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Abstract. This article introduces a dual problem of widely used calibration ratio-type
estimators for estimating population mean of the study variable considering auxiliary
information under dual constraints using stratified systematic sampling design. Un-
der large sample approximations, the expression for bias and variance of the proposed
estimator are derived. In addition, the optimality condition for the proposed estimator
and hence optimum variance expression is also obtained for the same. Moreover, a
study based on real-life data is carried out to judge the performance of the proposed
calibration estimator in terms of minimum relative bias and relative root mean squared
error criterion. The study reveals that the calibration ratio-type estimator under dual
constraints may be preferred in practice as it provides consistent and more precise
parameter estimates.

Keywords. Auxiliary Information, Calibration Estimation, Ratio-type Estimator, Sys-
tematic Sampling.
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1 Introduction

Deville and Sarndal (1992) first studied calibration estimators in survey sampling and is
widely used by many survey statisticians as Estevao and Sarndal (2006); Sarndal (2007);
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Kim and Park (2010); Clement and Enang (2017); Ozgul (2019); Alka (2019, 2021); Za-
man and Bulut (2023); Rai et al. (2024) among many others. The basic purpose is to
develop calibration estimator parallel to Horvitz Thompson estimator by considering
auxiliary information to get calibrated weights close to design weights. Koyuncu and
Kadilar (2013, 2016) defined some calibration estimators in stratified random sampling
for population characteristics. Clement et al. (2014) defined calibration estimators for
domain totals in stratified random sampling. Singh etal. (2009, 2011, 2012), Choudhury
and Singh (2012a, b) and Onyeka (2012, 2013) proposed various improved classes of ra-
tio estimators for estimating population mean under simple random sampling without
replacement (SRSWOR) and stratified random sampling schemes. Some extensions to
two-phase and post-stratification sampling are also considered and analysed by these
authors.

In the recent decade, ample work has been done to develop such estimators in
practice utilizing several aspects such as suitability of distance function, different cal-
ibration constraints, multi-auxiliary characteristics, and concept of multi-frame, along
with varying sampling schemes. Singh (2013) discussed the dual problem of calibration
of design weights. In connection with the above literature, an alternative estimator for
estimating the population mean utilizing auxiliary information in the best possible way
calibration based approach is welcomed which provides relatively precise estimation
with a smaller mean squared error.

Therefore, in the present article an effort is made to get aligned ratio estimator
under well suitable and demanded stratified systematic sampling design with better
precision as compared to single constraint calibrated estimator. Here, we introduce the
theory of calibration estimator to ratio estimation under stratified systematic sampling
scheme and following Solanki et al. (2012), we propose a class of ratio estimators for
population mean Y of the study variable (y) using auxiliary variable (x) under dual
problem of calibration-based approach. We also study the properties for e.g. bias and
variance of proposed class of estimators and the conditions under which the estimator
will provide an optimal performance. Relative bias and root mean squared error of
proposed estimator are computed and compared under single and dual constraints.

2 Proposed Calibration Estimator

Consider a finite population Q = {1,2, ..., N} which is divided into H strata with the hth
stratum containing Nj, (h = 1,2, ..., H) units, such that Zle Nj, = N. A simple random
sample of size 1y, is drawn using without replacement scheme from the 1 stratum such
that Zthl ny, = n. The study and auxiliary variables are denoted as y and x, respectively.
Furthermore, y;,, and x;, denote the values associated with the i" (i=1,2,...,Np) unit
from k" (h = 1,2, ..., H) stratum in the population by y and x. Let the population mean

of the auxiliary variable X = N, Zﬁhl x; be known. The primary aim is to estimate the
i
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- 1
population mean Y = N, Zﬁ”l Yni-

Using stratified random sampling scheme, the classical unbiased estimator of pop-
ulation mean is given by

H
Yo=Y w0 (2.1)
h=1

where wy, = Nj,/N is the stratum weight and f;, = n,/Nj, be the sample fraction for hth
stratum in the population.
Based on n;, observations, let the i stratum means of the study variable 7; =

1 1
— }:?_’11 yni and auxiliary variable %j; = — Z?_hl Xp; be the unbiased estimator of the
h B h B

_ 1 S 1
population mean Yy; = Z\_Th Zﬁhl yni and Xj; = ﬁh Zf\:[hl xy; respectively. Cochran (1977)
proposed the estimate of the population mean Y in stratified systematic sampling
scheme:

H
ystsy = Z whysyh/ (22)
h=1

where s, is the mean of systematic sample in the W stratum.

