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Abstract. This paper investigates the reliability and parametric inference for the inverse
power Maxwell distribution under progressive Type-II censored sample. Under the
frequentist approach, the maximum likelihood estimate, least square, and weighted
least square methods are considered for estimating the model parameters and any
parametric function involved in this model. Approximate confidence intervals for pa-
rameters and any of their functions are created via a variance-covariance matrix. Bayes
estimates are obtained using Lindley’s approximation and Markov chain Monte Carlo
(MCMC) technique under squared error loss function. Additionally, the highest pos-
terior density (HPD) credible intervals are constructed using MCMC approximation
techniques. A comprehensive Monte Carlo simulation study is conducted to assess the
efficiency of the proposed methodologies. Furthermore, three optimality criteria are
presented to choose the most suitable progressive scheme from various sampling plans.
The practical utility of the proposed methods is demonstrated using two real-world
datasets: the failure times of mechanical components and the strength of glass fiber.
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1 Introduction

The Maxwell distribution is widely used to model the distribution of speeds or mag-
nitudes, particularly where random motion or equilibrium is involved. Originating
from physics, it’s foundational in describing particle velocities in gases at thermal equi-
librium, helping predict particle behaviour in various states. Beyond physics, it has
applications in fields such as reliability engineering, where it models time-to-failure
for systems under continuous wear, and environmental science, which describes en-
ergy distributions in turbulent wind patterns and assists in estimating wind energy
potential. In medical imaging, particularly MRI, the Maxwell distribution helps char-
acterize tissue types by modelling signal intensities, aiding diagnostic precision. It is
also applied in biological contexts, modelling diffusion patterns in cellular processes.
Its ability to represent data with natural variances in speed or energy makes it valuable
across these diverse domains. A significant body of literature exists on statistical infer-
ence for the Maxwell distribution, including contributions by Tyagi and Bhattacharya
(1989), Bekker and Roux (2005), Dey et al. (2013). The inverse Maxwell distribution
(IMD), introduced by Singh and Srivastava (2014) and reviewed by Tomer and Panwar
(2020), has applications in medical science. Saghir et al. (2023) applied the IMD in
optimal design and adaptive EWMA monitoring schemes, and Sindhu et al. (2019) de-
rived Bayesian estimates of its reliability function. Yadav et al (2023) further explored
the survival function of the IMD under random censoring.

The two-parameter inverse power Maxwell (IPM) distribution, introduced by Al-
Kzzaz and Abd El-Monsef (2022), features an upside-down bathtub-shaped hazard rate
function, making it valuable for modelling lifetime data of systems with an upside-
down bathtub-shaped hazard rate, where failure risk initially increases, peaks, and
then decreases. This distribution applies well to electronic components that face initial
"wear-in" issues, mechanical parts (such as bearings or engine parts) that wear out over
time, and medical devices (e.g., cardiac pacemakers) that may encounter early compli-
cations followed by stabilization. It is also useful in industrial equipment maintenance,
where systems like power plant turbines initially adjust, peak in failure risk, and later
stabilize, and in quality control for consumer products, items have an early low-risk
period, then peak in returns, followed by stable performance. Additionally, the IPM
distribution can model patient survival times after specific treatments, where initial
recovery, risk peaks, and eventual stabilization are observed. The IPM distribution’s
flexibility makes it valuable in reliability studies of positively skewed lifetime data
across these fields.

Recently, Irfan and Sharma (2024) derived classical and Bayesian estimates of the
parameters of IPM distribution under complete sampling.

The cumulative distribution function (CDF) and a probability distribution function
(PDF) of IPM distribution, are receptively given by
2
Fwio) = —=1 3,

6x—25);x >0,0,6>0, 1.1
N ¢ (1.1)
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and

fx;C,0) = i\/_ 672G exp(=5x72%);x > 0,4,6 > 0, (1.2)
Tt

where 6 is scale parameter and C is shape parameter of IPM distribution and I'(a, b) =
fboo t""lexp(—t) dt is called upper incomplete gamma function. The survival and hazard
rate function of IPM distribution are given by

r(t;C,0)=1- %F(glét—%)

2
- —y(g,ét_2c);t 50,050, (1.3)

Vit \2
and

2053 +731 exp(—5t~%¢
oz QPO o 0,c 60, (1.4)
y (% 5t—zc)

where y(a,b) = fob ub‘lexp(—u)du is called lower incompLete gamma function. The
hazard rate function of the IPM distribution is shaped like an upside-down bathtub,
which is very useful in reliability theory and appears in most real-world cases. Figure
1 and 2 represents the plot of PDF and hazard rate function of IPM distribution for
different value of parameters.

h(t; C,0) =

In survival analysis and reliability studies, censoring has become essential for man-
aging experimental data efficiently. Censored data differs from complete data as it
only provides the exact failure times for a subset of units during a lifetime experiment,
helping to reduce both time and cost. With advancements in science and technology,
the longevity and quality of products have significantly improved, making rapid and
cost-effective reliability testing more challenging. Traditional censoring schemes, like
Type-I and Type-1I, are frequently used in such studies but have limitations; for in-
stance, they don’t allow removing units at any stage of the experiment. To address this
issue, progressive Type-II censoring (PT-II CS) scheme is developed, allowing selective
withdrawal of units over time, thereby enhancing flexibility and making testing more
adaptable to modern experimental needs. For more on PT-II CS, see Balakrishnan and
Aggarwala (2000) and Balakrishnan and Cramer (2014). For recent development on
inference under PT-II CS, see for example, Guo and Gui (2018), Kotb and Raqab (2019),
Valiollahi et al. (2022), Dey and Elshahhat (2022), Bera and Jana (2023),Bazyar et al.
(2023), Sharafi et al. (2024), Khalifa et al. (2024).

The progressive censoring scheme is flexible and efficient for life-testing and re-
liability studies, allowing partial data collection by removing test items at scheduled
intervals. This approach saves time and resources, handles incomplete data, and mod-
els real-world scenarios with long lifetimes or limited resources without compromising
statistical validity.
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Figure 1: PDF of IPM distribution(C, 0).
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Figure 2: HRF of IPM distribution(C, 6).

This research addresses challenges in survival analysis with censored data using the
two-parameter IPM distribution, which effectively models lifetime data with upside-
down bathtub-shaped hazard rates and positively skewed distributions. Combining
the progressive censoring scheme with the IPM distribution enhances reliability anal-
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ysis by reducing testing time and cost, offering a robust framework for parameter
estimation. Its success in fitting real datasets highlights its practical relevance. Maxi-
mum likelihood estimation (MLE) is used for parameter estimation due to its efficiency,
consistency, and asymptotic normality. MLE provides unbiased estimates, even with
censored data, making it well-suited for reliability studies. While least square (LS)
and weighted least square (WLS) are simpler alternatives, they may not fully utilize
censored data. MLE ensures precise and reliable results, especially for large datasets.

Briefly, progressive Type-II censoring scheme operates as follows: suppose 1 inde-
pendent, identical units are placed under test, with a predetermined goal of observing
m failures, where m < n. At the first failure (denoted x1.y.,), R units are randomly
withdrawn from the 7 — 1 remaining items. At the second failure (denoted x2.:1.), R of
the remaining n — Ry — 2 units are randomly selected and removed from the test. This
process continues until the m" failure (denoted Xyu.:n), at which point the remaining
units, denoted R, = n—m — Z?Ql R;, are removed. The values R;i = 1,2, ..., m are fixed
in advance, and it follows that n = m + },7’; R;. For simplicity, we refer to Xj.., as x;
throughout the rest of the article. The likelihood function for this scheme can then be
expressed as follows

1C,6) = c [ [ fexis ol - Fxis ¢, o)1, (1.5)

i=1
wherec=n(n-1-Ry)--- (n - Y Ry —m +1).

To the best of our knowledge, no research has been conducted on parameter esti-
mation and parametric function inference for the IPM distribution under PT-II CS. To
address this gap, the present study employs maximum likelihood estimation (MLE),
least squares estimation (LSE), weighted least squares estimation (WLSE), and Bayesian
techniques to derive point and interval estimates of the unknown model parameters,
as well as some reliability characteristics of the IPM distribution under PT-II CS. Due
to the intractable nature of the likelihood equations involved in MLE, LSE, and WLSE,
Newton’s iterative method is utilized to solve these complex nonlinear equations.
Approximate confidence intervals for the parameters and parametric functions are
constructed using the normal approximation. Bayes estimates are computed via Lind-
ley’s approximation and Markov Chain Monte Carlo (MCMC) techniques under the
squared error loss function. Given the complexity of the likelihood function, analytical
computation of Bayes estimates is infeasible; hence, MCMC methods are employed
to generate posterior samples from the posterior distributions. The efficacy of the
proposed estimators is evaluated through a Monte Carlo simulation study, where per-
formance metrics such as root mean square error (RMSE), relative absolute bias, and
average confidence length are considered. Furthermore, various optimality criteria are
proposed to identify the optimal censoring scheme. The applicability of the proposed
methods is illustrated by analyzing two real datasets, highlighting their potential in
practical scenarios.

The highlights of the findings of this study are given below:
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e Firstly, two classical estimation techniques, maximum likelihood and least square
methods, have been employed to estimate the parameters and reliability indices
of the IPM distribution under PT-II CS. Further, approximate confidence intervals
for the parameters and any function of them of IMP distribution under PT-II CS
are also obtained.

e Secondly, Bayes estimates for the parameters have been derived using two meth-
ods such as Lindley approximation and MCMC M-H algorithm using SELF along
with HPD credible intervals.

