-dimensional vector (X, Y)’, the product of the marginals,
vy (X, ¥) = fx(x)gy(y), has been considered. Thus, for example, in this case the
likelihood function, given the two-dimensional sample (x1,y1),- -, (xx, k), de-
noted as L(0; (x1, y1)," - , (X, yx)) is defined as

—- 1

L(0; (x1, y1), -+, (n, V) T, (X )

Ix;(x)gv; (),

-
I
—_

For some parameter vector 6 € ‘R? which is part of the density 7, (x, y).

Alternatively, based on variable changes on a set of independent random vari-
ables, the random vector (X, Y)" was generated, where now the variables X and
Y are not independent and their density function is known joint ¢, (x,y) #
fx(x)gv(y), such that

fx() = f% b)) and  gv(y) = L b (3 9)(d).

Under this approach we have that

k
L(O; Get, y1), -, G ) = [ [ g, (5509,
j=1
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See Libby and Novick (1982), Chen and Novick (1984), Olkin and Liu (2003),
Nadarajah (2007, 2013) and Sarabia et al. (2014) among many others.

This situation also occurs in other multivariate problems. Then, parallel solu-
tions were proposed in the vector and matrix cases, giving foothold to the study
of bi-matrix variate distributions in the real and complex cases. In the last case
joint distributions of random matrices, say X and Y dependent with joint den-
sity function, termed bimatrix variate distribution, are proposed such that the
marginal densities of X and Y are the usual assumptions, see Olkin and Rubin
(1964), Diaz-Garcia, and Gutiérrez-Jaimez (2010a,b, 2011), Bekker et al. (2011), and
Ehlers (2011) and references therein.

2. In another case, we are interested in defining the likelihood function by a joint
function of the sample, but which is not defined as the product of the marginals,
that is, the sample is not independent. In the univariate problem, one answer
considers the elliptically contoured distribution of the vector (Xj,...,Xy)" as a
likelihood function, noting that in reality the elliptically contoured distribution
actually defines a distribution family, see Fang et al. (1990), Fang and Zhang
(1990), Gupta et al. (2013) and the reference therein.

Based on the family of matrix variate elliptically contoured distributions, the
multimatrix variate and multimatricvariate distributions were proposed as a gen-
eralisation of the bi-matrix variate distributions, which are defined as the joint
distribution of the dependent random matrices Xj, ..., X\, see Diaz-Garcia et al.
(2022), and Diaz-Garcfa and Caro-Lopera (2022, 2024). Thus, the multimatrix
variate and multimatricvariate distributions can be used as likelihood functions
for a sample of dependent random matrices with certain (usual) marginal distri-
butions. Thus, the likelihood function of the sample Xj, ..., X\ is defined as

L(®/X1//Xk) =fX1 ,,,,, Xk(X1/'~~/Xk)'

Under the theory of multimatrix matrix or multimatricvariate distributions, each ma-
trix Xj, j = 1,...,k into the density fx, . x,(X1,...,Xk) can follow a different marginal
distribution. This answers the following problem under an independent or dependent
samples: Suppose that we have a matrix random sample as follows:

X1 | X1 X2 o0 Xy
Xz | Xo1 X2 -0 Xy
Xe | Xip X2 o0 Xy

And assume that the matrix ® contains the parameters of interest. Then the likelihood
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function L(®; -) can be defined as:

.
H S X, X)), independence case,
j=1

XX XX X1, -+ X1y, Xk, .., Xir), dependence case.

In the bi-matrix variate case, these problems have been studied in the real and
complex cases, each giving rise to a series of non correlated publications. Fortunately,
in terms of the theory of the real normed division algebras, a unification of the real
and complex cases is possible. And an extension to the quaternionic and octonionic
algebras is also feasible. It is worth mentioning that the octornionic case is still under
research. At this time, they are valid for 2 X 2 octornionic matrices and in general it can
only be conjectured that they may be valid.

In the present work, the multimatrix variate and multimatricvariate distributions
are studied for matrix arguments which elements belong to the real normed division al-
gebras. A brief description of the notation and some Jacobians for real normed division
algebras is presented in Section 2. In addition, two more Jacobians are obtained and
the definition of the matrix variate elliptically contoured distribution for real normed
division algebras is presented. The main results on multimatrix variate and multi-
matricvariate distributions for real normed division algebras are obtained in Section
3. Some properties and extensions of multimatrix variate and multimatricvariate dis-
tribution with more than two different types of distributions in their arguments are
studied in Section 4. An example in the quaternionic case is full derived in Section 5.

2 Notation and Preliminary Results

A detailed discussion of real normed division algebras may be found in Baez (2002).
For convenience, we shall introduce some notations, although in general we adhere to
standard notations.

A vector space is always a finite-dimensional module over the field of real numbers.
An algebra ¥ is a vector space that is equipped with abilinear map m : FXxF — §F termed
multiplication and anonzero element 1 € § termed the unit such thatm(1,a) = m(a, 1) = 1.
As usual, we abbreviate m(a,b) = ab as ab. We do not assume § associative. Given
an algebra, we freely think of real numbers as elements of this algebra via the map
w - wl.

An algebra § is a division algebra if given 4,0 € & with ab = 0, then either
a =0orb = 0. Equivalently, ¥ is a division algebra if the operation of left and right
multiplications by any nonzero element is invertible. A normed division algebra is an
algebra § that is also a normed vector space with |lab|| = [|a]||[b||. This implies that ¥ is a
division algebra and that ||1|| = 1.

There are exactly four normed division algebras: real numbers (R), complex num-
bers (€), quaternions ($) and octonions (9), see Baez (2002). Taking into account that
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R, €, 9 and O are the only normed division algebras; moreover, they are the only
alternative division algebras, and all division algebras have a real dimension of 1,2, 4
or 8, which is denoted by S, see Baez (2002, Theorems 1, 2 and 3). In other branches of
mathematics, the parameter a = 2/ is used, see Edelman and Rao (2005).

Let .Efm be the linear space of all n X m matrices of rank m < n over § with m distinct
positive singular values, where $§ denotes a real finite-dimensional normed division algebra.
Let 5™ be the set of all n X m matrices over §. The dimension of F>" over ‘R is pmn.

—T
Let A € ™™, then Al = A" denotes the usual conjugate transpose.

The set of matrices H; € " such that H?Hl = I,, is a manifold denoted "Vﬁm,n,
is termed the Stiefel manifold (H; is also known as semi-orthogonal (8 = 1), semi-unitary
(B = 2), semi-symplectic (B = 4) and semi-exceptional type (B = 8) matrices, see Dray
and Manogue (1999)). The dimension of (an,n over R is [mn — m(m — 1)3/2 — m]. In
particular, (Vi,m with dimension over R, [m(m + 1)3/2 — m], is the maximal compact

subgroup WF(m) of .lfn,m and consists of all matrices H € ™ such that H'H = ;.
Therefore, U (m) is the real orthogonal group O(m) (B = 1), the unitary group U(m) (B = 2),
compact symplectic group Sp(m) (B = 4) or exceptional type matrices Oo(m) (B = 8), for
F =R, ¢ HorD, respectively.

