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Abstract. This paper presents a new mixture model via considering the univariate
skew Laplace distribution. The new model can handle both heavy tails and skewness
and is multimodal. Describing some properties of the proposed model, we present a
feasible EM algorithm for iteratively computing maximum likelihood estimates. We
also derive the observed information matrix for obtaining the asymptotic standard
error of parameter estimates. The finite sample properties of the obtained estimators
as well as the consistency of the associated standard error of parameter estimates are
investigated by a simulation study. We also demonstrate the flexibility and usefulness
of the new model by analyzing real data example.
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1 Introduction

Finite mixture (FM) models are analytical paradigm aiming to provide a statistical tool
for analyzing data sets which come from a heterogeneous population (McLachlan and
Basford, 1988; Titterington et al., 1985). Formally, the FM models are weighted sum of
g combination of distribution functions and, therefore, they are useful in a cluster or
classification analysis and pattern recognition problems. Let X be a random variable
having a finite mixture distribution. Then, the probability density function (pdf) of X
can be formulated by

f (x;Θ) =
g∑

i=1

pi f (x;θi), x ∈ R,

where pis’ are mixing proportions, such that Σg
i=1pi = 1, f (.;θi) represents the pdf of

class i, parametrized with θi, and Θ = (p1, ..., pg−1,θ1, ...,θg). More details of FM models
can be found in McLachlan and Peel (2004), Bishop (2006) and Frühwirth-Schnatter
(2006).

Due to usefulness of FM models in the study of heterogeneity and clustering, many
kinds of mixture models have been recently introduced by considering non-Gaussian
distribution as a mixing component. For instance, see the work on the multivariate t
distribution considered by Lin et al. (2014), the skew-t distribution proposed by Vrbik
and McNicholas (2012), Vrbik and McNicholas (2014) and Lee and McLachlan (2014).
Also, Basso et al. (2010), Dog̀ru et al. (2017) and Ho et al. (2012) provide considerable
works via proposing FM models of the scale mixtures of skew-normal distributions,
skew Laplace normal distributions and skew-t-normal distributions, respectively.

Another viewpoint of constructing skewed distribution is the normal mean-variance
mixture (NMV) method. Because of asymmetric properties, the class of NMV distribu-
tions was considered in several works in the literature of clustering. Moreover, McNeil
et al. (1977) showed that the family of generelized hyperbolic (GH) distributions can be
constructed by the NMV model. The GH family includes symmetric distributions such
as normal, Student t, Laplace, elliptically symmetric distributions and asymmetrical
distributions as skewed t, skew Laplace and hyperbolic distributions as special cases.
Arslan (2010) proposed an alternative skew Laplace (SL) distribution and showed that
all maximum likelihood (ML) estimators of the parameters in this family have an ex-
plicit form and it provides better fit on the peaked data set. Recently, Franczak et al.
(2014) have proposed finite mixture of shifted asymmetric Laplace distributions. Al-
though the shifted asymmetric Laplace distribution is also constructed via the NVM
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model (considering exponential distribution with mean 1 as a mixing variable), its pdf
is not same as the SL distribution.

In this paper, we propose a finite mixture version of the skew Laplace (FM-SL)
model. Some properties of the new model are studied and the ML estimate of model
parameters are obtained. To show asymptotic properties of the ML estimators, a
simulation study is used. Finally, we fit the FM-SL model on a real data set and
compare this model with the FM model based on the family of the scale mixture of
skew normal distributions.

The rest of the paper is organized as follows. Section 2 briefly outlines the skew
Laplace distribution and studies some of its properties. Section 3 describes the finite
mixture of SL distributions, and then mentions some of its properties including the
implementation of expectation maximization (EM) procedure, introduced by Demp-
ster et al. (1977), for computing ML estimation. A simulation study is conducted to
verify consistency of estimated standard errors and finite sample properties of the ML
estimates in Section 4. Furthermore, the performance and advantages of the proposed
methodology is illustrated through the analysis of a real data set in this section. The
paper concludes with a summary and a short discussion on some possible directions
for future researches in Section 5.