¢ Finally, we have obtained the optimal progressive censoring plan using three
different optimality criteria.

In Section 2, the maximum likelihood estimates (MLEs), least square estimates
(LSEs) and weighted least square estimates (WLSEs) of the unknown parameters and
any parametric function with approximate confidence interval are obtained. Section 3
presents the derivation of Bayesian estimation along with the credible interval based on
the highest posterior density (HPD). Section 4 is dedicated to the execution of a Monte
Carlo simulation study. Section 5 covers the discussion of various optimality criteria
for choosing an optimal progressive censoring plan. Section 6 delves into the analysis
of a real-life datasets to confirm the practical applicability of the proposed techniques.
Finally, the paper concludes in Section 7.

2 Frequentist Inference

This section will employ three ways to estimate the unknown model parameters and
any parametric function of IPM distribution: maximum likelihood, least squares, and
weighted least square estimation method. Approximate confidence for each of them is
also constructed.

2.1 Maximum Likelihood Estimation

Let X1:mn, X2:m:ns -or Xmemen be PT-II CS from the IPM distribution (1.2) with censoring
scheme Ry, Ry, ..., R;;. For the shake of simplicity, we will use x1,x, ..., X, instead of
X1y X2:meny ooy Xpemen . UNAer the PT-IT CS x = xq, x2, ..., X, the likelihood function for
and 6 is given by

Lok =c [ | [fe ¢ oM - Fe ¢ o)%], (2.1)
i=1

wherec = [ (n-m+1-Y" 'R)) (See Balakrishnan and Aggrawala, Balakrishnan
and Aggarwala (2000)). It follows from the equations (1.1), (1.2) and (2.1), that
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m R;
L(C,6lx) = ¢ H [(%) C(S%xi_g’c_lexp(—éxi_zc){l - iﬂ r (g, 6x1._25)} ]

i=1
m m m m R;
- (%) C"o¥ H xg_SC_l)exP(—é Z X7 H {%y (%, 6xi_zc)} . (22

Suppose that the log likelihood function of L is represented by / as

_m. (16 3m _ Y N 20N e | 2 (3
1= log(n)+mlog(C)+ ™ 10g(0) (3C+1);log(xl) 6;351. +;Rllog[ ﬁy( = o, )]
2.3)

In order to derive the likelihood equations, we now differentiate equation (2.3) with
regard to C and 6 and and set the result equal to zero

7 (3 —2C
gé - ’g Silog(xl) +26§4 [%7% log(x)] + gR, y; ((%zjx_x)) 0, (2.4)
and
A o e o ve(3ox)
= 2 xiZCJr;‘Riy(Tx;ZC):O' (2.5)

where 7/2: (%, 6xi_zc) and 7/:5 (%, 6xi_2C) are derivative of y (%, 6xi_2C) with respect to C and
0 respectively. The above two equations (2.4) and (2.5) are very complex to solve
analytically. Therefore, Newton Rapson’s iterative method via the “nlegslv" package
in R software is implemented to obtain the MLEs of C and 6, respectively.

Let {yire and Sy represent MLE’s of C and 6 respectively Then, from the invariance
property of MLE, the MLE of (t), say #(t)me and h(t), say h(t)mie are respectively given

by

2 3 . o
P(t)mLE = ﬁy (EzéMLEt ZCMLE), (2.6)

R ZCMLEéz t_3CMLE_1 exp(_éMLEt_zéMLE)
h(H)mLe = MEE T - ;6> 0. (2.7)
14 (Er OmLEt2CMLE )
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2.2 Least Square Estimation Method

The least squares (LS) method is widely employed to estimate parameters in regression
analysis and curve fitting. However, this method is very useful for estimating the
unknown parameters of statistical models. The key idea behind LS is to find the values
of parameters that minimize the sum of the squared differences between observed
and predicted values. Assume that X, X, ..., X;;, PT-II CS drawn from the continuous
distribution with CDF F(x). Then according to Balakrishnan and Aggarwala (2000) we
have:

wim = E[F(X)] =1 - H Q,, i=1,2..,m, (2.8)

k=m—i+1

var[F(X;)] =

ﬁ Qk][ ﬁ Wi — ﬁ Qk], i=1,2,..,m, (2.9)

k=m—i+1 k=m—i+1 j=m—i+1

— _ _B — 1 — —
where, k=1,2,...,,m, Q= TkBk, Cr = TTBO+By” By = k+Z}]ﬁ:m_k+1 R] and Wy = QO + Ck.

Now, for IPM distribution with CDF (1.1), the least square estimates (LSEs) of C and
0 can be computed by minimizing following equation

m m ) 3 2
EC0) = ) TF) = wil® = ) | [ﬁ r(5,00%) - wizm] : (2.10)
i=1 i=1

with respect to C and 6. In order to find the minimum of £(C, 6), taking the derivative of
(2.10) with respect to C and 6 and equating them to zero, the LSEs of C and 6 is derived
by solving the equations % =0and % = 0 with respect C and 6. Let Crse and &y gp are
the least square estimates of C and 6 then the LSEs of r(t) and k(t) are given by

R 2 3 Y
fuse(t) = == (5 ouset 205, @11)

=

and

N A3 2 ~ N
2C1sE0} o £ exp(=Opspa2tisE)

y (%, SLSEt—ZéLSE)

x> 0. (2.12)

2.3 Weighted Least Square Estimation Method

Sometimes, the assumption of constant variance for all data points may not hold.
Weighted least squares (WLS) consider this and allow for assigning different weights
to different data points. The F(x;), different variance for various values of i. Like LS,
WLS aims to find the values that minimize the weighted sum of squared residuals. The
WLS can be obtained by minimizing:
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V(G 0) = gvz (%) — wim]” = ivl[ﬁf(g 6x‘zc) a)zm]z, (2.13)

with respect to C and 6, where v; is the weight obtained as v; = var[E(X;)] L. By solving
the equations 8% = 0 and a% = 0 one can get the minimizing of equation (2.13). Let

Cwise and dwise are the WLSEs of C and 6 then the WLSEs of r(t) and h(t) are given by

. 2 (3 ot
Pwise(t) = ﬁy(i,éms;gt ZCWLSE), (2.14)

and
ZCWL5E5WL5 t=3ewise =1 oxp(— Gy gpt—2EWLSE)

y (i’ 5WL5E t_zéWLSE)

h(Hwrse = > 0. (2.15)

2.4 Approximate Confidence Interval

In order to obtain the frequentist confidence intervals for unknown parameters, the C
and 6 asymptotic properties of their MLEs based on large sample theory are considered.
The 100(1-y)% approximate confidence intervals (AClIs) for the unknown parameters C
and 6 canbe created using the MLEs C MLE and 5 MLE from asymptotic normal distribution
with mean (, §) and variance-covariance matrix 1! (CMLE, SMLE) under the certain
regularity conditions, that is

(&, 8) ~N((C,0), "', 6,

where | ‘1(CMLE, SMLE) is the observed information matrix and defined as

21 ER C A )
U Corie, St = [ % 957;5] = [ var(CMLE) cov(CMLE, OMLE)
969C 22 J(c=Cpure 5=Smir) covlCue, one) B (2.16)
h
w e;el e , (3 S zg)y(% 6xl_—zc _( ,(3 ox,; zc))z
2 —46Y ", [ (log x;) ] + X0 R ((2 5x—26))2 ,
277
F_ am oy p RO ~(3(305™))
952 ((305%)) ’

V(3o P(Eo) (3 o))

(o))
Also, y{cf (%,63(1_‘2‘1), vy ( Sx~ 2‘:) and ybC (g,éx ) are the secon.d derivativehof lower
incomplete gamma function with respect to C, 0 and 6C respectively. Equation (2.16)
can be expressed as a variance and covariance matrix, where the non-diagonal entries

9 92 -2 f
Tt?lé:ﬁ_zzll[ Clog(xz)]+ZZ1R SC
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show the covariance between the {yr and dy  and the diagonal elements show the
variance of Cyr e and OpiE.

Hence, the 100(1 — )% ACI of C and 6 are derived as

(CMLE = Zy 2\ var (CmeE), CMLE + 22 \/UW(CMLE)),

and

(SMLE —Zyp \/W?’(SMLE), SMLE + Zy )2 \/W?’(SMLE)),

where z; represents the upper 3-th quantile for standard normal distribution.

To obtain the ACIs of r(t) and h(t), we need to obtain the variances of #(t)p.r and
I(t)mre. In some circumstances, it may be challenging or computationally intensive
to derive exact confidence intervals, leading to the use of approximate methods. The
Delta technique is a valuable tool for approximating confidence intervals for functions
of random variables, especially in cases where exact solutions are difficult to obtain.
Therefore, using the delta technique, the variances of #(#)a.r and ﬁ(t) MLE can be roughly
calculated as

var((t)mee) = [VIOI' TG VIO ety 5=bue) (217)

var(h(e) = [V TC OV iy (2.18)

where Vr(t) and Vh(t) are the gradient vector of the 7(t) and h(t) with respect to C and 0
calculated at their MLESs, respectively, as

r_ (21D 9rt)
[Vr(0) —[ = 35

Therefore, the 100(1 — )% ACI of r(t) and h(t), are given, respectively, by

In(t) In(t)

3 38 . (2.19)

and [Vh(H)]" = [

](C=CMLE,5=5MLE) ](C=CMLE,5=5MLE)

(f (OMLE = /2 NJvar(P(E)mie), FO)MLE + 272 \Jvar(? (l‘)MLE))

and
(ﬁ(t)MLE = zey2 \J0ar(W(t)mLE), OMLE + Zoj2 +[var (I:l(t)MLE))~

3 Bayesian Inference

This section addresses the Bayesian method for estimating unknown parameters and
the corresponding HPD credible intervals.
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3.1 Loss Function

In order to obtained Bayes estimates, we considered the symmetric loss function which
is called squared error loss function (SELF) and is defined as follows

Isere(t, %) = (1 - %)%, (3.1)

where 7 is an estimated value of 7. The Bayes estimates of « under SELF can be written
as follows

Tseir = E-(1lx), (3.2)

where E(7|x) represents the posterior mean of 7.