A ratio-type estimator under Simple Random Sampling Without Replacement (SR-
SWOR) proposed by Solanki et al. (2012) is as follows:

ol (EY o(x — X)
t(a,6) = y[2 (X) exp( 71 %) )] (2.3)

where a and 6 are suitably chosen scalars.

Etuk et al. (2016) proposed an alternative ratio estimator of population mean under
systematic sampling following Solanki et al. (2012) estimator which is given as

H = ay v _ VY
Tsu On(Xsyn — Xp)
T = H

=1 (xsyh + Xh)

where Ay, 7, a, and 6, are suitably chosen scalars, under the condition A, = 1+ 17y is
satisfied by A, and 7y,

Here, we propose the family of estimators under calibration approach-based method
of estimation as below

H v ap X X
Xsuh 5h(xsyh - Xn)
—c — QpTsun | Ay — Sy — ], 2.5
UR,stsy hZ:; hY yh[ h T’h( X, ) exp( (Fsyn + X) ) 29
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where the calibrated weights are denoted by ;. These weights can be obtained by
optimizing the estimator of popuation mean of the auxiliary variable

H A
Z thsyh =X, (2.6)
h=1

under the constraint

H H
Z wy, = Z Q, 2.7)

H Q, — 2
7’:%2( h wh)’ (2.8)

where gy, are suitably chosen weights called tuning weights. This constraint is in the
form of chi-square distance function. The form of the estimator in Eq.(2.5) depends
upon the choice of g;,. The lagrangian function will be given as

H
Yo
h=1

where A1 and A, are lagrange’s multiplier. On differentiating the lagrangian function
with respect to (), and equating to 0, we get

H

1y (Q —wy)?
— A2 [E Z Wnan 7/] ' 22

h=1

W,

H
=1

H
L= Z thsyh -M
h=1 h

WhgnTsyn — Mwpgn — A2(Qp — wy) = 0. (2.10)
Now, on taking summation over all the possible sampled values, we have

H H H H
Z WpnXsyn — M Z wpdn — A2 [Z Q- Z wh] =0.
=1 =1 =1

h=1

Solving for Ay by using Eq.(2.7), we have

H _
X1 Wnlnsyh

M (2.11)
Y1 Wnd
On putting the value of A; from Eq.(2.11) to Eq.(2.10)
Wi ( _ Yy Wnsyh
@) = " | T~ T | 212)

H
Y1 Whdn
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Substituting the value of (€2, — wy,) in Eq.(2.8) and solving

H _ 2
H _ th] whq}lxsyh
thl Whdn | Xsyh — —=7

Ljie1 Wi
\/7 7
where the sign of A, is to be determined by the choice of the sign for y. From Eqs.(2.12)
and (2.13), the new calibrated weights are given by

)\zzi

(2.13)

H _
Yoh=1 WnnZsyn ]

WnAn (fsyh El—
Y1 Wnln

Qh:wh+

VY. (2.14)

ZH whthsyh ’

Yl w (fsyh - ;1:1—)
Ljie1 Wil

The optimal calibrated weights so obtained in Eq.(2.14) can be used for estimating the

population mean of the study variable by means of the estimator defined in Eq.(2.5) as

Xsyh )ah (5h(fsyh - Xn)