We denote by an the real vector space of all S € F™" such that S = SH. Let
‘Bfn be the cone of positive definite matrices S € F™; then ‘Bi is an open subset of

651. Over R, 651 consist of symmetric matrices; over €, Hermitian matrices; over $,
quaternionic Hermitian matrices (also termed self-dual matrices) and over O, octonionic

Hermitian matrices. Generically, the elements of 651 are termed Hermitian matrices,
irrespective of the nature of §. The dimension of 651 over R is [m(m — 1)B + 2m] /2.

Let D/,i be the diagonal subgroup of Lﬁm consistingofallD € ™™, D = diag(ds, ..., dm).

For any matrix X € §™", dX denotes the matrix of differentials (dx;;). Finally, we define
the measure or volume element (dX) when X € F"*", 651, D’,’i or (an,n, see Dumitriu
(2002).

If X € ™" then (dX) (the Lebesgue measure in ") denotes the exterior product
of the fmn functionally independent variables

nom B
(@X) = /\ /\ dxjj where dx;; = /\ dxg.).
r=1

i=1 j=1

IfS e 651 (orS e If(m)) then (dS) (the Lebesgue measure in GEH orin Iﬁ(m)) denotes
the exterior product of the m(m + 1)B/2 functionally independent variables (or denotes
the exterior product of the m(m—1)/2+m functionally independent variables, if s;; € R
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foralli=1,...,m)

s
ij’

m P
Sii /\ /\ds(r), ifs;; € R.

i<j r=1

=
>m

IA
<.
-
1l
—_

dS) =

I
—_

1

The context generally establishes the conditions on the elements of S, that is, if s; j € ‘R,
€€, e Hore . Itis considered that

m P m m P
@s) = /\ /\dsf. = /\ds” A Ads“)
i<j r=1 i=1 i<j r=1

Observe, too, that for the Lebesgue measure (dS) defined thus, itis required that S € ‘1351,
that is, S must be a non singular Hermitian matrix (Hermitian positive definite matrix).

IfAe fbfn then (dA) (the Legesgue measure in bfn) denotes the exterior product of
the pm functionally independent variables

(dA) = A dr?.

IfH; € (Vfw then
n m
(HPdH,) = /\ /\ htldh;.
i=1 j=i+1

where H = (Hj/Hz) = (hy,..., hylhys,...,h,) € W(n). It can be proved that this

differential form does not depend on the choice of the Hz matrix. When m = 1; (V
defines the unit sphere in §". This is, of course, an (1 — 1)p- dimensional surface in 8”
When m = n and denoting H; by H, (H’dH) is termed the Haar measure on UP(m).

The surface area or volume of the Stiefel manifold (Vﬁw is
om nmnﬁ/Z

—— 2.1)
I[npg/2]

Vol(Vi, = [ (elar) -
Hle(vmn

where 1"/31 [a] denotes the multivariate Gamma function for the space 651, and is defined
by

TP la] = f " etr{—A}|A[ D21 (4 A)

_ mm-1)p/4 H Tla - (i —1)B/2],
i=1
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where etr(-) = exp(tr(‘)), | - | denotes the determinant and Re(a) > (m — 1)B/2, see Gross
and Richards (1987). If A € Lﬁm then by vec(A) we mean the mn x 1 vector formed by

stacking the columns of A under each other; that is, if A = [aja;...a,], where a; € Lf ;
forj=1,2,...,m '
a1

ap
vec(A) =

am

Below are summarised some Jacobians in terms of the  parameter. For a detailed
discussion of this and related issues see Dumitriu (2002), Edelman and Rao (2005),
Forrester (2009) and Kabe (1984).

Proposition 2.1. Let A € Lﬁ/n, B e Lﬁm and C € Lﬁm be matrices of constants, Y and
Xe Lﬁw a matrices of functionally independent variables such that Y = AXB + C. Then

@dY) = |AFAP"2|BHBIPY2(dX). (2.2)
Proposition 2.2. Let S € B°. If Y = ASAH, A € B
@dY) = |ATAP=D2+1(7x). (2.3)

Proposition 2.3 (Singular value decomposition, SVD). Assume that X € .[fn,n, such that
X = ViDWH with Vy € Vi, ,, W € W(m) and D = diag(dy, -+ ,dy) € D}, dy > -+ > dy >
0. Then (dX) is

m m
My H AL H(df — &PAD)(VIdV ) (WdW), (2.4)
i=1 i<j
where

0, B=1,
-m, B=2,
T7) —2m, B=4,
—4m, p=8.

As a consequence of this result, we have the following statement.
Proposition 2.4. Let X € ng, and S = XHX € ‘1351 Then
(dX) = 27"|SPm IR (g (ViTavy), (2.5)
with Vi € Vi, .
Proposition 2.5. Let S € ‘Bl;. Then ignoring the sign, if Y = S7!

@dy) = |S[Pm-1-2(gs). (2.6)
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Theorem 2.1. Assume that X € Lfn,n and Y € .L‘,B”,n are matrices of functionally independent
variables.

i) Define Y = X(L, — XHX)7Y/2. Then

(n+m+1)/2-1

@Y) = |, - x#x|™” (@x). 2.7)
ii) IfX = Y(L, + YY)V, we have
@X) = L, + YHY[ PO gy 2.8)

where n > m.

Proof. i) Define A = YAY = (I, — XHX)"12XHX(L,, — XFX)~1/2 and B = XX. And
observe that

A (L, — XHX)~12xHX(1,, — XHX)~1/2

(Im B) 1/23( B) 1/2

= [B7'(1,-B)| 12 [B7'(1, - B)]
( m)—l/Z (B_l _ Im)—l/Z

= (B‘ - [m)‘l = (I,-B)'B=(I,-B)! -

-1/2

Then by (2.5), for Hy, G1 € V;,,, and writing these for (dA) and (dB) we obtain

(dA) = 2" AP Gy (HEdHy) 29)
@dB) = 2"B[PemD2H(4x)(GHAG,) . (2.10)

Since A = (I, — B)™! —I,,,, from (2.6), we have that
(dA) = |, — B[ P"=D-2(4B). (2.11)
Substituting (2.10) and (2.9) into (2.11) we have
2| AP DR (Y ) (HE dHy )~
= 2"|L,, — B|" " V|B| P24 (gx)(GHAG,) .

Then, by the uniqueness of the nonnormalised measure on Stiefel manifold, (H? dHy) =
(G{{dGl). Thus,

(dY) = |A[PO-mD2 _ BBOn=1)=2 g+ )/2+1 (gx).
And using
AT = (L = XX T2XIX (@ = XIX)TH2] = (T = XEX)THXX],
and |B| = [XHX|, the required result is obtained.

ii). The proof is similar to the preceding exposition given in i). m|
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Corollary 2.1. Assume that X € Lﬁm andY € .[fn,n are matrices of functionally indepen-
dent variables.

i) LetY = (1 — tr XHX)~1/2X. Then

@dY) = (1 — tr XHX)~Erm/2+D gx). (2.12)

i) If X = (1 + tr YAY)"1/2Y, we have

@X) = (1 + tr YHY)=Brm/2eD gy, (2.13)

Proof. i). Observing that Y = (1 — tr X¥X)71/2X can be write as y = (1 —x"x)"1/2x, where
x =vecX € Llf aandy = vecY € Llf . 1ts proof is obtained as a particular case to
that given for the theorem. ii). Its proof is analogous to one given to i). m|

Definition 2.1. It is said that the random matrix Y € .[fn,n has a matrix variate elliptical
distribution, denoted as Y ~ I54 (4, ®, L, h), if its density is

nxm
1 - —
e P [E7 (Y - wHe (Y - w} @) 214
where
ﬁ;ﬁ u™ P2 h(Bu)du < oo, (2.15)

and where ® € ‘Bﬁ, Xe ‘Bfn and py € Lﬁm are constant matrices.