3.2 Prior Information

The prior distribution is a crucial component of Bayesian estimation. If an appropri-
ate prior is available for the unknown parameters, informative priors can be helpful
for integrating the knowledge into the model. The gamma prior is chosen for the
shape and scale parameters of the IPM distribution due to its flexibility, suitability
for modeling positive parameters, and alignment with Bayesian analysis. It supports
a range of prior beliefs, simplifies posterior inference, and aligns with established
methodologies despite not being conjugate. Independent gamma priors are assumed
to reduce complexity, and non-informative hyperparameters (shape = 0.001, scale =
0.001) ensure data-driven posterior inference, enhancing transparency and simplicity.
Let C ~ Gamma(ay, b1) and 6 ~ Gamma(ay, by), respectively. Then the prior density for C
and 6 are expressed as follows

"
ui () = Wil)cal—lexm—blo;c € (0, ), (3.3)
and
b2
u(0) = WZZ)@”Z*exp(—bzé);é € (0,0), (3.4)

where a;, b; > 0,1 = 1,2 are hyperparameters.

The following is an expression for the joint prior density of C and 6

a1 a

I N N T PR S
u(c’é)_T(al)F(az)C 0™ exp(=b1C — bd). (3.5)
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3.3 Posterior Analysis

The joint posterior density function of  and 6 are computed as

1(x|C, 6)1t(C, 0)
Tt C, 6|x =
o Ji J5 HxlC, 9)m(C, 6) dcdo
u m m R,
= k—lcmﬁ-m—l(‘}%ﬂzz—l xi—SC—lexp(—Cbl)exp (—6([)2 + Z xi—ZC)] [7/ (g’ 6x;2c)] ,
i=1 — L 2
(3.6)
where

k= [ [T oot emt [T x5 exp(~Chexp (=5(b + Ty x29) T [ (2, 629)] dds
and is called the normalising constant. It is observed that joint posterior density is complex,
and obtaining a close form of Bayes estimators seems tedious. So, to tackle this situation, two
widely applicable approximation methods, Lindley approximation and Markov chain Monte
Carlo method, are applied.

3.4 Lindley Approximation

Lindley’s approximation is introduced by Lindley (1980), a method used in Bayesian estimation
to approximate posterior expectations when closed-form solutions are intractable. It simplifies
the computation of integrals in Bayes’” theorem by expanding the log-posterior distribution
as a second-order Taylor series around its mode. This approach is computationally efficient
and provides accurate estimates for unimodal and relatively smooth posterior distributions. It
is especially useful when full numerical integration or MCMC methods are computationally
expensive.

Let v(C, 6) be the function of C and 6; then, in general, the form of Bayes estimator for any
loss function of the parameter (C, ) is given as

f(; f5 (T, 8)el O+ ds
fcféel(c,é\x)w(@é)d(:d(s

E((C, 0)lx) = , (3.7)

where I(C, 6|x) logarithm of likelihood function and p(C, 6) is the logarithm of joint prior distri-
bution. Using the Lindley approximation method, E(v(C, 0)|x) can be approximated as, which
is required Bayes estimator

E((C, 0)lx) = v(C, 8) + 0.5(0ccdcc + 0ss0s0) + OcsGcs + Dc(ccpe + GocPs) + 05(8copc + GooPs)
+ 050 (0062, + Ds0cc0cs) + 050y (3008 0y + Do(Gecdos +20%))
+ 050205 (6c(Gecdos +20%,) + 3060050 ) + 0.5lss0(DcBes0cc + 1150%), (3.8)
where v is the second derivative of the function v(C, ) with respect to C, which 9 is the same

expression as evaluated for v((f, 5) and g;; is the (i, j)”’ element of matrix [—iij]‘l ;1,7 = C, 0. Other
notations are defined in similar way as

N du 4 N 2 A dlog u(C0) A dlog u(Co) 7 a 7 al
; Ué:a—g, véC:vCé:BC;C’ pcz g&C , p{): g&é ,lé:%,lczﬁl

O =

Q_>|Q_J
E{S]
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Ty =l = 20 = 2 T = 2 Do = 20 e = 24 e = 20 e = 2L
o = Cé—ac(y 00 = 9527 CC—HCZ’ 000 = 5537 CCC—H(}” 66(,—352%/ 6CC—35(9€2-

Now, with respect to our problem, the second and third derivatives of /(C, 6) can be obtained
from the equations (2.4) and (2.5), respectively, using the "numDeriv" package in R software.
If v(C,0) = C, thenvc = 1, vss = U5 = v = Usc = Vs = 0. Thus, the Bayes estimator of C under
SELF is expressed as follows

S

Cgs = CMLE + (pAC(ATCC + ‘ﬁbﬁbc) +0.5 [ZCCC(AF%Q + 31@@6@6@ + lCCb(é‘()(‘)é'CC + 26%6)
+osoBcsdon - (3.9)

If v(C,0) = 6, thenvs = 1, vss = v5 = V¢ = Usc = ugs = 0. So, the Bayes estimator of 6 under
SELF is found as follows:

535 = 6MLE + (ﬁ@@é@ + ﬁc@'c@) +0.5 [lccgﬁccﬁaj + 31@556556@5 + ché(ﬁ&sﬁ'cg + 26%5)

+i5556§b] . (310)

Ifo(C,0) = 2y (3,06%), thenog = Ly (3,06%), 05 = Ly (3,667%), vs0 = Zyp (3,067,
v = %y& (%, 5t—2c) , Vst = Ugs = %y’cfé (%, 6t‘2c). Thus, the Bayes estimator of () under SELF
is expressed as follows

#(t)ps = F(HmLe + 0.5(0cccc + 050000) + OcoGcs + 0c(GccPe + GocPo) + Os(GcoPc + GosPs)
+ 0'5iCCC(ﬁC6%C + ﬁﬁ@cc@cé) + 0.51%@‘ (3@@6@6’@5 + 65(6@6(55 + 26%5))
+ 05055 (6c(Gecdos + 20%) + 30s0caGa0 ) + 0.55s0(Bcdco0cc + 150%)- (3.11)
I o(C,6) = 2010 ewd™) g o the partial derivatives of the function o(C, 8) t sol
, = )/(%,{‘)t‘z‘:) . ce e par 1a. erirvatives o e runcuaon o(g, can not solve

analytically. Therefore, we used “numDeriv" package in R software to solve the derivative of
v(C, 6). Thus, the Bayes estimator of h(t) under SELF is found as follows:

h(f)gs = h(t)MLE + 0.5(27(:(,5@ + "@556’55) + ﬁc@@'&s + ﬁg(accﬁc + 655[55) + ’35(5’(:5(5(: + 655@3)
+ 0'5ZCCC(ﬁC6%C + ﬁgjﬁ@g@‘@) + 0.51@5 (3@@3‘@6@ + ﬁb(ﬁccﬁbb‘ + 26%6))

+ 0.5[@55 (@C(ﬁcca‘éb + 26%6) + 3@56@56@5) + 0.51555(23(:6@6@ + 726)6%5) (312)

3.5 Metropolis-Hastings (M-H) Algorithm

The M-H algorithm is a crucial Markov chain Monte Carlo (MCMC) method used in Bayesian
statistics. It tackles the difficulty that frequently arises in Bayesian analysis when sampling
from complex, high-dimensional posterior probability distributions. The algorithm creates a
Markov chain of samples by repeatedly proposing, accepting, and rejecting samples according
to a proposal distribution. This chain of samples eventually converges to resemble the target
posterior distribution. Please refer to Metropolis et al. (1953) and Smith and Report (1993) for
additional details.

The full conditional posterior density function of C and 6 are obtained in the following
expressions using the joint posterior density function C and 6 which are derived in the equation
(3.6)
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(D6, %) oc T Texp [—{Cbl +5 i T Zn" log(xi)}l [7/ (% 6xi_2‘:)]Ri . (3.13)
i=1 i=1 i

m
= i=1

and

i=1 i=1

m m R,.
1 (01C, %) oc 6% lexp [—6 [bz +Y xﬁ‘?]l K (g o] (3.14)

From (3.13) and (3.14), the conditional posterior densities of C and 6 cannot be simplified into
any standard distribution. To generate samples from these posterior densities, the Metropolis-
Hastings (M-H) algorithm with a normal proposal distribution is employed. Follow the steps
below to compute the Bayes MCMC estimates and the associated credible intervals for C, 6, or
any function of these parameters using the M-H sampling process:

Step 1: Set j = 1 and start with initial guess (' = (e and 6© = Spe.

Step 2: Generate C* and 0" from (3.13) and (3.14) with their normal proposal distributions,
respectively, as

(i) Generate a candidate C* from N(CU™V, var(Cpe)) and 6* from N(OY=D, var(dpie)) -

. o 0 (160D 2) o ma(o1C%,2)
(ii) Compute v¢ = min (1, @y | and vs = min|1, ZEEss ).

(iii) Generate u; and u; from uniform distribution U(0, 1).