H
I T P _ 57, 2.15
yR,stsy ; WnYy. yh [ = T ( Xh (xsyh + Xh) )] ’ \/7_/ ( )

where,

H -
H - - thl WhnXsyh
Yhet WnnFsyn | Xsyn — ——————

e 25121 Wndn (xsyh )a;, (6h(xsyh - Xh))]
6 = /\h - h — ex - _ o < .
S oo 2 X (Xsyn + Xn)
_ h=1 S
Y1 Wndln [xsyh - H—y]
Yp=1 Wnlln
Writing Eq.(2.14) under q;, = st‘ylh, we have
Yol w
=1 | = h=1
WnXsyp | Ysyh = TH —
sy [ thl whxsylh

Qp =wy, +

N2 (2.16)

H _
thl wpXx

2
H
yH w21 | _ =@
h=1 whxsyh Xsyh 1
syh

We may also develop another set of family of ratio estimators by plugging (), obtained

above in Eq.(2.16) into Eq.(2.5). The best choice of 4/y can be

(X - ZhH:1 whxsyh)

H _ 2
H _ thl WhnXsyh
Zh:1 Wpdn | Xsyh — —=g

H
Zh:l Win

~ N(0,1).
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Any other unit free value of 4/y can be used like

Yl WgnTsyh
Yol wagn (?? e ————
J ! N Yol wuqn

where Sy, & sy, are the population and sample standard deviation for h* stratum.

2.1 Bias and Variance of the Proposed Estimator

To obtain the expression of Bias and Variance of the proposed estimator under dual
constraint, let us assume that

gsyh = Yh(l + 60) and X‘syh = Xh(l + 81), (2.18)
such that
E(eg) = E(e1) = 0, (2.19)
E@qn—Xn)*> 1N, -15
2\ Y _ h hx
E(El) = X—i = X_i N, —h [1+ (- 1)Phx]
(N, -1\ 5},
—( N ) e [1+ (ny — 1)pn]
=6, [1 + (n, — Dpne] Cr.. (2.20)
Similarly ~ E(e5) = O,(1 + (1, — 1)phy)c§y, (2.21)
E(eoer) = Op(1 + (1 — 1)pie) /21 + (1 = 1)piy)*’? Py CixCry, (2.22)
2 52
N, -1 > S 2 hy Shxy
h = ; =5 == =< <o
where O ( Ny ) Ci X2 Chy 7 P,
1 Ny, 1 N,
2 _ 2. 2 _ w2,
th - Nh ] ;(xhz Xh) ’ Shy = Nh ] ;(yhz Yh) ’

Nh
1 _ _
Iy = m ;(xhi = X)) WYni — Yn) -
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Rewriting Eq.(2.5) using above notations, we get

" Xn(+e)\™ (0p(Kn(1 +e1) = X))
yR,stsy Z thh(l + 60) |:/\h - T’h( Xh - ) exp( (Xh(l + 61)1+ Xh) )]

q Spe 11!
=Y Q.Y, [/\h —rp(1+ el)“’fexp( hzl (1 + Eel) )]
h=1
H -1
_ ope 1
+ ; QpYhe [Ah - T’h(l + el)"‘hexp (% (1 + 561) )] .

(2.23)

1 \7! S
Expanding the terms (1 + e;)*, (1 + 561) and exp[ hel (1 +

1\
- —61) ] in the first order

2
of e; and neglecting higher order terms, we obtain

—1(2ay + 0 20 + 0y — 2
g;i,stsy Z Qth + Z QhY [{ h( h h) (61 + %e% N 6081)} N eo] ,

H

- - -1, Qay + 6 20, + 6 — 2

J?fa,stsy—Y:ZQth [{ nl 2h ) (e1+ h 4h e§+e0e1)}+e0]. (2.24)
h=1

Taking expectations on both sides, we have

H
_ = - —rh(Zah + 6h) 20, + 6 — 2
E(yii,stsy - Y) = ; QthVh [ 2 Cix ( 4 + Kh)

1+ (TZh — 1)phy 1/2

Ch
where y, = 0,(1 + (1, — V)ppy), Ky = (—1 T om = Dpy ) phxyc—hy . (2.25)
X X

The Bias will be zero if a, = —%6;1.

Now, to find the variance of the proposed estimator, squaring Eq.(2.24) and neglect-
ing the third and higher order terms of eg and e;.
r2Qay, + Oy)%€? )
( h( h ) 1 5 Zl’h( ay + 6h)80€1].

