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Abstract. In this paper, assuming that (X ,Yl,YQ)T has a trivariate
normal distribution, we derive the exact joint distribution of (X Y (1),
Y(g))T, where Y1) and Y{9) are order statistics arising from (Yl,Yg)T.
We show that this joint distribution is a mixture of truncated trivariate
normal distributions and then use this mixture representation to derive

the best (nonlinear) predictiors of X in terms of (Y(l),Y(g))T. We also
predict (1) in terms of (X, Y(2))T , and Y9y in terms of (X, Y(l))T. Fi-
nally illustrate the usefulness of these results by using real-life data.
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1 Introduction

In some situations, such as visual acuity, one is interested in studying

relationships between an extreme measure or a function of extremes
. . T . .

measures with one or more covariates. Let (X,Y7,Ys)" have a trivariate
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normal distribution with mean vector u€R? and positive definite co-
variance matrix ¥, i.e. (X, Yl,YQ)T ~ N3 (u, %), We shall treat X as a
covariate and write X as a covariate (such as age, weight, height, etc.),
Yo = (Y(l), Y(Q))T for the vector of order statistics from Y=(Y7, YQ)T.

Olkin and Viana (1995) discussed the covariance structure of (X, Y1),

Y(Q))T in the case when (X, Y7, Y3)” has a trivariate normal distribution
with Y7 and Y5 being exchangeable and (X,Y;)T, i = 1,2, having a
common correlation. They utilized this covariance structure to obtain
the best linear predictors for X and (Y(l), Y(Q))T. Viana (1998) consid-
ered the same exchangeable case and derived the best linear predictors
for X and a linear combination of Y{;) and Y{). Loperfido (2008) de-

rived the exact joint distribution (X ) Y(Q))T as well as the conditional
distribution of X | ¥y, under the same set-up. Jamalizadeh and Bal-

akrishnan (2009) obtained the exact joint distribution of (X, aTY(Q))T,

where a = (al,ag)T € R? and p and ¥ denoted the mean vector and
covariance matrix. They showed that this joint distribution is a mix-
ture of bivariate unified skew-normal distributions and used it to derive
the best (non-linear) predictors of a’’ Y (5) based on X as well as the
predictors of X based on aTY(Q). In this paper, we derive the exact

joint distribution of (X ,Y(l),Y(Q))T, as mixture of truncated trivariate
normal distributions and use it to derive the best predictors of X based
on (Y(l),Y(Q))T, as well as the predictors of Y(;) based on (X, Y(Q))T,
and the predictors of Y,y based on (X , Y(l))T.

There are other possible fields of application besides visual acuity:

1. Reliability theory: Loperfido et al. (2007) obtained the distribu-
tion of order statistics arising from exchangeable random variables, as
models for the failure time of parallel and series systems. However, they
did not consider the use of covariates, whose values are often available.
As an example, the failure time of a parallel system with two compo-
nents (that is the maximum of failure times the components themselves)
is definitely influenced by some properties of the components’ material.
The results in this paper my be useful in this setup, if both failure times
and the main material’ characteristic are modelled by a trivariate normal
distribution.

2. Spatial statistics: As remarked by Loperfido and Guttorp (2008),
monitoring networks are primarily aimed at finding large values of air
pollution. Hence there is an interest in predicting the maximum level
of air pollution on a given site, using the observed pollution level in
a neighboring site, or the maximum value recorded in two neighboring
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sites.

The rest of this paper is organized as follows. Section 2 presents a
brief review of skew-normal distribution theory with special regard to the
univariate and bivariate cases. We also, describe truncated univariate
and trivariate normal distributions in this section. In Section 3, we
derive the exact joint distribution of (X, Y{y),¥(z)" when (X,Yi,Ys)"
has a mean vector and a covariance matrix. Finally, in Section 4, we
illustrate our results using a real-life data.