(iv) If u; < v, set () = (7, else set {1 = U=, Similarly If uy < vs, set 6¥) = &, else set
50 = 501,

Step 3: On substituting the parameters C and 6 of r(t) and h(f) as in (1.3) and (1.4) by their el
and 61, the MCMC samples of /(t) and h)(t), for given t > 0, can be obtained as

20D (D)2 1731 pxp(—o D27y
y (g, 5<j>t—zc<f>)

1) = %y(g,awnzdﬂ) and H(t) = (3.15)

T
Step 4: Setj=j+1.
Step 5: Repeat the steps 2-4, N times and compute AW = (C0), 6D, 70 (¢), k)(t)) for j = 1,2, ..., N.

Step 6: The following formula can be used to obtain the Bayes estimator of the parameters C, 9,
r(t), and h(t) under SELF:

N

~ 1 .
A= AYD, 3.16
(N-M) :%:1 (310
] +

where, M represents the burn-in period of the Markov chain, a predefined constant set in
advance to mitigate the influence of initial value selection and ensure the convergence of the
algorithm.
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3.6 HPD Credible Interval

The highest posterior density (HPD) interval is a Bayesian interval estimate providing the
shortest interval containing a specified probability (e.g., 95%) of the posterior distribution,
emphasizing the most probable parameter values. Unlike frequentist intervals, HPD intervals
are derived from the posterior distribution and can be asymmetric.

In order to calculate the HPD credible intervals for C, first the MCMC sample (4, Cy, ..., Oy is
ordered as (1), C(2), ..., Cavy then for arbitrary 0 < y < 1, the 100(1 — )% credible intervals of C can
be obtained as ({IX], {IK*N-0N+D) where K = 1,2, ..., [Ny] and [z] represents the greatest integer
less or equal to z (see for more details Chen and Shao (1999)). Hence, the credible intervals is
computed as

(CA[K*+N—()/N+1) _ C[K*]]) _ minIk\J_yl (C[K+N—(CN+1) _ CA[KH)-

Similarly, the HPD credible interval of 6, r(t) and k(t) can be also derived.

4 Simulation Study

In this section, we perform Monte Carlo simulations to investigate the behaviour of consid-
ered estimators of the parameters as well as associated reliability and hazard rate functions
of IPM distribution based on progressive type-II censored sample (PT-II CS). According to
the progressive generation algorithm introduced by Balakrishnan and Sandhu Balakrishnan
and Sandhu (1995). we replicated 103 times PT-II CS from IPM distribution when the set of
true parameter values of (C,0) = (0.5,1.5) and (1,2) and the corresponding actual values of
r(t) = 0.8884,0.7385 and h(t) = 0.6572,1.1696 at distinct time t = 0.5, 1, respectively. For differ-
ent choices of n(= 40, 80), the effective sample size are taken to be m = 20,30 for n = 40 and
m = 40,60 for n = 80. Also, for each n and m, different censoring schemes, R, to withdraw the
live items during the experiment are used, where R = (4,0,0, 1) is denoted by R = (4, 02,1) for
brevity, such as:

Scheme I: R = (n —m), Ri=0 fori#l;

Scheme II: R; = R, = "5, R; =0 for i #1,m;

SchemeIll: R, = (n—-m), R;=0 for i+ m.

In Bayesian analysis, to observe the effects of priors, two different sets of hyperparameters
for C and 6 are used: Prior-1 with a; = a, = by = b, = 0.001, and Prior-2 with (ay,a) = (1, 3),
(b1,b2) = (2,2) for (C,6) = (0.5,1.5), and (a1, 42) = (4,10), (b1,b2) = (4,5) for (C,6) = (1,2). This
study uses informative and non-informative priors to perform Bayesian inference. A non-
informative prior is applied when limited or no historical data is available. However, when
prior information about the unknown parameters is unavailable, using the classical approach
over Bayesian methods is often preferable due to the latter’s higher computational cost. The
hyperparameters of C and 6 are selected such that the prior mean equals the expected value of
the corresponding unknown parameter. Using 10° samples, the average classical estimates of
C, o, r(t), and h(t), along with their 95% asymptotic confidence intervals (ACls), are computed.
In Bayesian framework, the Lindley’s approximation techniques is employed to obtain the
Bayes estimates. For the Metropolis-Hastings (M-H) sampler, 11 X 10> MCMC samples are
generated, with the first 103 observations discarded as “burn-in." Based on 10* MCMC samples,
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the average Bayes MCMC estimates, and 95% highest posterior density (HPD) credible intervals
are calculated.

Furthermore, the average estimates (AEs), root mean square errors (RMSEs) and relative
absolute biases (RABs) are used to evaluate the performance of the various estimates. The
values of the AEs, RMSEs, and RABs are calculated for different censoring schemes using the
following formulas:

= T, &
ég = %/ g = 1/2/3/4/ (41)
s (20 2
. =1(&y =&
RMSE(¢) = Zl(gfg) §=1,2,34, (4.2)
and »
L1 Y =&l
RAB(é) = = Y ——%, ¢=1,2,3,4 4.3)
=) &g

where ¢ =1,2,3,4, Eg), denotes the empirical estimate of the unknown parameter &, at the i-th
sample, where s represents the number of generated sample data. Specifically, & =C& =5,
& = #(t), and & = h(t). Furthermore, the corresponding average credible lengths (ACLs)
associated with the ACI/HPD credible intervals for the unknown parameter &, for ¢ = 1,2,3,4,
are calculated using the following formula:

8
1
ACLeg = ¢ ; (ué? - Lég)),
where L(-) and U(-) denotes the lower and upper bounds, respectively, of (1 — 7)% ACI/HPD
credible interval of ;. Comparison between different point estimates is conducted based on
their RMSE and RAB values. Additionally, the performance of the 95% two-sided ACI/HPD
credible interval estimates is evaluated in terms of their average confidence lengths (ACLs).

The root means square errors (RMSEs), relative absolute basis (RABs), and approximate
confidence intervals (ACLs) of C, 6, r(t), and h(t) are calculated and reported in Tables 1-12. All
numerical computations were performed using R statistical programming language software
version 4.0.4 with some useful packages, namely ‘zipfR’, ‘coda’ package proposed by Plummer
(2015), ‘nlegslv’ package proposed by Hasselman and Hasselman (2018), ‘numDeriv’, and
"MCMCpack’ etc. From the simulation results, we can make the following observations:

Using various classical and Bayesian approaches for estimating the unknown parameters
and related reliability characteristics, all estimates demonstrate satisfactory performance in
terms of RMSEs, RABs, and AClIs. As the effective sample size m increases, the point estimates
improve, and the lengths of confidence intervals decrease as expected. Therefore, increasing the
effective sample size can lead to more accurate estimation results. Among classical approaches,
the MLE method outperforms LSE and WLSE methods in terms of RMSE and RAB. When
comparing classical and Bayesian methods, Bayes estimates under an informative prior exhibit
superior performance in terms of RMSE, RABs, and ACLs. In contrast, Bayes estimates under
a non-informative prior exhibit behavior similar to classical approaches. Hence, when prior in-
formation is unavailable, classical estimates are generally preferred over Bayesian estimates due
to the latter’s higher computational cost. Within the Bayesian framework, Lindley’s approxi-
mation performs better than the MCMC Metropolis-Hastings (M-H) algorithm for estimating
parameters C and 6 in terms of RMSEs and RABs. However, for reliability characteristics r(t)
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and h(t), the MCMC M-H algorithm outperforms Lindley’s approximation in terms of RMSEs,
RABs, and ACIs. Regarding interval estimates, HPD credible intervals are shorter than ACls,
offering more precise interval estimates.

Table 1: Simulated RMSEs (First row) and RABs (Second row) of C. The true values of
(¢,6) = (0.5,1.5).

Lindley MCMC

n m Scheme MLE LSE WLSE Prior-T Prior-IT Prior-I Prior-IT
I 0.0973 0.1225 0.1124 0.0958 0.0892 0.0978 0.0914

0.1435 0.1752 0.1599 0.1415 0.1332 0.1442 0.1361

20 I 0.0924 0.1026 0.0920 0.0901 0.0849 0.0909 0.0861

0.1405 0.1599 0.1445 0.1381 0.1311 0.1385 0.1321

1 0.1061 0.1172 0.1084 0.1031 0.0970 0.1030 0.0973

0.1592 0.1811 0.1670 0.1565 0.1480 0.1557 0.1477

40

I 0.0728 0.0917 0.0844 0.0710 0.0686 0.0725 0.0702

0.1112 0.1397 0.1272 0.1092 0.1058 0.1108 0.1077

30 I 0.0752 0.0859 0.0797 0.0731 0.0706 0.0745 0.0720

0.1137 0.1333 0.1229 0.1115 0.1082 0.1131 0.1096

I 0.0792 0.0853 0.0800 0.0768 0.0742 0.0779 0.0755

0.1205 0.1349 0.1254 0.1174 0.1138 0.1188 0.1155

I 0.0595 0.0755 0.0679 0.0588 0.0574 0.0599 0.0584

0.0903 0.1184 0.1044 0.0895 0.0874 0.0907 0.0885

40 I 0.0608 0.0721 0.0662 0.0598 0.0583 0.0604 0.0588

0.0947 0.1136 0.1045 0.0935 0.0914 0.0943 0.0920

1 0.0686 0.0790 0.0739 0.0674 0.0656 0.0676 0.0658

0.1042 0.1247 0.1158 0.1030 0.1005 0.1031 0.1005

80

I 0.0509 0.0584 0.0531 0.0502 0.0494 0.0510 0.0501

0.0788 0.0914 0.0831 0.0781 0.0770 0.0789 0.0777

60 11 0.0524 0.0602 0.0554 0.0517 0.0510 0.0522 0.0515

0.0819 0.0948 0.0876 0.0813 0.0802 0.0817 0.0807

III 0.0536 0.0614 0.0566 0.0530 0.0523 0.0534 0.0526

0.0834 0.0985 0.0912 0.0828 0.0817 0.0830 0.0819

Table 2: Simulated RMSEs (first row) and RABs (second row) of 6. The true values of
(C,6) = (0.5,1.5).