Observe that this class of matrix variate elliptical distribution includes normal,
contaminated normal, Pearson type II and VII, Kotz, stable, Jensen-Logistic, power
exponential and Bessel distributions, among others; these distributions have tails that
are more or less weighted, and/or present a greater or smaller degree of kurtosis than
the normal distribution. see Fang et al. (1990), Fang and Zhang (1990) and Gupta et
al. (2013).

Finally, note that for a € Lf , constant, making the change of variable v = u/a and

(du) = aP(dv) in Fang et al. (1990, Equation 2.21, p. 26) we have

a"B12TP [nmB )2
f 0" (Bav)(dv) = ilmp ]. (2.16)
ve“B'f hmp/2

Finally, from Diaz-Garcia, and Gutiérrez-Jdimez (2011)

|ZIPY/2TE (B /2]

(n—m+1)/2-1 -1 _
; [V [Pl h(ﬁ trX V) (dv) = B2

m

) 2.17)

where V € ‘1351 and X € ‘1351.
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3 Multimatrix Variate and Multimatricvariate Distributions

As the Reviewers suggest, the genesis of the terms matrix variate and matricvariate
should be elucidated. From an applied point of view, both distributions are epistemo-
logically disjoint, namely, they have non coincident study objects, then a phenomenon
cannot be described by these laws at the same time. Only a distribution can be chosen
within the family of matrix variate distributions or within the family of matricvariate
distributions, since each class of laws model completely different situations. It will be
the responsibility of the expert in the area of application to decide between a distribution
of the matrix variate type or the matricvariate type. Moreover, from a language per-
spective, classical statistical and probability literature usually refer as synonymous the
following expressions for a random matrix X: a) random matix, in the field of Statistics
( Muirhead (2005) and Fang and Zhang (1990)), being also the nomenclature used in
Random Matrix Theory ( Edelman and Rao (2005), Dumitriu (2002), Forrester (2009),
and references therein); b) Matrix Variate (Matrix-Variate or Matrixvariate), see Fang and
Zhang (1990) and Gupta et al. (2013), among many others references; c) Matrix Multi-
variate, see Goodall and Mardia (1993); and d) Matricvariate proposed by Dickey (1967)
and used by the author in several articles, see for example Diaz-Garcia, and Gutiérrez-
Jaimez (2012). Although these four terms have been used equivalently, only the first
three options are truly synonyms.

Although the term matricvariate defines a random matrix properly, this expression
was the result of the following quality of the t-distribution: it is know that t € £}, with
t—multivariate distribution can be expressed in two forms, see Kotz and Nadarajah
(2004, p. 2, 4); specifically:

R2
Rly+u, with 0;—2 ~ x*(a)and y ~ N5(0, X),
V‘l/zy +u, withV ~ (W,L(oz +m-1,L)andy ~ N,%(O, aly),
where V1/2 is the non-negative definite square root of V, such that (V'/2)2 = V and

p € L,ln is a constant vector. Now, consider the sample t,...,t, of a multivariate
population with a t distribution, arranged in the matrix T = (t; - - t,) € £} ,,, then

_ T 2
R 1y1T +[JlT % ~ XZ(a)
. _ p-1 . 15}
: =R7Y+M, and
Ry} + Y~NL (0,E£3L),
T=1{ or
_ T
yivV 2+ g V~ W (a+m-1,5)
: =V 12y +M; { and
yZV‘l/2 + HZ Y ~ N;an(o/ al, ®L,)),

where M = (y;---p,) € L}, and Y = (y1---y,) € L} ,. But matrix T does not have

the same distribution under the above two representations, even when their columns
have the same multivariate t-distribution. In the first representation, it is said that
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T has a matrix variate t—distribution and under the second one, it is said that has a
matricvariate T—distribution, see Dickey (1967). Moreover, observe that the matricvari-
ate T—distribution cannot be obtained from the matrix-variate t—distribution, nor vice
versa. This idea of differentiation between the matrix variate and matricvariate distribu-
tions was established in the context of the Elliptically Contoured Matrix Distributions, see
Fang and Zhang (1990, Section 3.3). Essentially, using the notation of Fang and Zhang
(1990, Chapter 3), the matrix variate distributions coincide with the EV'S (Elliptically-
Vector-Spherical) family distributions and the matricvariate distributions are the ESS
(Elliptically-Spherical) family distributions. Particular examples of matrix variate distri-
butions (EV'S distributions) and matricvariate distributions (ESS distributions) as Kotz
and Pearson II matrix distributions are studied in Gupta et al. (2013, Section 2.7.3) and
Fang and Li (1999), respectively.

Now, first, observe that any new particular distribution indexed by the kernel k()
is part of its density function, then it defines a family of distributions in terms of each
possible choice of k().

Assume that X ~ ngm(O, I, L, h), such that ng + ny + --- + np = n, and X =

H
(XIO'I, X?, e, Xf) . Then (2.14) can be written as

aFx,x,,..x.(Xo, X1, ..., Xg)

k
= BB tr(XEXo + XIX; + -+ + XITX)] /\(dxz-), 3.1)

i=0
where X; € qu,ni, i=0,1,...,k Take into account that only under a matrix variate
normal distribution the random matrices are independent, see Fang and Zhang (1990),

Gupta et al. (2013) and Fang et al. (1990). In general, random matrices Xo, X1, ..., X
are probabilistically dependent.

Theorem 3.1. Suppose that X ~ Sﬁxm(o, L, L, h), withX; € Lﬁmi, (recall that n; > m),
i=0,1,...,k

i) Define V = tr Xf){Xo. Then, the joint density dFyx,,.. x, (v, X1,...,Xx) is given by

nomp/2 k
T [ﬁ [v . xl,HxiJ
]

k
"2l (o) N\ (dX;), (3.2)
T [nomp/2 i1 Q

where V € ‘Bf . This distribution shall be termed multimatrix variate generalised
Gamma - Elliptical distribution.

ii) Let V = XgXo. Hence, the joint density dFv x,,. x,(V, X1, ..., X) is given by
k

Bir (V Y xZHxiJ
i=1

7.(‘Bnom/z|‘/|/3(no—m+1)/2—1

h
T [Bro/2]

k
@v) /\ @xs), (3.3)
i=1
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where V € *Bfn. This distribution shall be called multimatricvariate generalised
Whishart - Elliptical distribution.