2 Multivariate Selection Normal Distributions:
Preliminaries

Let U € R? and V € RP be two random vectors and C' be a measurable
subset of RY. Arellano-Valle et al. (2006) defined a selection distribution
as the conditional distribution of V givenU € (. Specifically, a p-
dimensional random vector X is said to have a multivariate selection
distribution, denoted by X ~SLCT, ,, with parameters depending on

the characteristics of U,V, and C, if X < (VIU € C). If V has a
probability density function (pdf) fv, then X has a pdf fsrcrt,, given
by

Pr(U e C|V =x)
Pr(UeC) )

fsrer,, (%) = fv (%)

where (U, V) has a joint density function, fy v. An alternative expres-
sion for the pdf of X 4 (V|U € C) is given by

B fC fuv (u,x)du
Foret O = o (wyan

One of the most important of selection distributions is when U and
V are jointly normal distribution, i.e.

(V)= ((6)(5 %))

where d € R, £ € RP, Q € RP*P, T' € R?*7 and A€RP*4, In this case

x 4 (V|U € C) is said to have a multivariate selection normal distribu-
tion denoted by X ~SLCT — N, ,(0), where 8 = (§, 4, , T', A, C).
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In this case the pdf of X can be easily seen to be [see the Arellano-Valle
et al. (2006) for more details]

0y (€, 9) By (C56 + ATQ! (x—€),T - ATQ-1A)

bsLeT—N, . (%:0) = - X ERP,
®,(C;90,T)
(2)
where ¢y, (;€,2) denotes the pdf of N, (&,), and

b, (C;6 + ATQ ! (x—¢), T — ATQ™'A)

and <I;q (C;4,T) respectively denote Pr (Y €C') when
Y ~N, (6 + ATQ 7 (x—¢),T — ATQT'A),

and Y ~N, (6;1).
The moment generating function is [see Arellano-Valle et al. (2006)]

exp (€7s+1sTQs ®, C;6 +ATs,T
Msrer-n,, (8:0) = p(& st - ) %4 ), s€RP. (3)
CI)q (Cv(sar)

In the special case when C= {u € R? |u > 0} then the density func-
tion in (2) reduces to the density function of the multivariate uni-

fied skew-normal distribution presented by Arellano-Valle and Azzalini
(2006),denoted by X ~ SUN,,(0), 0 = (£,6,Q,T',A), as

op (x:€,Q) @, (5 +ATQ ! (x—¢&);I — ATQ*1A)
‘I)q (6§ F) ’

bsun,., (x;0) = x eR? |

where @, (I — ATQ7'A) and ®,(-,I') denote the cumulative dis-
tribution functions (cdf) of N, (0,T — ATQ™'A) and N, (0,T), respec-
tively.

2.1 Univariate and Bivariate Unified Skew-Normal
Distributions

In this section, we focus on two special cases of the multivariate unified
skew-normal distribution with the density function given in (2). When
p =1and ¢ = 1in (2), we obtain a univariate unified skew-normal
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random variable X with parameter 8 = (5 , 0, w, 72,)\), denoted by X ~
SN (0), with density function

S+2 (-9

>\2
’72—7

> z € R, (4)

5

ds (1:0) = ﬁ) b1 Ew)

where ¢(- ;&,w) is the pdf of N ({,w) and ®(-) is the cdf of N (0,1)
(standard normal distribution).

If X ~ SN (0), where 8 = (5, 0, w, 'y2,/\), then the moment generat-
ing function, the first moment and the variance of X are, respectively,

1 1 0+ As
Msy (s:0) = —— exp(&s+ = 2) <I><—>,
sn (s;0) @(%) e p<£s Sws >
X (9

NN ZANE) 5
< () ()
Y Y Y Y
where 7 (t) = %, t € R, is the reversed hazard rate function of the
univariate standard normal distribution.
In the special case when p = 2 and ¢ = 1 in (2), we obtain a bivariate

unified skew-normal distribution. Specifically, if U and V = (V1, V)T
are random variables of dimensions one and two, respectively, such that

U ) v AT
(v)=x((e) (3 a))
where § € R,&€ = (£1,&)T € R2, v >0, A= (A, A2)T € R2, and Q =

( WL @12 ) i¢ a two-dimensional positive definite covariance matrix.
W21 W22

Then, a bivariate random vector X = (X1, X»)” is said to have a bivari-
ate unified skew-normal variable, with parameter 8 = (5 , 0,9, 72, )\)T,
denoted by BSN(0), if

X<v|U=>o. (5)
From the general form in (2), the pdf of X = (X1, X3)” becomes

T—
b (x:8) =L ¢2(X;£7Q)¢<6+)\ ) l(x—E))’ X € R,

5 (2) NeTap =
(6)
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where ¢9 (+; €, Q) is the pdf of the bivariate normal distribution, N (€, €2),
and @(-) is the univariate standard normal cdf, as before.