Lindley MCMC
n m Scheme MLE LSE WLSE Prior-I Prior-IT Prior-I Prior-I1
1 0.2856 0.3379 0.3241 0.2818 0.2538 0.2832 0.2556
0.1494 0.1600 0.1569 0.1476 0.1332 0.1481 0.1339
20 11 0.2516 0.2662 0.2579 0.2481 0.2283 0.2480 0.2285
0.1317 0.1300 0.1296 0.1305 0.1203 0.1299 0.1200
1T 0.2449 0.2355 0.2381 0.2408 0.2232 0.2401 0.2233
0.1285 0.1236 0.1255 0.1266 0.1175 0.1258 0.1173
40
I 0.2392 0.2597 0.2498 0.2335 0.2171 0.2375 0.2204
0.1269 0.1313 0.1281 0.1249 0.1163 0.1262 0.1175
30 I 0.2338 0.2368 0.2313 0.2290 0.2144 0.2315 0.2167
0.1223 0.1232 0.1208 0.1208 0.1133 0.1214 0.1137
1 0.2185 0.2201 0.2166 0.2136 0.2010 0.2159 0.2033
0.1147 0.1146 0.1131 0.1129 0.1063 0.1136 0.1072
I 0.2077 0.2259 0.2188 0.2044 0.1938 0.2073 0.1965
0.1104 0.1187 0.1148 0.1089 0.1033 0.1101 0.1045
40 I 0.1750 0.1754 0.1751 0.1746 0.1675 0.1744 0.1672
0.0928 0.0919 0.0919 0.0930 0.0893 0.0927 0.0887
1 0.1615 0.1628 0.1645 0.1604 0.1545 0.1597 0.1540
0.0859 0.0862 0.0873 0.0853 0.0822 0.0850 0.0820
80
1 0.1661 0.1732 0.1686 0.1640 0.1581 0.1653 0.1591
0.0872 0.0891 0.0875 0.0864 0.0833 0.0868 0.0837
60 1T 0.1590 0.1613 0.1588 0.1567 0.1517 0.1578 0.1527
0.0845 0.0854 0.0841 0.0837 0.0810 0.0840 0.0813
I 0.1463 0.1483 0.1464 0.1446 0.1404 0.1451 0.1409
0.0763 0.0767 0.0761 0.0755 0.0733 0.0757 0.0736

Comparing the three different censoring schemes, it is clear that RMSEs, RABs and ACLs
associated with the unknown parameters 9, r(f), and h(t) for scheme III are smaller than those
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based on other schemes. However, scheme I is a good choice for the parameter C based on the
RMSEs, RABs and ACLs.

From the above outcomes, it has been observed that the performance of both the point and
interval estimates is highly acceptable. The Bayesian estimates, calculated using an informative
prior, yield more accurate findings in terms of point estimates and interval estimates.

Table 3: Simulated RMSEs (first row) and RABs (second row) of r(t). The true value of
r(0.5) = 0.8884.

Lindley MCMC

n m Scheme MLE LSE WLSE Prior-T Prior-IT Prior-I Prior-IT
1 0.0889 0.0928 0.0909 0.0906 0.0813 0.0880 0.0794

0.1140 0.1173 0.1156 0.1152 0.1037 0.1130 0.1022

20 1T 0.0776 0.0755 0.0752 0.0784 0.0719 0.0765 0.0705

0.1003 0.0966 0.0967 0.1009 0.0928 0.0989 0.0914

1T 0.0750 0.0715 0.0722 0.0751 0.0693 0.0735 0.0681

0.0971 0.0926 0.0939 0.0968 0.0896 0.0950 0.0885

40

I 0.0717 0.0748 0.0729 0.0719 0.0670 0.0716 0.0667

0.0950 0.0974 0.0953 0.0952 0.0887 0.0949 0.0885

30 I 0.0706 0.0706 0.0693 0.0708 0.0664 0.0704 0.0660

0.0920 0.0923 0.0905 0.0923 0.0866 0.0917 0.0860

I 0.0654 0.0652 0.0644 0.0653 0.0615 0.0650 0.0613

0.0859 0.0856 0.0845 0.0857 0.0808 0.0854 0.0807

1 0.0629 0.0669 0.0649 0.0630 0.0597 0.0628 0.0596

0.0830 0.0883 0.0854 0.0828 0.0786 0.0828 0.0786

40 I 0.0543 0.0539 0.0539 0.0548 0.0525 0.0542 0.0519

0.0709 0.0699 0.0699 0.0716 0.0687 0.0709 0.0679

1 0.0500 0.0501 0.0506 0.0501 0.0482 0.0495 0.0477

0.0654 0.0652 0.0660 0.0652 0.0628 0.0647 0.0624

80

I 0.0504 0.0522 0.0509 0.0505 0.0487 0.0504 0.0486

0.0657 0.0670 0.0658 0.0657 0.0634 0.0657 0.0634

60 I 0.0479 0.0486 0.0478 0.0478 0.0463 0.0478 0.0463

0.0634 0.0642 0.0631 0.0633 0.0613 0.0633 0.0613

1T 0.0445 0.0448 0.0443 0.0445 0.0432 0.0444 0.0431

0.0575 0.0578 0.0573 0.0574 0.0557 0.0573 0.0557

Table 4: Simulated RMSEs (first row) and RABs (second row) of h(t). The true values
of h(0.5) = 0.6572.

Linldey MCMC
n m Scheme MLE LSE WLSE Prior-I Prior-IT Prior-T Prior-IT
I 0.2430 0.2377 0.2355 0.2469 0.2197 0.2423 0.2171
0.2307 0.2290 0.2262 0.2332 0.2112 0.2301 0.2096
20 )i| 0.2145 0.2007 0.1972 0.2149 0.1958 0.2107 0.1932
0.2093 0.2057 0.2001 0.2095 0.1934 0.2062 0.1912
1II 0.2317 0.2352 0.2262 0.2308 0.2107 0.2248 0.2064
0.2274 0.2369 0.2290 0.2271 0.2100 0.2223 0.2065
40
1 0.1656 0.1754 0.1707 0.1661 0.1557 0.1656 0.1555
0.1653 0.1754 0.1701 0.1656 0.1560 0.1653 0.1559
30 I 0.1692 0.1693 0.1651 0.1692 0.1590 0.1685 0.1585
0.1664 0.1718 0.1666 0.1663 0.1573 0.1659 0.1568
1T 0.1714 0.1684 0.1652 0.1708 0.1615 0.1697 0.1609
0.1697 0.1709 0.1682 0.1691 0.1607 0.1683 0.1604
1 0.1445 0.1557 0.1497 0.1451 0.1383 0.1451 0.1384
0.1458 0.1584 0.1505 0.1463 0.1398 0.1462 0.1397
40 I 0.1416 0.1464 0.1433 0.1414 0.1357 0.1410 0.1352
0.1432 0.1509 0.1479 0.1431 0.1378 0.1428 0.1372
1T 0.1489 0.1604 0.1560 0.1483 0.1425 0.1467 0.1411
0.1485 0.1651 0.1598 0.1481 0.1428 0.1469 0.1417
80
I 0.1157 0.1195 0.1157 0.1158 0.1124 0.1158 0.1124
0.1184 0.1223 0.1184 0.1185 0.1151 0.1183 0.1149
60 I 0.1177 0.1213 0.1179 0.1176 0.1146 0.1176 0.1146
0.1220 0.1274 0.1237 0.1219 0.1189 0.1218 0.1187
I 0.1158 0.1206 0.1171 0.1156 0.1128 0.1155 0.1126

0.1172 0.1264 0.1228 0.1171 0.1144 0.1168 0.1142
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Table 5: The lengths of 95% ACIs and HPD credible intervals for the parameter C and

0. The true value of (C,0) = (0.5,1.5)

C 0
ACI HPD ACI HPD
n m Scheme MLE Prior-I  Prior-11 MLE Prior-I1  Prior-11
I 0.3318  0.3204 0.3117 1.075 1.049 1.001
20 I 0.3360  0.3249 0.3169 0.9432  0.9265 0.8897
111 0.3546  0.3421 0.3339 0.8872  0.8719 0.8419
40
I 0.2758  0.2669 0.2623 0.9062  0.8851 0.8543
30 I 0.2770  0.2686 0.2643 0.8522  0.8328 0.8074
11T 0.2821  0.2734 0.2691 0.8153  0.7975 0.7755
I 0.2263  0.2183 0.2159 0.7747  0.7563 0.7364
40 I 0.2313  0.2238 0.2216 0.6641  0.6501 0.6375
I 0.2424  0.2343 0.2316 0.6233  0.6124 0.6019
80
I 0.1923  0.1858 0.1843 0.6401  0.6244 0.6135
60 11 0.1912  0.1848 0.1833 0.6030  0.5897 0.5809
1T 0.1926  0.1863 0.1851 0.5730  0.5615 0.5536

Table 6: The average lengths of 95% AClIs and HPD credible intervals for (0.5) = 0.8884
and h(0.5) = 0.6572.

r(0.5) h(0.5)
ACI HPD ACI HPD
n m Scheme MLE Prior-1  Prior-11 MLE Prior-I  Prior-1I
I 0.1831  0.1695 0.1574 0.8302  0.7455 0.6533
20 I 0.1660  0.1580 0.1484 0.7401  0.6795 0.6041
111 0.1580  0.1529 0.1437 0.7090  0.6588 0.5774
40
I 0.1619  0.1545 0.1448 0.7036  0.6525 0.5927
30 I 0.1559  0.1504 0.1412 0.6560  0.6105 0.5516
I 0.1443  0.1404 0.1347 0.6297  0.5890 0.5432
I 0.1366  0.1296 0.1235 0.5920  0.5580 0.5131
40 I 0.1201  0.1156 0.1120 0.5135  0.4867 0.4574
111 0.1096  0.1072 0.1041 0.4750  0.4529 0.4283
80
I 0.1204 0.1166 0.1112 0.5032  0.4813 0.4509
60 I 0.1162  0.1129 0.1094 0.4707  0.4483 0.4251
111 0.1114  0.1088 0.1047 0.4436  0.4245 0.4014
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Table 7: Simulated RMSEs (First row) and RABs (Second row) of C. The true values of
(€ 0)=(@1,2).