Proof. We have that the joint density function of Xo, Xy, ..., X is
k
HIB (XX + XXy + - - + XEX)] /\(dxi). (3.4)
i=0

i) LetV =tr XIO'IXO, hence by (2.5)
(dXo) = 27 ™12 (dy) A (hildhy),

where h; € (V Thus, the multimatrix variate joint density function

1,ngm*

dFyn, x,,..x. (0, h1, X, ..., Xp) is

k
B [v + trz X?Xl)

i=1

vnomﬁ/z—l

k
> (dv) A (hldhy) A(dxi).

i=1

h

By integration over h; € (Vl o using (2.1), the desired result is obtained.
ii) Define V = X{/Xo. Then by (2.5), we have that
(dXo) = 27|V [P D21 (gvyHE ),
where H; € (Vi ny- Lhe desired result is obtained by making the change of

variable in (3.4) and integrating over H; € (Vm npr USINg (2.1).

O

Proceeding as Diaz-Garcia et al. (2022, Equation 4.2), defining V; = tr XfIXi, i=
0,1,...,k and as in Diaz-Garcia and Caro-Lopera (2022, Equation (1), p. 216) the
following general result is obtained.

H
Theorem 3.2. Suppose that X = (Xg, .. .,XkH) has a matrix variate spherical distribution,
withX; € £h,,,i=0,1,..., k. Then:

i) If we define V; = terHX,-, i=0,1,...,k, then

nimp/2—1 [ k

L } N, 33)

i=

k
U
dFVo,.,.,Vk(UO, ceey 'Z)k) = nnmﬁ/Z | | ﬁ
i=0 I [nimp /2]

wheren = ng+---+mng, V; € %f, i=0,1,...,k, which distribution shall be termed
multivariate generalised Gamma distribution.
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ii) The joint density dFy,v,
by

,,,,,

vi(Vo, Vi,..., Vi), when V; = XX, i = 0,1,...,k, is given
IV |[3(n, m+1)/2—1

Vi
i=0 i/l mlB1i/2] (ﬁtfz

where V; € ‘Bl;, i =0,1,...,k This distribution shall be termed multimatricvariate
generalised Whishart distribution.

7_(ﬁnm/ 2

/\ @vy), (3.6)

Particular cases of these two distributions have been studied in the literature, sep-
arately, under a normal distribution in the real, complex and quaternionic cases, see
Nadarajah (2007), Fang and Zhang (1990), Libby and Novick (1982), Diaz-Garcia and
Caro-Lopera (2022) and Li and Xue (2009), among many other authors.

Remark 1. In (3.1), consider the change of variables X; = oY ZYiEl._l/ 2i=0, 1,...,k
where (@'/2)2 = @ € ‘Bﬁ, (EV22? =x; € ‘Bfii and Y; € £f1,n. Taking into account that
dX;) = |®@Pm2|g,|Prl2(dX;) ,i=0,1,...,k we obtain

1
k

CEE DG
i=0

aFv,y,,.x,(Yo, Y1,...,¥k) =

Xh[Btr(Zy YHO Yo + Z YO Y + - + EYHO Y] /\(in).
i=0

Now, if V; = Y@'Y; = SHS;, with S; = ©@"/2Y;,i = 0,1,...,k, then
(dS;) = 27|V D2 vy (e dH, ),
where Hy, € (Vﬁf,m' i=0,1,...,k and
dS)) = [®I (@Y,

Hence the joint density dFv, v,

-----

v,(Vo, V1,..., V) is given by
|V |,B(nl m+1)/2—1

mfn/2 H |Ei|ﬂni/2rﬁ 1;/2] [ trZ i Vi ] /\ (@vi).

i=0
This result was obtained by Diaz-Garcia and Caro-Lopera (2022) in the real algebra

when ® = I,,. Moreover, from an applied point of view, assume that X € Lﬁm denotes
the observation matrix of m variables on n individuals. Generally, it is assumed that
the vectors of observation between individuals are uncorrelated, which implies that
® = I,,, see Muirhead (2005).

Theorem 3.3. Assume that X ~ & 0,1, L,;; h), with X; € Lm n1=0,1,...k

nxm
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i) DefineV = tr X\'Xoand T; = V-12X;,i=1,...,k ThejointdensitydFyr,, 1,0, T1,..., Ty
is given by
nomﬁ/Z

1 tr TH'T;
I [ngmp 2] [ ( +Z ' ]

wheren =ng+ny+---+n,, Ve ‘Bf and T; € .E’fn,nl_, i=1,..., k. Thisdistribution shall
be termed multimatrix variate generalised Gamma - Pearson type VII distribution.

k
o"MBI271 (1) /\ dT;), (3.7)

ii) Define V.= XEXoand T = X;iV712i=1,.. k.
Then, the joint density dFy,1,,. . 1,(V,T1,..., Tk) is given by

k
h [StrV(Im + ZTZHTZ)

i=1

7_(ﬁngm/Z |V|[3(n—m+1)/2—l
T[Bo/2]

k
@v) /\ @t), (3.8)

i=1

wheren =ng+ny+---+mn,, V€ ‘1351 and T; € Lf;lni, i=1,...,k This distribution
shall be called multimatricvariate generalised Wishart-T distribution.

Proof. i) The density (3.7) follows from (3.2) by defining T; = V12X, i =1,... k.
Hence by Proposition 2.1, we have

k k
J\@x;) = o=z A\ (@),
=1 i=1

Then the required result follows.

ii) Now, take T; = X;V™1/2,i =1, ...,k in (3.3), and consider

k k
/\@xi) = [V A\ @),
i=1 i=1

by Proposition 2.1; thus the claimed result is derived.

Corollary 3.1. Under the hypotheses of the theorem

i) The marginal density dFr,, . 1,(T1,...,Ty) is termed multimatrix variate Pearson type
VII and is given by

r’ [nmpB/2] k B2
1 1+tr Z TIT, A dT;), (3.9)
(=100 2L [gm 2] = -1

where T; € Lrﬁn,n,- andn =mng+ny + - + 1.
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ii) Similarly, the termed multimatricvariate Pearson VII distribution is the marginal den-
sity dFr,,. 1.(T1,..., Tx) of Ty, ..., Ty and is given by

k
L,+ Y TIT,
i=1

WithTiE,ijLni andn=ng+ny+---+n.

—pn/2

f
Lnlpn/2] A @r). (3.10)
i=1

P2 (g 2]

Proof. i) Integrating (3.7) over V € YBf using (2.16) the density (3.9) is obtained.

ii) Analogously, integrating (3.8) over V € ‘Bf,i via (2.17), ithe following result is ob-
tained

|V|‘B(n—m+1)/2—1h

(dV)
B,

i=1

k
ﬁtrV(Im + Z TZHTZ-)

k —pn/2

L,+ Y TIT,
i=1
pnm/2 ’

T4, [Bn/2]

and the desired result is archived.
O

H
Theorem 3.4. Assume that X = (X(I){, ... ,XkH) has a matrix variate spherical distribution,

withX; € £4,,,i=0,1,... k

-1/2
i) Define V = tr X['Xo and R; = (V + tr X?Xi) / Xi, i=1,...,k. Then the joint density of
V,Ry,..., Ry, is given by

k H
ﬂnomﬁ/Z nmﬁ/2 1h 14 Z tI‘R R;
T [ngmp /2] = (1-trRI'R))

k k
xJ](1-wRER) ™™ (o) )\ @Ry, (3.11)
i=i i=1

wheren =ng+ny+---+n,, Ve ‘Bf and R; € wai, undterIRi <1li=1,...,k This
distribution shall be termed multimatrix variate generalised Gamma-Pearson type
IT distribution.

ii) Define V.= X{Xo and R; = X;(V + X?Xi)‘l/z, i =1,...,k. Then the joint density of
V,Ry,..., Ry, denoted as dFy R,,.r,(V, Ry, ..., Ry), can be written as

7.(‘Bnorn/z|‘/|ﬁ(n—m+1)/2—1

% [Bro/2]

h|ptrV
i=1

k
Z(Im - R?Ri)‘lRlHRi)
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k k
x ] ]y - RER 2@y A\ @Ry, (312)
i=i i=1
wheren =ng+ny+---+n,, VE 3351 and R; € Lﬁm,ni/ | —RZHRZ- € *Bf;, i=1,...,k
This distribution shall be termed multimatricvariate generaliosed Wishart-Pearson
type II distribution.