Lemma 2.1. If X = (X1, X3)" ~ BSN(8), where 8 = (£,6,Q,72, ),
then

(i)

Xl NSN(§1757W117’Y27)\1)’ (7)
(i)
X1| (X2 = 22) ~ SN(£1.2,61.2,w11.2, V1o, A1.2), (8)
where
w
12 = &1+ ﬁ(332 —&2),
22
d12 = 0+ —22(332 — &),
2
w
wile = wi — —2,
wa2
A2 w
By = A= Na=A - 2
22 wo2
(iii)
A 1)
EXi|Xo=122) = &2+ 212, <£> ; 9)
1.2 1.2
Ao’
Var(X1|Xo =22) = wnao—|— ) r
V1.2

(51.2) { d12 <51.2> } _

x == )3 —=+r|—])p;

V1.2 V1.2 V1.2

here, r (t) = %, t € R, is the reversed hazard rate function of
the univariate standard normal distribution, as before.

2.2 Truncated Univariate and Trivariate Normal
Distributions

Let U ~ N ((5, 72), then a univariate random variable X is said to have
a truncated normal distribution on C' , where C is a measurable subset
of real line, denoted by X ~ TN (9 = ((5, 72, C)), if

xLu|veo).
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If X ~TN (6,7% (—00,a)), a € R, then

o(+)
E(X) = 6—ny——%,
T (=)

SR (g I CaY

Further, X ~ TN ((5, 2, (a,—i—oo)), then

E(X) = ¢(GV)
- () (e
2|4 (220 o B 'y
Var(X) = ~ < ~ )1_1,(117_5) 1-@(“7‘5)

Let U = (Uy,Uy)" and V' be random variables of dimensions two
and one, respectively, such that

(v)=m((e)(x2))

where § = (61,62)T € R?, ¢€cR, I'= ( nn2 > is a two-dimensional
Y21 Y22

positive definite covariance matrix, w > 0 and A= (A, \2)’ € R2
Then, a trivariate random vector X = (X7, X», X3)T is said to have a
truncated trivariate normal distribution, with parameter

0 = <¢:< f; )q::<°;\ )fT >>,denoted by X ~TTN (), if

LW, U, Un)T (U < Th) (10)

The pdf of X = (X1, X9, X3)7 is

¢3(X;1Tp(’;1’) Ty < T3
orrn (x:0) = 1 o ) (11)
0 To > T3
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where ¢ = (—1,1)7.
Lemma 2.2. If X = (X1, X2, X3)" ~TTN(8), then

(i)

X, ~ SN (§7CT67W,CTI‘C, cT)\) , (12)
cI'A ( ' )
E(X)) =&+ r ;
(X1) =¢ VcTTe \VcITe
(i)
Xo ~ SN (61,¢"8,711,¢" Te,yi2 — 711) s (13)
T
Y12 — Y11 c o
E(X9) =06 + T ;
(X2) ! vVcITce (VCTFC)
(iii)
X3 ~ SN (82, ¢"8, 792, ¢ Te, 700 — 721) (14)
T
Y22 — 721 c o
E(X3) =62 + r ;
(X3) 2 vcITce <VCTFC>
(iv)
X1 | (Xo =29, X3 =23) ~ N (¢1.23, ¥11.23), (15)

E(Xi| X2 =m0, Xs=23) =6+ (M A2)r‘1<m_5l>;
ZL’3—52

(v)

T
(Xl,Xg)TNBSN«;),cTé,(;" A2 ),cTrc,< A )>
2 2 722 Y22 — 721

(vi)
Xo | (X1 =21,X3 =23) ~ TN (Y213, ¥a2.13,(—00,23)), (16)

¢<$3;w2.13>
E(Xy | X1 =21, X3 = 23) = 13 — \/%%

(vii)