Lindley MCMC

n m Scheme MLE LSE WLSE Prior-I Prior-IT Prior-I Prior-IT
1 0.1865 0.2351 0.2151 0.1792 0.1539 0.1873 0.1602

0.1383 0.1765 0.1579 0.1342 0.1171 0.1387 0.1206

I 0.2094 0.2312 0.2208 0.1980 0.1688 0.2060 0.1764

0.1531 0.1729 0.1642 0.1450 0.1261 0.1506 0.1313

11T 0.2149 0.2210 0.2079 0.2032 0.1718 0.2092 0.1779

0.1623 0.1727 0.1637 0.1561 0.1345 0.1589 0.1375

40

I 0.1488 0.1685 0.1541 0.1426 0.1294 0.1486 0.1346

0.1142 0.1326 0.1215 0.1107 0.1012 0.1140 0.1041

30 1T 0.1461 0.1664 0.1540 0.1397 0.1271 0.1450 0.1319

0.1132 0.1308 0.1212 0.1089 0.0998 0.1125 0.1031

I 0.1594 0.1785 0.1653 0.1525 0.1385 0.1575 0.1431

0.1224 0.1385 0.1279 0.1182 0.1083 0.1212 0.1110

I 0.1193 0.1515 0.1355 0.1162 0.1092 0.1198 0.1125

0.0935 0.1192 0.1050 0.0915 0.0862 0.0940 0.0884

40 )i 0.1273 0.1527 0.1381 0.1234 0.1154 0.1268 0.1182

0.0982 0.1162 0.1048 0.0956 0.0899 0.0979 0.0917

I 0.1339 0.1465 0.1367 0.1297 0.1208 0.1321 0.1232

0.1032 0.1169 0.1091 0.1009 0.0943 0.1022 0.0956

80

1 0.1045 0.1254 0.1129 0.1023 0.0980 0.1047 0.1001

0.0812 0.0982 0.0886 0.0802 0.0769 0.0814 0.0780

60 II 0.1055 0.1231 0.1131 0.1030 0.0986 0.1054 0.1008

0.0798 0.0962 0.0876 0.0787 0.0756 0.0797 0.0765

I 0.1027 0.1187 0.1113 0.1003 0.0960 0.1023 0.0981

0.0798 0.0946 0.0871 0.0785 0.0753 0.0796 0.0765

Table 8: Simulated RMSEs (First row) and RABs (Second row) of 6. The true values of
(C,0) = (L,2).

Lindley MCMC
n m Scheme MLE LSE WLSE Prior-I Prior-IT Prior-T Prior-IT
I 0.3741 0.4461 0.4224 0.3550 0.2694 0.3733 0.2790
0.1470 0.1631 0.1543 0.1409 0.1081 0.1467 0.1114
20 1T 0.3392 0.3640 0.3438 0.3230 0.2573 0.3352 0.2654
0.1306 0.1347 0.1286 0.1257 0.1014 0.1292 0.1040
1II 0.3005 0.2774 0.2766 0.2889 0.2377 0.2962 0.2427
0.1163 0.1084 0.1077 0.1128 0.0938 0.1147 0.0952
40
1 0.3187 0.3614 0.3415 0.3070 0.2492 0.3165 0.2552
0.1249 0.1381 0.1309 0.1219 0.0998 0.1245 0.1015
30 I 0.3051 0.3274 0.3115 0.2905 0.2382 0.3014 0.2457
0.1179 0.1231 0.1172 0.1135 0.0943 0.1167 0.0967
1T 0.2757 0.2934 0.2749 0.2618 0.2181 0.2711 0.2249
0.1068 0.1107 0.1047 0.1027 0.0866 0.1055 0.0887
1 0.2445 0.2895 0.2728 0.2378 0.2056 0.2438 0.2102
0.0978 0.1116 0.1049 0.0956 0.0829 0.0977 0.0845
40 I 0.2164 0.2302 0.2206 0.2123 0.1900 0.2149 0.1920
0.0849 0.0888 0.0854 0.0838 0.0752 0.0843 0.0758
1T 0.1978 0.1954 0.1935 0.1937 0.1764 0.1960 0.1781
0.0780 0.0770 0.0765 0.0768 0.0700 0.0775 0.0705
80
I 0.2147 0.2305 0.2189 0.2104 0.1891 0.2138 0.1915
0.0842 0.0910 0.0865 0.0829 0.0748 0.0839 0.0755
60 i 0.2008 0.2174 0.2067 0.1962 0.1782 0.1994 0.1809
0.0784 0.0846 0.0805 0.0771 0.0702 0.0780 0.0710
I 0.1926 0.1993 0.1928 0.1888 0.1730 0.1913 0.1749

0.0754 0.0781 0.0756 0.0745 0.0685 0.0751 0.0691
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Table 9: Simulated RMSEs (first row) and RABs (second row) of 7(1). The true value of
r(1) is 0.7385.

Lindley MCMC

n m Scheme MLE LSE WLSE Prior-I Prior-IT Prior-I Prior-IT
1 0.0768 0.0843 0.0799 0.0772 0.0592 0.0768 0.0589

0.0830 0.0906 0.0851 0.0826 0.0637 0.0830 0.0640

20 11 0.0690 0.0706 0.0681 0.0688 0.0556 0.0687 0.0556

0.0738 0.0757 0.0726 0.0732 0.0594 0.0734 0.0597

I 0.0630 0.0596 0.0592 0.0628 0.0519 0.0626 0.0518

0.0670 0.0635 0.0629 0.0666 0.0554 0.0665 0.0554

40

1 0.0657 0.0717 0.0686 0.0664 0.0546 0.0660 0.0543

0.0714 0.0784 0.0745 0.0719 0.0592 0.0717 0.0591

30 I 0.0611 0.0652 0.0621 0.0608 0.0509 0.0610 0.0511

0.0662 0.0697 0.0662 0.0656 0.0550 0.0661 0.0554

I 0.0548 0.0575 0.0546 0.0542 0.0460 0.0546 0.0464

0.0597 0.0622 0.0591 0.0589 0.0501 0.0595 0.0506

I 0.0513 0.0580 0.0546 0.0514 0.0446 0.0513 0.0446

0.0561 0.0634 0.0593 0.0560 0.0486 0.0561 0.0488

40 I 0.0460 0.0483 0.0466 0.0462 0.0414 0.0460 0.0412

0.0493 0.0516 0.0495 0.0493 0.0443 0.0491 0.0442

1T 0.0419 0.0419 0.0415 0.0417 0.0380 0.0418 0.0380

0.0452 0.0449 0.0446 0.0449 0.0410 0.0450 0.0410

80

1 0.0453 0.0492 0.0465 0.0455 0.0410 0.0454 0.0410

0.0486 0.0531 0.0502 0.0486 0.0439 0.0486 0.0439

60 11 0.0418 0.0453 0.0432 0.0418 0.0381 0.0419 0.0382

0.0450 0.0488 0.0464 0.0448 0.0409 0.0450 0.0411

III 0.0401 0.0421 0.0406 0.0401 0.0369 0.0402 0.0370

0.0434 0.0455 0.0438 0.0434 0.0399 0.0434 0.0401

Table 10: Simulated RMSEs (first row) and RABs (second row) of h(1). The true values
of h(1) is 1.1696.