Proof. i) Consider T; = (1 - ter{Ri)‘l/zRi, i=1,...,kin (3.7), hence by Theorem 2.1,

k k
Am{l4wwwmAmL
i=1

= i=1
and the desired result follows.
ii) Define T; = Ri(I,, - XfX;)™/%,i=1,...,k with

k k
A @T) = |1, - R'R ~purm)/271 A @R)).
i=1 i=1
The result follows by making this change of variable in (3.8).
o

Similarly to Corollary 3.1, by (3.11) and (3.12) we can obtain the multimatrix variate
and multimatricvariate marginal densities dFg,,.. r,-

Corollary 3.2. Consider the assumptions of Theorem 3.4. Then

i) The multimatrix variate marginal density dFg,,. r,(R1,...,Ry)is

2
tr RHR, e

k
+Z‘ —trRHR)

i=1

T [nmp/2]
n(n—m)mﬁ/zrf [nomp/2]

k k
X H (1-tr RZHRZ-)_”"mﬁ /2 /\ (dR;), (3.13)

which shall be termed multimatrix variate Pearson type II distribution.
ii) The multimaticvariate marginal density dFg,, g, (R1,...,Ry)is

I [n/2] e

0T 2

k
=) (1, - RIR)'RIR
i=1

k k
x [T |1 - RAR, N\ @Ry, (3.14)

which shall be termed multimatricvariate Pearson type II distribution, where n =
ng+niy+---+ng,and R; e.[:fmi,i: 1,...,k
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Proof. i) First, integration of (3.11), over V € ‘Bf via (2.16), provides the result (3.13).

ii) Similarly, (3.14) follows by integration of (3.12) over V € ‘1351 by using (2.17).
O

Theorem 3.5. Assuming the hypotheses of Theorem 3.3 and defining F; = TlHTi >0,i=
1,....k

i) The joint density dFyg,, 5. (v,F1,...,F)is

"mBI2nmp 21 ﬁ (lFilﬁ(ni—m+1)/2—1 )
Mhinomp/2] i1\ Thinip/2]

k k
xh [ﬁv [1 + Z tr Fiﬂ (dv) A (dF;). (3.15)
i=1 i=1

This distribution shall be termed multimatrix variate generalised Gamma-beta type
IT distribution.

ii) Then the joint density dFv,,, 5 (V,F1,..., Fy)is

pmn/2 k
LS |V|[3(n—m+1)/2—l H |Fi|ﬁ(ni—m+1)/2—1

k .
[ [ rhignis2) =
i=0

L, + i F;
i=1

This distribution can be termed multimatricvariate generalised Wishart-beta type II
distribution.

k
@dv) A (dF,). (3.16)
i=1

xh (ﬁ trv

Proof. Multimatrix variate and multimatricvariate density functions (3.15) and (3.16)
are obtained considering the change of variable F; = T?Ti, i=1,...,kin expressions
(3.7) and (3.8), respectively. Now, by (2.4)

k k k k
/\ (dTi) — 2—mk H |Fi|ﬁ(ni—m+1)/2—1 /\ (dFl) /\ (Hdell) ,

i=1 i=1 i=1 i=1

where Hy, € (Vﬁhm, i=1,...,k Hence, integration over Hy, € (Vgirm i=1,...,kby (2.1)

achieves
ka B(n—ng)m/2
f f /\ (HdH,) = =
Hy, H

k /
k i=1 Hr [ﬁi’l/2]

and the proof is complete. a
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Corollary 3.3. The corresponding marginal densities dF,,. ¥, (Fi, ..., Fy) of (3.15) are
i)

T?[nmﬁ/Z] ﬁ (|Fi|ﬁ(n;—m+1)/2—1]

l“f[nomﬁ/2] Pl p [n:8/2] —nmpj2

[1 + Zk‘ tr FZ-J /\ (dF,), (3.17)
=1 i=1

whose distribution can be termed multimatrix variate beta type II distribution.

ii) And associated marginal density function dFg,, r(F1,..., Fx) of (3.16) is given by

B k
I [n/2] H —m+1)/2-1
—mr |F;|POr—m+D)/

k
=1
[[rhinis2l’
i=0 —pn/2 k

A (dF,). (3.18)
i=1

k

Im+ZFi

i=1

This distribution shall be termed multimatricvariate beta type 11 distribution.

Proof. The proof of both results are obtained by integration of (3.15) and (3.16) respect

toV e ‘Bf and V € ‘B,ﬁn via (2.16) and (2.17), respectively. Or proceed exactly as in the
proof of Theorem 3.5. m]

The density function (3.17) contains real case proposed in Muirhead (2005, Problem
3.18, p.118).

Theorem 3.6. Assume that B; = RHR € ‘.Bm, i=1,...,k in Theorem 3.4.
i) The joint density dFyg,, B, (v,B1,...,By), withtrB; <1,i=1,...,kis
nmﬁ/Z nmp/2—1

k
|B |ﬁ(m -m+1)/2— 1] tl‘B
1

i=1

k k
X H (1 — tr B;) "2 () /\ (dB;). (3.19)
=i i=1

This distribution shall be termed multimatrix variate generalised Gamma-beta type

I distribution.
ii) Then the joint density dFyg,,. 8, (V,B1,...,By), where 1, — B; € ‘Bfn, i=1,2,...,kis

k i—m+1)/2-1
rbmni2 [y [pr-m+1)/2-1 H ( B )ﬁ(n mL)f
k -1 L — Byl

[Jrhipris2l
i=0
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k
xh|Btr V|L, + Z(Im —B,)"!B;
i=1

This distribution can be termed multimatricvariate generalised Wishart-beta type I
distribution.