T
(Xl,XQ)TNBSN«;),cTé,(;" M >,cTrc,< A >>
1 1 711 Y12 — Y11
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(viii)

X3 | (X1 =21,X0 =22) ~TN (¢¥3.12, ¥33.12, (22, +0)),  (17)

¢<x2;w3.12>
E(X3 ‘ Xl = x17X2 = .1'2) = ¢3.12 + \/@ 55233—’11;3 12)]
L-® ( W)

where 5
4+ (M )T (T
Yras=E+ (M X)) <x3_52 ;
-1 )\1
Uios=w— (A A )T )
and
w )\ -1 T —é
wmnro (1) (259)
Yoz =01+ (M 721 ) < o oo s — &
w )\ -1 )\1
ooz =711 — (A 2 ,
22.13 = 711 ( 1 721 )</\2 722) <V21>
and

w )\ -1 T —é
boaz=dat (e mz) < A 7111 ) (962 —51>7

-1
w A A
W33.12 = Y22 — ( A2 712 ) < A 7111 ) <V122>.

3 Joint Distribution of (X, Y}, )"

Let X and Y = (Y1, Y2)” be two random variables such that

(3 )=m(e=(me)==(n 5x)) o

oVivi Ovivs >is
OYaY: OYaYs

a positive definite covariance matrix, cxx > 0 and oyx = (0y,x, 0y, X)T
€ [0,400) x [0,+00) . Moreover, let Y5 = (Y(1),Y(2))” denote the

where py = (v, py;)’ € R? , and px € R, Syy= (
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vector of order statistics from Y = (Y7,Y2)?. In the following the-
orem, we show that the joint cdf of (X,Y(l),Y(Q))T, is a mixture of
two truncated trivariate normal distributions with the density function
given in (11). For this purpose let Y* = (Y2, YT, py+ = (uyy, pyy)”

g g
Yyeyr = YoY2 N and oy«x = (UY2X>UY1X)T'
oy Y, 0y,

Theorem 3.1.  The cdf of (X, Y(y), Y(Q))T, is the mixture

F(x ¥ Vi) (6 1 B) = p@rrw (8;0) + (1 = p) @rry (6:67) 5 (19)
for t = (t1,t2,t3) € R3, where ®pry (+;0) denotes the cdf of TTN ()
in (11), and

CT * * *
p:q)<¢>, 9:(’*"72)7 9:(“72)7

\/ CTEYYc

where -
u*:< 125¢ >72*:< OXX Ovy=x >
Wy Oy+x Xy+y*
with ¢ = (—1,1)T.
Proof. For t = (t1,t2,t3) € R3, we have

F(ng(l),y(g)) (t 1, %) (20)
= Pr(X <t1,Yy) <t, Y < t3)
= Pr(Y1 <Y2)Pr(X <t1,Y] <t9,Ys <t3]|Y] <Y5)
+Pr (Yo <Y)Pr(X <t,Y5<ty, Y1 <t3|Yo<Y7)

First, let us consider the first term on the RHS of (21). Now, Pr(Y; < Ys) =
p, then

Pr(X <t,Y1 <t,Y2 <t3| Y1 <Ya) = Prrn(t;0)
and consequently
Pr(Y1 <Ys)Pr(X <t1,Y1 <t9,Ys <t3| Y1 < Ya) =pPrrn(t;: 0)
In a similar manner, we can show that

Pr (Yo <Y))Pr(X <t1,Ys <t,Y1 <t3| Yo <Y1)=(1-p)Frrn(t;0%)
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which completes the proof of the theorem. [

Corollary 3.1.  The joint density function of (X,Y(y), Y(Q))T is,
F(x.0)¥)) (65 1 B) = porrny (6:0) + (1= p) drry (6;07) 6 € R

where ¢y (+50) is as in (11).