2 Methodology

2.1 Skew Laplace Distribution

Let X be a random variable taking real values. It follows a skew Laplace distribution,
denoted by X ∼ SL(µ, σ, λ), if its pdf is of form

fSL(x;µ, σ, λ) =
1

2τσ
exp
{
−τ
|x − µ|
σ
+
λ(x − µ)
σ2

}
, x ∈ R, (2.1)

where σ > 0, µ ∈ R and λ ∈ R are the scale, location and skewness parameters,
respectively, and τ =

√
1 + (λ/σ)2. It can be easily shown that the SL distribution is

obtained based on the normal mean-variance mixture model as

X d
= µ +Wλ +

√
WZ, (2.2)

where d
= denotes the equality in distribution, Z is a random variable that follows a

normal distribution with mean zero and variance σ2 (Z ∼ N(0, σ2)), and W is a random
variable having an exponential distribution with mean 2 (Exp(0.5)).
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Proposition 2.1. If X ∼ SL(µ, σ, λ), then the tail of the distribution is

fSL(x;µ, σ, λ) ∼ c exp
{
− τ
σ
|x| + λ

σ2 x
}
, as x −→ ±∞,

where c is a constant. Also, if λ > 0, the right tail gets heavier and the heavier right tail degrades
as

fSL(x;µ, σ, λ) ∼ c exp
{( τ
σ2 −

λ
σ

)
x
}
, as x −→ +∞.

Similarly, the heavier left tail degrades as

fSL(x;µ, σ, λ) ∼ c exp
{( τ
σ2 +

λ
σ

)
x
}
, as x −→ −∞ i f λ < 0.

The aforementioned proposition reveals that the tail of the SL distribution is an
exponential function and it can be regarded as a semi-heavy-tailed distribution.

Using the definition of the generalized inverse Gaussian (GIG) distribution, we
derive a proposition which is helpful for applying the EM algorithm. A random
variable W with the pdf

fGIG(w;κ, χ, ψ) =
(ψ/χ)κ/2wκ−1

2Kκ(
√
ψχ)

exp
{−1

2

(
w−1χ + wψ

)}
, w > 0, (2.3)

has a GIG distribution, denoted by W ∼ GIG(κ, χ, ψ) hereafter. In this pdf, the parameter
κ ∈ R and two parameters χ and ψ are such that χ ≥ 0, ψ > 0 i f κ > 0; ψ ≥ 0, χ >
0 i f κ < 0 and χ > 0, ψ > 0 i f κ = 0. The GIG distribution was originally introduced by
Good (1953) and is widely used for modeling and analyzing lifetime data. The pdf of
GIG distribution is unimodal and contains the gamma and inverse gamma densities as
special cases, corresponding to χ = 0 and ψ = 0, respectively. In these cases, (2.3) must
be interpreted as limiting cases, which can be evaluated using the asymptotic relations
Kκ(x) ∼ Γ(κ)2κ−1x−κ as x ↓ 0 for κ > 0, and Kκ(x) ∼ Γ(−κ)2−κ−1xκ as x ↓ 0 for κ < 0.

Proposition 2.2. Let random variables X and W follow SL(µ, σ, λ) and Exp(0.5), respectively.
Then by the Bayes’ rule, for any x ∈ R, distribution of W given X = x is GIG distribution with
parameters (0.5, ((x − µ)/σ)2, τ2). Also,

E[Wn|X = x] =
(x − µ
στ

)n
R(0.5,n)(τ(x − µ)/σ), n = ±1,±2, ..., (2.4)

where R(κ,a)(c) = Kκ+a(c)
/
Kκ(c).
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3 Finite Mixture of Skew Laplace Distributions

This section displays the structure of the FM-SL model and demonstrates the way of
employing the EM algorithm to find the ML estimate of parameters.

3.1 Model Formulation and Parameter Estimation

Consider n independent random variables X1, ..., Xn, which are taken from a mixture
of SL distributions. The pdf of a g-component FM-SL model is

f (x;Θ) =
g∑

i=1

pi fSL(x;θi), j = 1, 2...,n, (3.1)

where pis’ are mixing proportions, f (.;θi) is the SL pdf defined in Equation (2.1) with
θi = (µi, σi, λi) and Θ = (p1, ..., pg−1,θ1, ...,θg). Given the set of observed data x =
(x1, ..., xn), the observed data log-likelihood function for x is

ℓ(Θ|X = x) =
n∑

j=1

log

 g∑
i=1

pi fSL(x j;θi)