Proof. Making the change of variable B; = RfRi, i=1,...,kin the densities (3.11) and
(3.12), respectively, and noting that

k k k k
N\ @Ry =27 ] [ B2t A\ @By A\ (HaH,,),
i=1 i=1 i=1 i=1

where Hy, € (Vgi,m, i =1,...,k; then the result is reached, integrating over Hy, € (Vfl,.,m
i=1,...,kvia (2.1). In which case

mk —p(n—ng)m/2

f f /\ (H!dH,) Zk T .
H H

v []rhipnis2)

i=1

k
@dv) A (dB;). (3.20)
i=1

O

Integrating (3.19) and (3.20) respect to v and V by (2.16) and (2.17), respectively;
we obtain the marginal densities dFg,, g,(B1,..., Bx) of the multimatrix variate and
multimatricvariate beta type I distribution. Summarising:

Corollary 3.4. i) The density function dFg,, B, (B1,..., Br) can be written as

I"f[nmﬁ/2] ﬁ( |B;|f(ni—m+1)/2-1 )
TOlnomp/2] 51 \ThInip/2] (1 - tr By /241

B, —nmB/2 4
[ Z i _rtrBl)) N\ @B)). (3.21)

i=1
Whose marginal distribution shall be termed multimatrix variate beta type I distri-
bution.

ii) In this case, the density function dFg,, g, (B1,..., By) is

rﬁm [Bn/2] k B \fri—m+D/2-1
k H ( I | )
[rhipni21 ™
i=0

—pn/2

A (dB;). (3.22)
i=1

x |L, + Z(I 1B

This marginal distribution shall be named multimatricvariate beta type I distribution.
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Finally,

H
Theorem 3.7. Assume that X = (Xf){, ... ,Xlkq) has a matrix variate spherical distribution,
withX; € Lo, ni>m,i=0,1,...,k Define V= tr XiXo and V; = X'X;, i = 1,... k.

.....

Prm/2qpnm/2-1

k [V [Bri=m+1)/2-1
T [Brom/2] H[ T[Bni/2] J
1 i=1 m i

B [v + Zk‘ tr Vi]
i=1

where V € ‘Bﬁ ,V; € 51351, i=1,...,k. This distribution shall be named multimatrix variate
generalised Gamma - generalised Wishart distribution.

h

k
(dv) A @vy,, (3.23)
i=1

Proof. Theorem 3.1 implies that

nompB/2,,nomp/2-1 k
e h[ﬁ[v+trZXiHX1)
I [nomp/2] i=1

k
(o) \ (@Xy).

i=1

Defining V; = XZH X; withi =1,...,kand emulating the proof of Theorem 3.6, the result
is reseached. o

4 Some Properties and Extensions

Now, the previous results easily induct multimatrix and multimatric variate distribu-
tions for two- and three-matrix arguments. Thus we can obtain two or more different
classes of marginal distributions. The methodology can be extended to more than
three different marginal distributions. In addition, the inverse distributions of some
multimatrix and multimatric variate distributions are also obtained.
H
Theorem 4.1. Assume that X = (Xf){, Xt, X?) has a matrix variate spherical distribution,
with X; € £Lh, ..
i) Define Vo = trX\'Xo, T = V;"°Xy, and R = R = V-2Xy, where V = (Vg + tr XEXy).
The joint density dFytr(v, T, R) is given by
7.(no111[3/2011111‘[3/2—1
————————h{pv|1+ (1 - tr R R)tr T'T

)(n0+n1)m[)’/2—l

x(1-trRFR (dv) A (dT) A dR). (4.1)

wheren = ng+ny +ny, Ve ‘Bf, T € .Efwl, R € Lfnm such that tr RAR < 1. This
distribution shall be termed threematrix variate generalised Gamma - Pearson type

VII - Pearson type II distribution.
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ii) Let be Vo = XBXo, T = XqV;"?, V = Vo + XEXo, and R = XoVV/2. Then the joint
density dFy Tt r(V, T, R) is given by

Brom /2
;—|V|ﬁ(”‘m+1)/2‘lh [ptr[V + @, - RIRVI2TATV! 2|
1—‘m [ﬁHO/Z]

X|L, — RERPUorm=m+D/2=1(7y) A (dT) A (dR), (4.2)

where n = ng+ny +ny, Ve ‘Bfn, I, - RIR € ‘Bfn, T e Lﬁlﬂ’ll and R € Lfn,nl. The
distribution of V, T, R shall be termed trimatricvariate generalised Wishart-Pearson
VII-Pearson type II distribution.

Proof. i) From Theorem 3.1, dFy, x, x,(v0, X1, X2) is
7.(110111['3'/2

T [ngmp/2]

nomp/2-1

1 [B (o0 + tr X§1Xq + tr XXa)| o)

(dvo) A [dX7) A (dX2). (4.3)

Let V = Vo + trXiXp, T = V;X;, and R = V712X,. Thus, X; = V;/°T,
X, = VY2R, and

Vo=V -trXiX, =V -VtrRR = V(1 - r R¥R).
Thus T = [V(1 — tr RER)]7/2X; and (dv) = (dvg). Then, the volume element
(dvg) A (dX71) A (dX7) is

pM+m2mBI2(1 _ g RERY™P2(d) A (AT) A (dR). (4.4)

From (4.3), substituting V = Vj + tr X?Xz, X; = [V(1 = tr RFR)]"V/2T and via (4.4),
the desired result is obtained.

11) By (33), dFVOIXLXz (V(), Xl, Xz) is
nﬁnom/2|V0|‘B(no—m+l)/2—l

% [Bno/2]

xh [Btr (Vo + XX1 + X5X;)| (dVo) A (dX1) A (dX) .
Define V = Vj + X?XQ, T= XlVal/Z, and R = X, V™12, Hence by Proposition 2.1,
(dVo) A (dX1) A (dX2) = [VolP1/2[Vg + XEXoP2/2(dV) A (AT) A (dR).
But, X; = TV}/?, X, = RV!/2, and

Vo = V- XX, = v - VIZRARV!2 = vI/2(1,, - RAR)V!/2,
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This way, X; = T(VY(L,, - RFR)VY2)" and (@V) = (@Vy). Therefore (dVo) A
(dX1) A (dXp) is

[Vpertn/2 ), — RERP1/2(dV) A (AT) A (dR).

Given that
Vo + X5 Xz = [V] and [Vo| = [V]|[L,, - RR].

Finally, observe that tr X?X1 = tr VI/2(1,, - RER)V2THT. Then, the required
result is obtained.
O

Corollary 4.1. Under the Hypotheses of Theorem 4.1, define F = TT and B = RFR.

i) The density function of the termed trimatrix variate generalised Gamma - Pearson type
VII - Pearson type 1I distribution, dFt r(T, R) is given by

7_(nmﬁ/Zvnmﬁ/Z—l|F|ﬁ(m—m+l)/2—l|B|ﬁ(nz—m+1)/2—l
T8 [gmp /2100 [n1p/ 21T [n2mp /2]
xh{Bv[1 + (1 — tr B) tr F]} (dv) A dF) A dB). (4.5)

(1-tr B)(no+ﬂ1)mﬁ/2—1

ii) Similarly, the density dFvru(V,F, U)is
nﬁnm/2|V|[3(n—m+1)/2—1

T [Bro/ 215, [Bry /21T B /2]

Xllm _ Blﬁ(n0+n1—m+1)/2—1|F|ﬁ(n1—ml)/2—1|B|ﬁ(n2—m+l)/2—l

h[Btr(V + (L, - B)VI2FV!/2)]

(dV) A (dF) A (dB). (4.6)

This density shall be termed trimatricvariate generalised Wishart-beta type II-beta

type I distribution, where n = ng+mny +np,V € *Bﬁ, Fe 51351, B e 51351, Ve 51351, trB<1
andI,, — B € ‘1351.