Linldey MCMC

n m Scheme MLE LSE WLSE Prior-T Prior-IT Prior-T Prior-IT
I 0.3654 0.3606 0.3602 0.3650 0.2808 0.3670 0.2824

0.2358 0.2345 0.2319 0.2344 0.1854 0.2364 0.1866

20 I 0.3588 0.3445 0.3460 0.3545 0.2843 0.3552 0.2861

0.2259 0.2227 0.2234 0.2230 0.1831 0.2237 0.1840

1 0.3591 0.3301 0.3237 0.3520 0.2844 0.3527 0.2866

0.2305 0.2187 0.2156 0.2264 0.1878 0.2270 0.1890

40

I 0.2782 0.2739 0.2691 0.2768 0.2334 0.2788 0.2355

0.1856 0.1836 0.1813 0.1843 0.1568 0.1858 0.1582

30 11 0.2530 0.2460 0.2443 0.2506 0.2156 0.2527 0.2173

0.1688 0.1646 0.1634 0.1670 0.1447 0.1684 0.1460

1T 0.2475 0.2418 0.2395 0.2450 0.2146 0.2464 0.2162

0.1665 0.1639 0.1629 0.1646 0.1453 0.1654 0.1463

1 0.2201 0.2254 0.2220 0.2197 0.1945 0.2205 0.1955

0.1478 0.1521 0.1494 0.1473 0.1311 0.1479 0.1316

40 II 0.2223 0.2211 0.2195 0.2207 0.1996 0.2218 0.2001

0.1458 0.1432 0.1422 0.1448 0.1318 0.1454 0.1322

1 0.2220 0.2260 0.2232 0.2196 0.1999 0.2202 0.2006

0.1467 0.1518 0.1503 0.1454 0.1332 0.1458 0.1334

80

I 0.1932 0.1971 0.1931 0.1928 0.1775 0.1939 0.1784

0.1298 0.1333 0.1303 0.1293 0.1195 0.1300 0.1199

60 )i 0.1809 0.1816 0.1795 0.1801 0.1676 0.1814 0.1687

0.1214 0.1225 0.1210 0.1208 0.1126 0.1211 0.1131

il 0.1723 0.1743 0.1736 0.1714 0.1604 0.1727 0.1618

0.1152 0.1174 0.1164 0.1146 0.1074 0.1153 0.1082
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Table 11: The average lengths of 95% ACIs and HPD credible intervals for the param-

eters C and 6.

C o
ACI HPD ACI HPD
n m Scheme MLE Prior-I  Prior-1I MLE Prior-I  Prior-I1
I 0.6559  0.6311 0.5925 1.3580  1.3160 1.1530
20 I 0.5523  0.5324 0.5087 1.1510 1.1160 1.0110
1 0.7100  0.6813 0.6364 1.0675  1.0425 0.9539
40
I 0.5578  0.5339 0.3618 1.1869  1.1522 0.7905
30 II 0.5506  0.5294 0.5076 1.1007  1.0673 0.9727
I 0.5580 0.5368 0.5150 1.0496  1.0221 0.9377
I 0.4533  0.4348 0.4228 0.9674  0.9403 0.8733
40 I 0.4642  0.4460 0.4332 0.8240  0.8016 0.7603
1 0.4839  0.4665 0.4518 0.7478  0.7324 0.6996
80
I 0.3830  0.3687 0.3616 0.8147  0.7935 0.7531
60 I 0.3834  0.3696 0.3624 0.7683  0.7501 0.7152
1 0.3867  0.3732 0.3663 0.7260  0.7098 0.6798

Table 12: The average lengths of 95% ACIs and HPD credible intervals for r(1) = 0.7385

and h(1) = 1.1696.

r(1) h(1)
ACI HPD ACI HPD
n m Scheme MLE Prior-I  Prior-11 MLE Prior-I  Prior-II
I 0.2779  0.2624 0.2360 1.2130  1.1700 1.0640
20 I 0.2436  0.2328 0.2123 1.1830  1.1350 1.0390
111 0.2255 0.2176 0.2025 1.2040  1.1660 1.0690
40
I 0.2368  0.2294 0.2095 0.9866  0.9644 0.9005
30 I 0.2265  0.2208 0.2022 0.9699  0.9584 0.8782
11T 0.2162  0.2118 0.1953 0.9550 0.9291 0.8735
I 0.2060 0.1983 0.1858 0.8941  0.8684 0.8192
40 I 0.1754  0.1700 0.1606 0.7910  0.7691 0.7370
111 0.1594  0.1543 0.1487 0.8108  0.7836 0.7611
80
I 0.1722  0.1664 0.1587 0.7094  0.6964 0.6679
60 I 0.1620  0.1580 0.1509 0.6636  0.6458 0.6288
I 0.1539  0.1499 0.1442 0.6527  0.6370 0.6211

5 Optimal Censoring Scheme

In reliability theory, the best strategy for gathering information about the lifespan of a system
or censored component is to identify the optimal censoring plan. To do this, one must choose
the appropriate time to monitor the system’s condition, considering both the censoring time
and observed failure times. In this section, the issue of the optimal censoring plan under the
progressive Type-II censored sample (PT-1I CS) of IPM distribution is covered. Three distinct
optimality criteria have been taken into account. The trace optimality criterion (criterion A)
aims to minimize the trace of the information matrix associated with the parameter estimates.
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The information matrix is essentially the covariance matrix of the parameter estimates, and
minimizing its trace is equivalent to maximizing the efficiency of parameter estimation. A
trace-optimal censoring technique allocates censored data to yield the maximum amount of
information regarding the parameters being studied. Stated differently, it minimizes the degree
of uncertainty in parameter estimations. Criteria B is based on minimizing the determinant
of the V-C matrix. Minimizing the determinant of the V-C matrix implies maximizing the
precision of parameter estimates. Moreover, criterion C relies on maximizing the trace of the
Fisher information matrix. Maximizing the trace enhances the precision of survival probability
estimates derived from the available data. This criterion is tabulated in the Table 13. Numerous
scholars have examined the optimal censoring plan; for instance, Elshahhat and Abu El Azm
(2022); Dey and Elshahhat (2022); Sultan et al. (2019); Pradhan and Kundu (2013); Dube et al.
(2016); Irfan and Sharma (2023).

Table 13: Various optimality criteria.

Criterion Goal
A minimum trace(I71(C, 6))
B minimum det(I"1(C, §))
C maximum trace(I(C, 5))

6 Real Data Analysis

In this section, two real datasets are analyzed for illustrative purposes to demonstrate the prac-
tical applicability of the proposed methodology.

Dataset I

We examine 20 mechanical components’ failure times as reported by Murthy et al. (2004). In
order to analyze the data set, first, we check whether this data set fits our model accurately or
not. We obtained various measures of goodness of fit tests such as log-likelihood value, Akaike
Information Criterion (AIC), Bayesian Information Criterion (BIC), Hannan-Quinn information
criterion (HQIC), Akaike information corrected criterion (AICC), K-S distance and p-value are
presented in Table 14. The MLEs, together with the standard errors (SE) of the unknown model
parameters C and 9, are presented in the same Table 14. It has been observed that the IPM distri-
bution fits more accurately among all the other statistical models. For comparison purposes, we
have also considered different lifetime models such as the inverse Maxwell distribution (IMD),
inverse X-gamma distribution (IXGD), inverse exponentiated gamma distribution (IEGD), ex-
ponentiated inverse Rayleigh distribution (EIRD), and inverse Gompertz distribution (IGD).
The histogram and fitted PDFs of these lifetime models are depicted in Figure 3.
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Figure 3: Histogram and fitted PDFs (left) empirical and fitted CDFs (right) of compet-
ing models under mechanical component data.
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Table 14: Goodness of fit measures and MLEs with SEs (in parenthesis) for the mechan-
ical component dataset.

Model 4 5 21log() | AIC | BIC | HQIC | AICC | K-S | p-value
IPMD | 14527(0.2610) | 1.276(0.2461) | 15.79 | 19.79 | 21.78 | 20.18 | 20.49 | 0.1221 | 0.9274

IMD - 1.3881( 0.2532) 19.41 21.41 | 2240 | 21.60 21.63 | 0.1946 0.4353
IXGD | 1.8228(0.3024) - 45.81 47.81 | 48.80 | 48.00 48.03 | 0.4272 0.0014
IEGD | 0.6800(0.1520) - 45.13 47.13 | 48.13 | 47.33 47.36 | 0.4331 0.0011
EIRD 0.9145 (NA) 1.0119(NA) 24.10 28.10 | 30.10 | 28.49 28.81 | 0.2668 0.1161

1GD 0.0579(0.0427) | 3.6776(0.7066) 13.43 17.43 | 19.42 17.82 18.14 | 0.1335 0.8680

A significant issue with MLE is the inability to mathematically prove the existence and
uniqueness of { and 4. To address this, Figure 4 provides a contour plot of the log-likelihood
function for the complete mechanical components dataset. The plot shows that with suitable
initial values, C and 0 converge to approximately 1.4527 and 1.2276, respectively, confirming
the existence and uniqueness of the MLEs.

25
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Figure 4: Contour plot of log-likelihood function for various choices of C and 6 based
on mechanical component dataset.

Three artificial datasets with m = 10 are generated from the complete mechanical compo-
nent dataset under various censoring schemes and provided in the Table 15. For brevity, the
censoring scheme R = (3,0, 0, 3) is denoted as R = (3,072, 3). Bayes estimates are obtained using
the Linldey and MCMC technique with non-informative priors, as no prior knowledge of the
model parameters is provided. All hyperparameters are settoa; = b; =a, = by =0. A5x 10*
sample MCMC chain is generated, discarding the first 10* iterations to mitigate the influence
of initial values. The MLEs, LSEs, WLSEs, and Bayes estimates of the model parameters C and
0, as well as r(t) and h(t) at mission time ¢ = 1, are computed using the dataset in Table 15 and
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presented in Table 16. Additionally, 95% ACIs and HPD credible intervals with their lengths are
calculated and provided in same Table 16. The MLE, Linldey and MCMC point estimates are
comparable for CS-I, while the LSE and WLSE deviate from MLE and MCMC for all censoring
schemes. From Table 16, it is observed that the HPD credible intervals perform better than the
AClIs in terms of the lengths of the confidence intervals.

Table 15: Three artificial PT-II CS based on mechanical component dataset.

Sample Scheme Censored data
1 R=(10,09) 0.67,1.14,1.14,1.15,1.21, 1.25,1.31, 1.49, 1.60, 4.85
2 R=(50"8,5) 0.67,0.85,0.86,0.89,0.98,0.98,1.14, 1.14, 1.15, 1.21
3 R =(0"9,10)  0.67,0.68,0.76, 0.81, 0.84, 0.85, 0.85, 0.86, 0.89, 0.98

Table 16: Point and Interval estimates of parameters based on mechanical component
dataset.