 . (3.2)

Remark 1. The main problem occurred in the log-likelihood function (3.2) is that it is
unbounded when one of the observations x j equals µi and σi tends to 0, since the FM-
SL is related to the normal mixture model with unequal variances via representation
(2.2). As a result, the corresponding global ML estimator of FM-SL is undefined.
Following Chen et al. (2008), one way to solve this problem is to put a constraint on the
parameter space such that the likelihood is bounded. It is also noted that identifying an
appropriate parameter space is difficult. Moreover, in many cases, different choices of
the parameter space may give different constrained global ML estimators. To overcome
this deficiency more accurately, Yao (2010) suggested to find the constraint parameter
via proposing a profile log-likelihood of the likelihood function. More details of the
profile log-likelihood method can be found in Yao (2010).

A useful and accurate approach to obtain the ML estimate in the FM model is the EM
algorithm. The EM algorithm is an iterative way to facilitate the producer of obtaining
ML estimations when data are incomplete. The main idea for getting ML estimators
in this algorithm is to solve a difficult incomplete-data problem by solving tractable
complete data problems. More details on the EM algorithm are given by McLachlan
and Krishnan (2008). To apply this approach to our proposed model, on supporting
the interpretation of incomplete data, we consider a set of group membership variables
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V j = (V1 j, ...,Vgj) for j = 1, ..., n, taking Vi j = 1 if y j belongs to the ith component and
Vi j = 0 otherwise. We assume that all of the group membership labels are unknown
in a clustering paradigm. This implies that V j follows a multinomial distribution with
probabilities (p1, ..., pg) and one trial, denoted by V j ∼ M(1; p1, ..., pg). By (2.2), the
hierarchical representation of the FM-SL model can be written as

X j
∣∣∣(W j = w j,Vi j = 1) ∼N(µi + w jλi,w jσ

2
i ),

W j
∣∣∣Vi j = 1 ∼Exp(

1
2

),

V j ∼M(1, p1, p2, ..., pg).

As a result, based on the observed data x and missing values w = (w1, ...,wn) and
V = (V1, ...,Vn), the log-likelihood of the complete data, with safely dropping out
additive constant, is

ℓc(Θ|x,w,V ) =
n∑

j=1

g∑
i=1

vi j

[
log pi −

1
2

(log σ2
i ) −

(x j − µi)2

2σ2
i w j

−
λ2

i w j

2σ2
i

+
λi(x j − µi)

σ2
i

]
. (3.3)

At the iteration k of the EM algorithm, the expected value of complete-data log-
likelihood (3.3) with respect to the conditional distribution of the missing values (w,V )
given the observed data x is computed in the E-step at Θ = Θ̂(k). This leads to the
so-called Q-function as

Q(Θ|Θ̂(k)) =
n∑

j=1

g∑
i=1

v̂(k)
i j

[
log pi −

1
2

log(σ2
i ) −

(x j − µi)2

2σ2
i

t̂(k)
i j −

ŵ(k)
i j λ

2
i

2σ2
i

+
λi(x j − µi)2

σ2
i

]
.

The conditional expectations ŵ(k)
i j = E(W j|X = x j,θi) and t̂(k)

i j = E(W−1
j |X = x j,θi) are

calculated by using (2.4) in Proposition 2.2. v̂(k)
i j is also computed using p̂i f (x j; θ̂

(k)
i )
/

f (x j; Θ̂(k)).

Let ni =
∑n

j=1 v̂(k)
i j , Ai =

∑n
j=1 v̂(k)

i j t̂(k)
i j and Ci =

∑n
j=1 ŵ(k)

i j v̂(k)
i j . In the M-step, we maximize

the Q-function with respect to the parameters to get the updates of the parameter
estimates. The update of the mixing proportions is p̂(k+1)

i = ni/n and two parameters λ
and µ can be updated as

λ̂(k+1)
i =

∑n
j=1 v̂(k)

i j (x j − µ̂(k)
i )

Ci
, and µ̂(k+1)

i =

∑n
j=1 v̂(k)

i j (t̂(k)
i j x j − λ̂(k+1)

i )

Ai
.
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The update of the parameter σ2
i is also obtained by

σ̂2(k+1)
i =

1
ni

 n∑
j=1

v̂(k)
i j

(
t̂(k)
i j (x j − µ̂(k+1)

i )2 + λ̂2(k+1)
i ŵ(k)

i j − 2λ̂(k+1)
i (x j − µ̂(k+1)

i )
) .