Proof. The proofs of (4.5) and (4.6) are follows from (4.1) and (4.2), respectively; making

the change of variables F = THT, B = RPR, and by Proposition 2.4, we have that
(dT) AdR) is

2
2—2m|F|ﬁ(n1—m+1)/2—1|B|ﬁ(n2—m+1)/2—l(dF) A dB) /\ (Hf.dHli)-
i=1

The desired results are achieved, integrating over Hy, € (Vn m 1 = 1,2 using (2.1).

Moreover )
22m B(n—ng)m/2
f f A (HidH, ) = == .
Hy, VHy, g I ﬁ ’ [B1;/2]
m ﬁnl
i=1
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Additionally, we are interested in the distributions of the inverse of one or more
of the arguments in the multimatrix variate or multimatricvariate distributions, which
shall be termed inverse multimatrix variate or inverse multimatricvariate distributions.

Theorem 4.2. Define A; = Bl.‘l, i=1,...,r

i) Assume that By,--- ,B;, Byi1, -+, By have a multimatrix variate beta type I distribution.
The join density function

dFAl/"' y+1 Bk(All tty Ar/ B}’+1/ Tty Bk)/

is
l"f[nmﬁ/Z] r |Ai|—ﬁ(n,-+m—1)/2—1
I tgmp /20 TTEy Tl /21 1| (1 - e a7) ™

o trA7! B, Tl
tr
xX|1+
[ Z‘(l—trA Z (1—tI‘BZ)]

k T
|Bi|ﬁ(n1‘—m+1)/2—1
X H ((1 —tr Bi)n,-mﬁ/2+1 ) /\ (dAy) /\ (dB)), 4.7)

i=r+1 i=r+1

where A; € BE B e BF trA; <1, trB; < 1.

ii) Consider that By,---, By, Byy1,- -+, By have a multimatricvariate beta type I distribution.
Then, the join density function

dPAl Bi1, Bk(All'“ /AT/ Br+lr"' /Bk)/

is given by

T [Bn/2] IL[ ( A Bm=1)-2 )

: B L LA — I, flrimm+1)/2-1
[ [ Thigni/21
=0

r k —pn/2
X T+ Z(Ai —Ly) 7+ Z (I. —B)'B;
i=1 i=r+1
k |B| B(nji—m+1)/2-1 T k
1
8 H (Ilm - Bl-|) /\ (dA) A (dB)), (4.8)
i=r+1 i=1 el

where A; € BE, B e BE A -1, € B 1, - B; e B’

Proof. The density functions (4.7) and (4.8) are derived from (3.21) and (3.22), respec-
tively, defining A; = B, ',i=1,---,r,and by using the Proposition 2.5. O
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The parameter domain of the real normed division algebra in the multimatrix and
multimatric variate distributions can be extended as in the real and complex cases.
However, the statistical and/or geometrical interpretation, perhaps can be lost. In
any case, these distributions are valid if we replace n;/2 by a;, nom/2 by ag and nm/2
by a. Here the a”® are complex numbers with a positive real part. From a practical
point of view, this parameter domain extension allows to use nonlinear optimisation
rather integer nonlinear optimisation in the procedure of estimation, among other
possibilities.

Each distribution can be reparametrised in order to obtain a general expression for
its density function. As in the normal case, the expressions obtained in this article
appear in their standard form.

Assume that (Vo, V1, ..., Vi) follows a multimatricvariate or multimatrix variate gener-
alised Whishart distribution, with density function (3.6). Define W; = Eg/ 2VI‘ZJ}/ 2y € ‘1351,
i=0,1,...,k, then by Proposition 2.2, we have that

k k k

N @vy = [ 1m0t A\ @wy).

i=0 i=0 i=0
Then the density dFWO/Whm,Wk (Wo,W1,...,Wp)is

k =1/2yA7 y—1/2|8(n;—m+1)/2-1 k
i=0 Tfn [pni/2] = l Z

k

[ 1ot A @w.

i=0 i=0
Hence

k k K
|B(ni—=m+1)/2-1
nﬂ"m/ZH[ Wi )h[ﬁ tr Zﬂzlwz)Nde%
i=0 0

0 \Ih, [ /2] [/ -
where W; € B¢ i=0,1,... k.

5 Example

In this Section we provide an example in quaternions, addressing the computability
as the main aspect of the distributions previously derived. But first, we consider
some important issues about the meaning of a plausible application in the context of
real normed division algebras. Excepting the algebra of real numbers, we begin by
emphasising that in the context of observational statistics is almost impossible to find
experiments or inherent phenomena ruled by the fields of division algebras. Some
isolated phenomena ruled by complex and quaternionic algebras appear in physics
and random matric theory, see Edelman and Rao (2005), Dumitriu (2002) and Forrester
(2009), among others. Furthermore, for the octonionic case, rigorous assessments
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are needed via Baez (2002) and from an applied point of view, the relevance of the
octonions remains unclear. An excellent review of the history, construction and many
other properties of octonions are given in Baez (2002). It highlights that:

“Their relevance to geometry was quite obscure until 1925, when
Elie Cartan described ‘triality’ — the symmetry between vector
and spinors in 8-dimensional Euclidean space. Their potential
relevance to physics was noticed in a 1934 paper by Jordan, von
Neumann and Wigner on the foundations of quantum mechanics.
Work along these lines continued quite slowly until the 1980s,
when it was realised that the octionions explain some curious
features of string theory. However, there is still no proof that the
octonions are useful for understanding the real world. We can
only hope that eventually this question will be settled one way or
another”.

For the sake of completeness, the octonions shall be considered in this work. Even so,
some expectations are emerging, for example, Forrester (2009, Section 1.4.5, pp. 22-24)
proved that the bi-dimensional eigenvalue density function of a 2 X 2 octonionic matrix
Gaussian ensemble is obtained from the eigenvalue general joint density function of
a Gaussian ensemble with m = 2 and f = 8. The intention of the example is not so
much the applied aspect but to prove that the distributions proposed in the article are
applicable, showing that it is possible to estimate their parameters. To a large extent,
our interest in this area is motivated by the observation that in the statistical literature
the problems of interest are first addressed for real algebra, then for complex algebra
and in much fewer cases for quaternionic algebra. This pattern in the publications,
together with the approach to distribution theory and associated problems in random
matrix theory, has motivated the simultaneous study of some statistical problems from
an integral point of view, developing the theory for real normed division algebras.

Now, finding a random suitable data base for this algebra is difficult, then we try
first to explain a way of generating a number of applications by using data bases of the
literature of shape theory.

We start with a known representation of a quaternion number in terms of 2 x 2
complex matrices. Let ¢ = a+ bi + cj + dk be a quaternion, then g can be written in terms
of a the following 2 X 2 matrix of complex entries:

a+bi c+di

Z= —c+di a-bi

. (5.1)

Thus Z can be seen as an array of 4 complex points, with a double symmetry: a + bi
and a — bi are symmetric respect the R axis; meanwhile c +di and —c + di are symmetric
about the J axis.