H
_ VY2 242
(y%,stsy —Y) = Z Qth 4 e 2

h=1
On taking expectations, we get
_ H _ [ Qay, + 6y)?
E(y%,stsy - Y)2 = Z Qin% [ . 4
h=1
— — 1/2 _ 1/2
(20 )Op(1 + (1 = D) 2(1 + (1 = 1)piy) "/ iy CinCiry |

On(L + (ny, — Dpuy)Crr, + Op(1 + (ny — 1)Phy)C%y

. rmQay + 6 .
V(#itsy) ZO Y30 [ 2,4 RO (1 o, 4 07) —p Kh>], (2.26)
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where p* = (M
P\ T o~ Dpie
the value of Q; in Eq.(2.26), we get
. Yoy wy
H whxsylh Xsyh — b=l 1
Zh 1WnX syh
yR stsy Z Wp +
h=t Lt W
Zh 1 whxsyh xsyh — 1
Z‘h 1 whxsyh

2 1)
+rh( az+ h)

Rewriting above equation by using 1 = r,(2ay, + 0y,), we get

Cr (ru(2ay + ) — 4p*1<h)] .

}2

H

w, L | % —Zh 100

H h syh syh — Z 1

h=1 Wh¥X,

yR stsy 2 Wp +
=l H ZhH 1 Wh
__1 —
Zh:1 whxsyh Xsyh — 71

+ C2 (17 —4np* Kh)]

iy

%

%

1/2
) , Py = 1+(n,—1)ppy. Onsetting g, = Xs‘ylh and substituting

Yﬁ Ghlph [p*ZCiy

(2.27)

Yi On libh [p*ZCiy

(2.28)

3 Optimal Conditions for the Proposed Calibration Ratio Esti-
mator

The optimal condition for the proposed calibration ratio-type estimator under dual
constraint can be given as:

8V(g lI:Z,stsy) . . . .
8—17 =0 which implies that 2n-4p*K}; =0,
or,
n =2p'Kj thatis r,(2ay + 0y) = 2p"Ky,
Therefore,
Zp*Kh - rhéh
ah’opt = T . (31)

The calibration estimator for population mean in Eq.(2.5) using stratified sampling
under dual constraint will be asymptotically optimum on substituting the value of
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ap,opt from Eq.(3.1) and is given as

y%,stsy Z thsyh Ap =1y (

h=1 h

Xsyh

|

2p*Kh - Théh
27’;,

pr[

On(Fsyn — Xn)
(xsyh + Xh)

] . (32

Also, the variance of optimum calibration estimator Eq.(3.2) can be obtained on putting

the value of aj, gy in Eq.(2.27) as

H
whf‘lh Xsyn — —Zh 1
H sy Zh 1whxsyh . oo
yRstsy Z Wy + 5 W Yhehlibh [P Chy
h=1 Lt W
Zh 1whxsyh xsyh B
Z‘h 1 whxsyh
20*K}, . .
+pTc§x(2p Ky, —4p Kh)] . (3.3)
Rewriting the Eq.(3.3) by using Eq.(3.1), we get
i 2
=1 Wh
u whxs_ylh xsyh —h ! -
. Z‘h 1 whxsyh ) 2 [~2 22
V(yR,stsy) = Z Wp + 5 \/7_/ Yh6h¢hp [Chy - KhChx] :
h=1 Lt Wi
Zh 1 whxsyh xsyh _
Zh 1 whxsyh
(3.4)

Further, the performance of the proposed estimator with the help of a real-life dataset
is evaluated in the next section.

4 An Application

Consider the Forced Expiratory Volume (FEV) data set which was used by Singh
(2013). This real data set of FEV is an index of pulmonary function that measures
the volume of air expelled after one second of constant effort and can be downloaded
from http://www.amstat.org/publications/jse/datasets/fev.dat.txt. The FEV data set was
studied in East Boston, Massachusetts, 1980, on 654 children aged from 3 to 19 years
who were seen in the childhood respiratory disease.