The above two steps are iterated until a suitable specified convergence rule is
satisfied, for instance, if |ℓ(θ̂(k+1))− ℓ(θ̂(k))| is less than a desired tolerance. In this paper,
we use the Aitken acceleration (Aitken, 1927) to estimate the asymptotic maximum
of the log-likelihood at each iteration of the EM algorithm and hence to determine
convergence of the algorithm (McNicholas et al., 2010). The Aitken acceleration factor
at iteration k is

aik(k) =
ℓ(θ̂(k+1)) − ℓ(θ̂(k))

ℓ(θ̂(k)) − ℓ(θ̂(k−1))
.

At iteration k+ 1, the asymptotic estimate of the log-likelihood can be computed as

ℓ∞(θ̂(k+1)) = ℓ(θ̂(k+1)) +
1

1 − aik(k)

{
ℓ(θ̂(k+1)) − ℓ(θ̂(k))

}
,

and the procedure can be considered to have converged when ℓ∞(θ̂(k+1)) − ℓ(θ̂(k)) < ε
(Böhning et al., 1994; Lindsay, 1995). We use this criterion with ε = 10−5 in the next
section.

Since the choice of starting points in the EM algorithm plays an important role to
achieve a closer estimation of the real parameter value, a simple procedure suggested
by Basso et al. (2010) is used. At first, we separate the sample into the g groups using
cluster algorithm, namely the k-means. Then, the initial value of mixing proportions
are equal to the proportion of data points belonging to the same cluster j, and the
starting points of µ j, σ j and λ j for each cluster j are computed using the estimation
method of FM-SL, described above, for g = 1.

3.2 Estimation of Standard Errors

To compute the asymptotic covariance of the ML estimates, we use the information-
based method suggested by Basford et al. (1997). By Meilijson’s (Meilijson, 1989)
formula, the empirical information matrix is obtained as

Ie(θ|x) =
n∑

j=1

s(x j|θ)s⊤(x j|θ) − 1
n

S(x|θ)S⊤(x|θ), (3.4)



104 Kh. Okhli et al.

where S(x|θ) =
∑n

j=1 s(x j|θ) and the individual score s(x|θ) can be determined (Louis,
1982) as

s(x j|θ) =
∂ f (x j|θ)
∂θ

= E
(∂ℓc(θ|x j,w j)

∂θ

∣∣∣∣x j,θ
)
.

Substituting the ML estimates (θ̂), (3.4) reduces to

Ie(θ|X) =
n∑

j=1

ŝ jŝ⊤j , (3.5)

where ŝ j is an individual score vector whose elements are (ŝ j,p1 , ..., ŝ j,pg−1 , ŝ j,µ1 , ..., ŝ j,µg , ŝ j,σ1 ,
..., ŝ j,σg ŝ j,λ1 , ..., ŝ j,λg) which, for r = 1, ..., g can be computed as follows.

ŝ j,pr =
v̂rj

p̂r
−

v̂gj

p̂g
,

ŝ j,µr =v̂rjσ̂
−2
r

[
(x j − µ̂r)t̂rj − λ̂r

]
,

ŝ j,λr =v̂rjσ̂
−2
r

[
(x j − µ̂r) − λ̂rŵrj

]
,

ŝ j,σr =v̂rjσ̂
−3
r

[
t̂rj(x j − µ̂r)2 + λ̂2

r ŵrj − 2λ̂r(x j − µ̂r) − σ̂2
r

]
.

So, the standard error of the estimator θ̂ can be obtained by calculating the square
roots of the diagonal elements of the inverse of (3.5).

4 Data Analyses

4.1 Simulation Study

In this subsection, we carry out a simulation study to illustrate the performance of
our method. We check the asymptotic properties of the ML estimators and show
that the method proposed in Section 3 to approximate the standard error of the ML
estimation of the model parameters has good asymptotic properties. To proceed the
experimental study, we generate 500 Monte Carlo samples from the FM-SL model with
Θ = (0.3, 2, 1, 1, 4, 2, 2) and sample size n = 100, 200, 500, 1000 and 2000.