Point Estimate Interval Estimate
Sample Par. MLE LSE WLSE MCMC Lindley ACT HPD
I C 1.1522 2.3710 2.4687 1.1013 1.1376 (0.6519,1.6525) (0.6833,1.6485)
1.0006 0.9652
) 2.1533 3.6878 4.0060 2.0487 2.1576 (1.1577,3.1489) (0.6833,1.6485)
1.991 1.949
r(1) 0.7698 0.9392 0.9542 0.7489 0.7706 (0.5784,0.9612) (0.5761,0.9349)
0.3828 0.3588
h(1) 1.2392 1.0098 0.8523 1.2545 1.2206 (0.3253,2.1530) (0.4543,2.1868)
1.8281 1.7332
I C 1.5545 1.3594 1.3356 1.5044 1.5189 (0.8774,2.2316) (0.9015,2.2173)
1.3542 1.3160
0 1.5925 1.6575 1.6658 1.5443 1.6074 (0.9010,2.2841) (0.9015,2.2173)
1.3834 1.3533
r(1) 0.6360 0.6544 0.6567 0.6218 0.6403 (0.4357,0.8363) (0.4323,0.8149)
0.4006 0.3826
(1) 22547 19068 18654 22366 2.1863 (0.7727,3.7367) (0.9038,3.6697)
2.964 2.766
11T C 1.7750 1.5815 1.5584 1.7475 1.7274 0.9308 2.6192 0.9406 2.5577)
1.688 1.617
) 1.0667 1.0841 1.1023 1.0421 1.0946 0.52121.6123 0.9406 2.5577)
1.091 1.055
r(1) 0.4548 0.4618 0.4690 0.4449 0.4659 (0.2360,0.6736) (0.2388,0.6490)
0.4376 0.4102
(1) 3.339 2,951 2.882 3.326 3.207 (1.057,5.621) (1.114,5.344)
4.564 4.230

To assess the convergence of the MCMC samples, trace plots for the posterior distributions
of C, 6, r(t), and h(t) under the complete mechanical component dataset are shown in Figures
5 and 6. These plots display 4 x 10* values with their sample means (solid red lines) and
95% credible interval limits (dotted red lines). The well-mixed chains indicate favourable
convergence and effective exploration of the parameter space, suggesting the MCMC chain has
likely converged and accurately approximates the target distribution.
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Figure 5: Trace plot of C (left) and 6 (right) based on mechanical component dataset.
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Figure 6: Trace plot of r(t) (left) and h(t) (right) for based on mechanical component
dataset.

We now focus on selecting the optimal CS using criteria A, B, and C based on the variance-
covariance matrix for the complete mechanical component dataset. The computed values,
presented in Table 17, indicate that PCS R = (5,078, 5) is optimal under criterion I due to the
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lowest trace of the inverse Fisher information matrix. Additionally, CS R = (0"9, 10) is optimal
under criteria B and C, as it has the lowest value for criterion B and the highest for criterion C.

Table 17: Optimal CS using three PT-II CS based on mechanical component data.

Data Criterion A Criterion B Criterion C
I 0.3548 0.02005 17.7
1I 0.3225 0.01433 225
I 0.6745 0.0027 248.5

Dataset I1

Dataset II consists of simulated measurements of glass fiber strengths, comprising 63 observa-
tions, as reported by Enogwe et al. Enogwe et al. (2021). To evaluate the suitability of the
IPM distribution for modeling this dataset, the Kolmogorov-Smirnov (K-5) distance and its
corresponding p-value are calculated. The results yielded a K-S distance of 0.07 with a p-value
of 0.90, indicating that the IPM distribution provides a good fit to the data. The MLEs of the
parameters are estimated as C = 2.156 and 6 = 7.122. Additionally, the contour plot in Figure 7
confirms the existence and uniqueness of the MLEs of { and §.

To analyze Dataset II, three artificial Type-II progressive censoring scheme (T-1I PCS) sam-
ples with m = 33 are generated and tabulated in Table 18. Point and interval estimates for
the unknown parameters and reliability indices at time ¢ = 1.5 are computed and presented in
Table 19. In the Bayesian framework, non-informative priors (11 = by = a, = by = 0) is used
since no prior information about the parameters was available. The convergence of MCMC
samples is assessed using trace plots, shown in Figures 8 and 9. These plots confirm that the
MCMC samples successfully converged to the target posterior distribution.

Table 18: Three artificial PT-II CS for glass fiber strength dataset.

Sample Scheme Censored data
1 R =(10,0"9) 1.014, 1.526, 1.535, 1.541, 1.568, 1.579, 1.581, 1.591, 1.593, 1.602
1.666, 1.67, 1.684, 1.691, 1.704, 1.731, 1.735, 1.747, 1.748, 1.757,1.800,
1.806, 1.867, 1.876, 1.878,1.91, 1.916, 1.972, 2.012, 2.456, 2.592, 3.197, 4.121

2 R=(5,0"8,5) 1.014, 1.306, 1.355, 1.361, 1.364, 1.379, 1.409, 1.426, 1.459, 1.46, 1.476,
1.481, 1.484,1.501, 1.506, 1.524, 1.526, 1.535, 1.541, 1.568, 1.579, 1.581,
1.591, 1.593, 1.602, 1.666, 1.67, 1.684, 1.691, 1.704, 1.731, 1.735, 1.747

3 R =(0"32,30) 1.014, 1.081, 1.082, 1.185, 1.223, 1.248, 1.267, 1.271, 1.272, 1.275, 1.276,
1.278,1.286, 1.288, 1.292, 1.304, 1.306, 1.355, 1.361, 1.364, 1.379, 1.409,
1.426,1.459,1.46,1.476,1.481, 1.484,1.501, 1.506, 1.524, 1.526, 1.535
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Figure 7: Contour plot of log-likelihood function for various choices of C and 6 based
on glass fiber strength dataset.

Table 19: Point and Interval estimates of parameters based on glass fiber strengths

dataset.
Point Estimate Interval Estimate
Sample Par. MLE LSE WLSE MCMC Lindley ACI HPD
I C 1.939 3.774 3.911 1.867 1.917 (1.4910,2.3871) (1.4863,2.3372)
0.8958 0.8516
o 10.759 76.824 90.280 9.926 10.723 (5.7362, 15.7833) (6.0943,15.6832)
10.0460 9.5893
r(1.5) 0.7848 0.9342 0.9443 0.7756 0.7904 (0.6727,0.8968) (0.6652,0.8774)
0.3828 0.3588
h(1.5) 1.3293 1.1349 1.0412 1.3159 1.2914 (0.7870,1.8716) (0.8377,1.8733)
1.0852 1.0361
1T C 2274 2923 2.957 2.191 2.256 (1.752,2.796) (1.7492, 2.765)
1.043 1.016
o 11.154 20.234 20917 10.367 11.153 (6.271, 16.038) (6.618,16.161)
9.767 9.544
r(1.5) 0.6829 0.7139 0.7166 0.6804 0.6896 (0.5752,0.7906) (0.5682, 0.7827)
0.2154 0.2146
h(1.5) 2.011 2.418 2.430 1.947 1.968 (1.305, 2.717) (1.249, 2.657)
1.412 1.408
il T 2118 2.018 2.071 2.042 2.004 (1.583,2.653) (1.586,2.639)
1.071 1.052
o 7.053 6.656 6.955 6.697 7.024 (4.573,9.533) (4.705, 9.509)
4.961 4.804
r(1.5) 0.5305 0.5411 0.5413 0.5348 0.5375 (0.4159, 0.6450) (0.4245, 0.6430)
0.2291 0.2185
h(1.5) 1.3293 1.1349 1.0412 1.3159 1.2914 (0.7870,1.8716) (0.8377,1.8733)
1.773 1.699

Furthermore, the optimal progressive censoring schemes is determined based on the three
generated samples presented in Table 20. From this table, it is observed that Sample III is
optimal under criteria A and B, while sample I is optimal under criterion C.
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Figure 8: Trace plot of MCMC chains for  and 6 based on glass fiber strengths dataset.
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7 Conclusions

In this article, the reliability and parameter estimation for the inverse power Maxwell distribu-
tion under progressive Type-II censored data have been developed. Based on both frequentist
and Bayesian approaches, point and interval estimation procedures are proposed. In the clas-
sical approach, the MLE, LSE, and WLSE methods are utilized. Since the MLEs, LSEs, and
WLSEs of the unknown parameters cannot be derived explicitly, Newton’s iterative method
has been implemented for this purpose. Similarly, due to the complex form of the likelihood
function, Bayesian estimates have been obtained using Lindley’s approximation and the MCMC
method. The convergence of MCMC samples has been tested using various diagnostic plots.
A Monte Carlo simulation study has been conducted to evaluate the performance of the pro-
posed estimation methods. It has been found that the Bayesian MCMC method provides better
results compared to the classical methods. Furthermore, HPD credible intervals outperform
asymptotic confidence intervals (AClIs) in terms of shorter average lengths. To demonstrate the
practical applicability of the proposed methodologies, two real dataset have been analyzed. The
findings and methodologies presented in this study are expected to be valuable for practitioners
in mechanical and reliability engineering.

It would be worthwhile to extend the proposed methods discussed in this study to in-
vestigate their applicability under competing risk analysis for the inverse power Maxwell
distribution. Future research could also explore their performance under complex schemes,
such as adaptive progressive hybrid and improved adaptive Type-II progressive censoring
schemes.
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