Now, shape theory deals, for example, with sets of planar figures summarised by
corresponding landmarks between populations in order to obtain means, variability
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and discrimination via statistics on certain quotients spaces. Instead of the noisy Eu-
clidean space, the statistics is performed with equivalent classes after filtering out some
non meaning geometrical information, such as scaling, translation, rotation, reflection,
etc.. Thus, alandmark data with the referred symmetries can be set into a vector variate
quaternion sample for estimation of the extended real parameters a; = n;/2,i=1,...,k
of the distributions here derived. We focus on the mouse vertebra landmark data given
for example in Dryden and Mardia (1998). The sample consists of 23 small, 23 large
and 30 control second thoracic vertebrae with 60 landmarks. After transforming the
data for a suitable application of the complex matrix representation, we have in figure
1 an example of an small vertebra.

Figure 1: A 60 landmark small vertebra with high symmetry, divided in four parts
A, B, C, D for suitable application of a quaternionic complex matrix representation.

The required sample most follows the symmetric suggestions of Z. For getting this
end, just cut the bones on landmarks 30 and 45 and two sectors are obtained: ABC,
from landmarks 1 to 45; and, D, from landmarks 46 to 60. Now the free part D can be
placed symmetrically to sector B (landmarks 15 to 30) as a reflection on the imaginary
axis J. Finally, for each bone we have 14 pairs of landmarks (a, + byi, 414 + dyy4141),
each one representing the quaternion q,, = a,, + byi + ¢y 414j + dyr14k, whereu =2,...,15.
Namely, for each u = 2,...,15, the first landmark a, + b,i belongs to the sector A
(symmetric to sector D, respect R axis) and it is paired with the second landmark
Cu+15 + dys151 (symmetric to the translated sector C). Summarising, the sample for the
three classes of bones consists of upper landmarks 2 to 29, distributed by the pairs
(2,16),(3,17),--- ,(14,28), (15,29). With each pair providing a quaternion, we have the
following three dependent samples: 23 quaternion vectors of size 14 for the small
group (Figure 2a), 23 quaternion vectors of size 14 for the large class (Figure 2b), and
30 quaternion vectors of size 14 for the control set (Figure 2c).

The mouse vertebra landmark data has been studied in several works based on the
classical assumptions of normality and independent probabilistic sample, see for ex-
ample Dryden and Mardia (1998) and the references therein. Gaussian restriction can
not deal properly with the outlier shapes, meanwhile assuming a sample of indepen-
dent small and large bones just facilitates the estimations via likelihood function, but it
seems to be out of underlying sample extraction and population description given in
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the original source of the experiments back to the earlies 70s.

Small Large

Imiz)
Im(z)

Imiz)

Figure 2: (a) Dependent sample of 23 quaternion vectors of size 14 for the small group. (b)
Dependent sample of 23 quaternion vectors of size 14 for the large class. (c) Dependent sample
of 30 quaternion vectors of size 14 for the control set. The sector A (green) with complex a, + b,,i
constitutes the first two components of the quaternion g, = a, + b,i + cy14j + du+14k and the
sector B (red) with complex c¢,15 + d,+151 indexes the last two components of g, = ., 15.

This work provides two solutions of the previous problems. First, within the mul-
timatricvariate and multimatrix variate distributions, the choice of distributions that
are invariant under the family of f—elliptically contoured distributions. A notorious
advantage facing the lack of knowledge about the random matrix law for the landmark
data. And second, the distributions here derived give join density functions of de-
pendent matrices, a fact eliminates the historical controversy between the probabilistic
independence of the sample data. Another important fact, hidden for the classical
studies based on Gaussianity (independently equivalent) resides on the real normed
division algebra supporting the landmark data. In particular, the use of quaternions
via the complex matrix representation integrates in the study the high symmetry of the
bones. Finally, for this data, the distributions under quaternions are extremely sim-
ple, they are reduced to vectors instead of the real matrix setting given in the referred
studies.

For the sake of illustration and simple computation, we consider the multimatrix
variate beta type II distribution (3.17) as the likelihood function dependent sample
invariant under the quaternionic elliptically contoured distribution.

For the small and large samples, k = 23, f = 4 and m = 1, meanwhile in the control
group k = 30. In the three samples we use (3.17) for the maximum likelihood estimates
of ag = no/2 and a = n;/2,i = 1,...,k. Here, T; is a 14 X 1 quaternion vector, then
F; = T?Ti is areal value for all i = 1,...,k. Thus the likelihood in (3.17) takes the form:

] [(@o + ka)m] ﬁ pPla-g+3)-1 [1 N Zk:F')_(a0+kﬂ) p
[aomﬁ] (Fﬁ [aﬁ k — !
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The computations are performed in the Optimx package of R under several methods
of optimisations and a wide range of seeds for a consistent estimation. The results are
given in the following table

PN

Sample Ao a
Small 0.040714 45.194923
Large | 0.03294941 12.82131179

Control | 0.03765324 32.99296063

Finally, we can use again the symmetry of the modified mouse vertebra data in
order to define 14 X 2 quaternion matrices T;,i = 1,...,k. In this case the first column
is the same formed by sectors A and B, and the second column corresponds to sector D
(the reflection of sector A) and the translated and reflected sector C, which is symmetric
respect sector B. Then we obtain the 2 X 2 quaternion matrix F; = T?Ti, i=1,...,k
and the likelihood function (3.17) can be computed in terms of the latent roots of the
quaternionic Hermitian matrices F;.

The use of high symmetric planar landmark data for characterising quatenion appli-
cations opens an interesting perspective in shape theory, in particular the computation
of probabilities are tractable expressions which can be implemented easily. Finally,
under these symmetries, (5.1) shows a way of avoiding the quaternions by performing
a study based on block 2 X 2 complex matrices, a real normed division algebra more
easily understood and handled because its commutative property. These aspects are
taking part of a future work.

6 Conclusions

This work has set the multimatrix and multimatric variate distributions in a unified
approach for the real normed division algebras. The distributions are also indexed by
the class of elliptical contoured models. The main advantages of the proposed theory
are in agreement with the current paradigms of the distribution theory: 1) The distri-
butions are computable in a simple PC. 2) After integrations, the results can be seen as
joint distributions of several combinations of scalars, vectors and matrix variates, some
of them invariant under the family of matrix variate elliptically contoured distribu-
tions. An ideal property for situations where the marginals and joint distributions are
completely unknown. 3) The multimatrix variate and multimatricvariate distributions
share the philosophy of copula theory, but without the restriction to reals, vectors and
likelihood copula parameter estimation based on independent distributions. 4) The
join distributions can be seen as likelihood functions of probabilistically dependent
matrices, as a more real alternative a likelihood function of independent sample vari-
ate. 5) The multimatrix variate and multimatricvariate distributions emerged into as
unified point of view for all the real normed division algebras, just modulated by a
parameter f = 1,2,4,8. 6) The properties presented here are valid for all real normed
division algebras, then several applications can be switched according to the sample



Multimatricvariate and Multimatrix Variate Distributions 65

dependent origin. Finally, a application of symmetric landmark data popularised in
real shape theory is translated into the quaternion setting. Current a research about
multiple computation of probabilities on symmetric cones is considered.
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