For each sample size n, we investigate the bias and mean square error (MSE) as two
asymptotic properties of the estimates obtained using the suggested EM algorithm. For
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each parameter θ, they are defined as

Bias(θ) =
1

500

500∑
i=1

θ̂i − θ, and MSE(θ) =
1

500

500∑
i=1

(θ̂i − θ)2,

where θ̂i is the estimation of θi in replication i.
Also, for each replication, we obtained the ML estimates of Θ and the estimates of
their standard error using (3.5). Then, the sample standard errors of θ (MC SE) and
average estimated standard errors (A.SE) are computed to investigate consistency of
the estimate of the standard errors. They are given, respectively, by

MC SE =
1

499

 500∑
i=1

θ̂2
i −

1
500

( 500∑
i=1

θ̂i

)2 , and A.SE =
( 1
500

500∑
i=1

sei(θ̂)
)2
.

Table 1 presents the results of the simulation. As a general rule, it is evident that
the bias as well as the MSE of estimators decreases when the sample size increases. It
can also be seen that the values of MC SE and A.SE are close to each other and they
agree by increasing in the sample size (n > 500). It is confirmed that the estimates of
the standard error for ML estimators of the parameters are consistent.

4.2 Real Data Analyses

We use a real data set to test the performance of our algorithm. The new model is
compared with FM models based on the family of the scale mixture of skew normal
distributions. This class contains the finite mixture of skew-normal (FM-SN), the finite
mixture of skew-t (FM-ST), the finite mixture of skew contaminated normal (FM-SCN)
and the finite mixture of skew slash (FM-SSL) distributions. We use Akaike information
(AIC) (Akaike, 1973) and Bayesian information criteria (BIC) (Schwarz, 1978) to com-
pare the fitted models. For the accurate comparison, the misclassification rate (MCR)
and two popular measures of the clustering agreement between two clusters, namely,
the rank index (RI) and the adjusted rank index (ARI) (Hubert and Arabie, 1985) are
also used. A lower misclassification rate represents a closer match between the ‘true’
class and the cluster class given by the candidate algorithm. Also, the more closeness
of RI and ARI to 1 corresponds to the more exact match between the two sets of classes.

The diabetes data (Reaven and Miller, 1979), which can be obtained from mclust
package in R (Fraley and Raftery, 1999, 2003), consists of three measurements on 145
subjects from three classes: chemical (36 observations), normal (76 observations), and
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Table 1: The result of simulation study.
sample size Measure p µ1 µ2 σ1 σ2 λ1 λ2

Bias -0.0321 -0.1429 -0.2091 0.0878 0.2175 0.1318 -0.0242
100 MES 0.0071 0.0821 0.1381 0.0828 0.2149 0.1045 0.1169

MC SE 0.0071 0.0637 0.1114 0.0685 0.1547 0.0857 0.1144
A.SE 0.0085 0.0654 0.1237 0.0769 0.1693 0.1020 0.1409

Bias 0.0286 -0.1395 -0.1777 0.0445 0.1534 0.1259 -0.0093
200 MES 0.0046 0.0684 0.1009 0.0428 0.1326 0.0645 0.0692

MC SE 0.0039 0.0387 0.0629 0.0427 0.1004 0.0527 0.0587
A.SE 0.0043 0.0395 0.0637 0.0441 0.1013 0.0540 0.0601

Bias -0.0195 -0.0831 -0.1328 0.0142 0.0705 0.0813 -0.0067
500 MES 0.0026 0.0320 0.0558 0.0222 0.0646 0.0413 0.0294

MC SE 0.0022 0.0256 0.0366 0.0224 0.0524 0.0273 0.0287
A.SE 0.0022 0.0259 0.0368 0.0224 0.0527 0.0278 0.0291

Bias -0.0141 -0.0538 -0.0713 0.0050 0.0435 0.0478 -0.0045
1000 MES 0.0018 0.0187 0.0304 0.0146 0.0346 0.0333 0.0176