The study variable Y is defined as FEV, and the auxiliary variable X as Children
age, from 3-19 years of age. For this data set, Y =2.6367, X = 9.5841, and correlation
p(X,Y) = 0.75646. Also, wesetr = =1,A = 0,a = -1,6 = 3/5,k = 1.70 as in Etuk et
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al. (2016) satisfying the condition A = 1 +r and (2a +6) = 27k The author suggested

to choose the other set of values for ,A,a, 6,k. Our primary aim is to estimate Y =
2.6367 (assumed unknown), when X = 9.5841 is assumed to be known. A pictorial
representation of the real life datasets is shown in the Figure 1.

The population (N = 654) is divided into three non-overlapping, mutually exclusive
strata h = 1,2,3 containing N1 = 128, N, = 283, N3 = 243 units respectively and within
each stratum, samples of proportion 5%, 10%, 15%, 20%, 25%, 30%, 35% and 40%
of total population are drawn under systematic sampling design. The values of the
estimators are simulated M=5000 using R. Then, the calibration ratio-type estimator for
population mean using systematic sampling design under single and dual constraints
are analysed in terms of percent Relative Bias (RB%) and percent Relative Root Mean
Squared Error (RRMSE%).

We defined RB and RRMSE in percentage as

LyMove . -
_ M Li=1 T R sts o
RB(Y§ .,) = L x100% (4.1)
1 M
RRMSE(Y, ) = A—/{Z(Yfalstsy—lf)leoo"/o (4.2)
=1
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Figure 1: Scatterplot of the two variables (FEV and Age) considered in the study.
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Table 1: RB(%) values of the calibration estimator Y% sy

Sample Proportions Under Single Constraint Under Dual Constraints

0.05 4.2041 0.5816
0.10 3.8930 0.2871
0.15 3.7410 0.1197
0.20 3.6736 0.0640
0.25 3.6701 0.0743
0.30 3.6675 0.0695
0.35 3.6697 0.0727
0.40 3.6545 0.0466

Table 2: The RRMSE (%) values of the estimator Y¢

R,stsy
Sample Proportions Under Single Constraint Under Dual Constraints
0.05 9.5439 7.6607
0.10 7.1389 5.3444
0.15 5.9716 4.1616
0.20 5.3603 3.4828
0.25 4.9426 2.9422
0.30 4.7517 2.6877
0.35 4.5246 2.3749
0.40 4.3846 2.1172

On analyzing the calibration ratio-type estimator under single and dual constraints,
the RB(%) values under single constraint varies from 4.2041 to 3.6545 in the samples
of proportions 5% to 40% while it varies from 0.5816 to 0.0466 under dual constraints
showing significant reduction throughout the samples. From Table 1, we see that RB(%)
values under dual constraints are compartively less under single constraint. Further-
more, it can be observed from RRMSE(%) values (from Table 2) which varies from
9.5439 to 4.3846 and 7.6607 to 2.1172 under dual constraints. Also, RRMSE (%) values
for dual constraint based calibration estimator are less than that for single constraint
based estimator. This supports the fact that, the use of supplementary information
in survey sampling increases the precision of the estimates of the population param-
eter(s) of interest (Cochran, 1977). So, the calibration ratio-type estimator under dual
constraints outperforms that of the estimator under single constraint.

5 Conclusion

This article introduces the theory of calibration ratio-type estimator for population
mean under dual constraints using stratified systematic sampling design. Expression
for bias and variance have been derived upto second order of approximations. Fur-
thermore, the optimal conditions for the proposed estimator and variance expression is
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given. Here, the conclusion can be made that the calibration ratio-type estimator under
dual cosntraints should be preferred in practice as it provides consistent and more
precise parameter estimates. From Tables 1 and 2, it is seen that proposed estimator is
more efficient in terms of RB(%) and RRMSE(%).

Therefore, utilizing auxiliary information through calibration approach provides
considerable precision of estimates under dual constraints as compared to single con-
straint, so it is strongly recommended to consider the estimator for application in real
scenario as supported by present study.
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