MC SE 0.0016 0.0152 0.0245 0.0122 0.0349 0.0222 0.0166
A.SE 0.0016 0.0152 0.0245 0.0122 0.0349 0.0222 0.0166

Bias -0.0087 -0.0300 -0.0410 -0.0025 0.0125 0.0072 -0.0015
2000 MES 0.0011 0.0079 0.0152 0.0078 0.0215 0.0204 0.0109

MC SE 0.0010 0.0070 0.0135 0.0078 0.0198 0.0191 0.0107
A.SE 0.0010 0.0070 0.0135 0.0078 0.0198 0.0191 0.0107

overt (33 observations). For our purpose, we consider Steady State Plasma Glucose
(sspg) variable. Table 2 reports the parameter estimates together with the associated
standard errors, Log-likelihood, AIC, BIC, MCR, IR and AIR for the fitted models. It
can be seen that the FM-SL model has the smallest values of the Log-likelihood, AIC
and BIC. This reveals that the new model provides a better fit on the data. Also, the
summary of clustering measures shows that the FM-SL model achieved the lowest
misclassification rate and the highest RI and ARI representing a close match with the
true clustering.

5 Conclusion

In this paper, the finite mixture of skew Laplace distributions, called the FM-SL model,
has been introduced. Studying some properties of the new model, we show that
the FM-SL model is beneficial for modelling data exhibiting patterns of asymmetry,
multimodality and fat tails. The ML estimator of the parameters are computed by
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Table 2: Parameter estimates of diabetes data.
FM-SL FM-ST FM-SN FM-SCN FM-SSL

parameter MLE SE MLE SE MLE SE MLE SE MLE SE
p1 0.4960 1.6826 0.6471 2.0847 0.6149 2.4593 0.6061 4.3659 0.5978 2.4570
p2 0.2772 1.3584 0.2689 1.9345 0.3058 2.3436 0.3240 2.7833 0.3293 2.4190
µ1 1.3100 0.9967 1.7239 1.0859 1.7222 0.9929 1.6383 1.8705 1.5778 1.4411
µ2 1.2271 2.3389 2.0222 3.6414 1.8329 2.3421 1.8029 3.4803 1.8612 2.2025
µ3 0.4100 1.8916 4.1481 9.6302 3.8423 2.0433 4.1011 3.2272 4.1353 2.1712
σ1 0.4017 0.4963 0.6874 0.5624 0.7025 0.8914 0.5545 9.4806 0.5244 0.8027
σ2 0.4516 1.4372 0.7564 3.6126 0.8478 2.9125 0.7474 6.1024 0.6868 1.8071
σ3 0.4056 1.0266 1.5235 9.5239 1.6801 4.0588 1.3367 3.9983 1.3057 2.8796
λ1 0.2089 0.9658 -1.4266 2.121 -1.6016 2.4506 -1.2249 5.8186 -1.1223 2.7434
λ2 0.7718 3.3849 0.7633 8.7146 1.0720 8.2012 1.1849 9.6069 1.1126 7.5619
λ3 0.3276 2.7935 0.5111 11.2348 1.0749 7.1717 1.2015 6.4412 1.0022 4.8558
ν1 – 10 11.6237 – 0.8273 13.6202 3.5519 4.1356
ν2 – – – – 0.6782 13.5700 –
Log.like -198.1097 -200.7957 -200.7815 -200.9097 -200.9097
AIC 418.2194 425.5914 423.563 425.5914 425.8193
BIC 450.9635 461.3123 456.307 461.3123 461.5401
MCR 0.3103 0.4965 0.5241 0.4827 0.5103
IR 0.6237 0.5406 0.5414 0.5386 0.5408
AIR 0.2469 0.0935 0.0813 0.0920 0.0835

a feasible EM algorithm via presenting a convenient hierarchical formulation of the
model. We carry out a simulation to investigate asymptotic properties of the ML
estimates and consistency of their standard error estimate. Results of real data analysis
suggest that the FM-SL model outperforms other competitors in cluster analyses.

As feasible extensions of the current work, the methodology presented in this paper
can be developed in areas of multivariate cases. It is worthwhile to consider modeling
random effects in linear mixed models and the mixture of the factor analyzers model
by the FM-SL model. Also, the learning-based EM algorithm can be conducted by
considering the FM-SL distribution (Hung and Chang-Chien, 2016).

Appendix

The proposed algorithms have been coded and implemented in R which is available
from the authors upon request.
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