Corollary 3.2. Assume (18) holds. Then the following are true:

i) The marginal cdf of Yy is given by
2)

Fy,, (t3;p, X) = pPsn (t3;03) + (1 — p) Psn (t3;03) .13 €R
where ®gy (+;0) is the cdf of SN (0), and
05= (v, ” iy, ovavs, ¢’ Byve, el oy,y),
0; = (MYQ,CT,LLY*,Uy?y?,CTEYYc, CTJY2Y*) .
(ii) The conditional cdf of X given (Y(l) =t2,Y(9) = t3) is given by

FX\(Yiyto Yigy =ts) (113 1, 5) = p® (11;01.23) + (1 = p) P (115 61.55) ,

where
0 _ T w1ty _ T x-1
123 = | Bx toyx2yy " yOXX —O0yx&yy0YX |
3 — HYy2
* . T sl to — Uy, T s-l
123 = | HUX T Oyexyiy« fs — 1y yOXX — Oys x 2ysy+0Y*X |
1

and the conditional mean of X given (Y(l) =t2,Y(g) = tg) is given
by

E (X | Yy = t2, Yy = ta)

T -1 to — py; )>
= +oyxX
P (MX YXYyY ( l3 — py2

- lo — My
+(1-p) (ux + oy x Eyhy- ( fy — iy >> :
1
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(iii) The conditional cdf of Y(;) given (X =11,Y(g) = t3) is given by
Fy(1)|(X:t1,y(2):t3) (ta; p, B) = p@rn (t2;02.13) + (1 — p) Do (t2;60513)
where &7 (+;0) is the cdf of TN (0),

0213 = ((2.13,022.13,(—00,t3))

0515 = (U513,059.13, (—00,13))

and the conditional mean of Yy given (X =1t1,Y(g) = t3) is given

by
E (Yo | X =1,Y) =t3)
¢ t3—p2 13)
=D | K213 — \/022.13¢
d t3—p2.13
( V02213 )

(iv) The conditional cdf of Y{g) given (X = t1,Y(y) = t3) is given by
By )| x=t1 Y =ts (133 1, 2) =pPry (t3;03.12) +(1 — p) @7 (t3;6512)

where

0312 = (p3.12,033.12, (t2,00)),

0315 = (K312,03312, (t2,00)),

and the conditional mean of Y(y) given (X =t1,Yq) = tg) is given
by

E (Y | X = t1,Yn) = t)

¢ (tzfu3.12>
=p | ps.12 + /03312 T
1—P to—p3.12
( V033.12 )

¢ <t2_#§.12>
* ¥ V3312
+ (1 =p) [ #5312+ V03312 o ’
1—® 27H3 12
<\/U§3.12>
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where

-1
OXX OXY: b1 — px
p21s = v+ (oxvi owvv ) < 2 > ( L h >,

0V, X  O0YyYs, l3 — py,
-1
. oxXxX OXY, b1 — px
Ha1z = Myt (oxv2 ovivz) ( oy X UYY1 ) < ts— i /)
1 1Y1 1
1
B OXX O0XY, OXv
02213 = 0viyy _( IXyi v ) 0Y,X OY,Y: OY,Y; ’
5 5Ys oY1
1
i B 0XX OXY; 0XYs
09913 = OYyYs — ( 0XYs OY1Ys ) Oy:X OYY; gy, Y- ’
1 % 1Y2
and
1
- oXX OxY t— px
psiz = by, t+(oxve ovivy ) - ’
oviX ovivy b2 — by

OYsX OYaYs to — py,

-1
OXX UXY1> <UXY2

033.12 — UYQYQ - ( JXYQ JY1Y2 ) < OV.X OVY:
1 1r1

OY1Ys

-1
" OXX OXY: t1 — px
H312 = My +( OXYy, OYaYy; ) ( ° > < ! ) )

-1
OXX OXYs ) < oXY;

*
03312 = Oviys — ( 0XYy; OYy,Y;
1Y1 ( 1 2Y1 ) OV, X OYyY,

0Y,Y1

3.1 An Exchangeable Case

Here, we consider the special case when

X 1o o? nor nor
Vi | ~Ns| | m |,| nor 7 pr? : (21)
Yy 1 nor pr* 7l

where 49,111 € R,7 > 0,]p| < 1,|n| < y/32.0lkin and Viana (1995)

considered this case and derived the covariance matrix of (X, Y, Y(Q))T,
and then utilized it to obtain the best linear predictors of Y(;) given X,
Y(9) given X, and X given Y(;) and Y(5). Under the same set-up, Lop-
erfido (2008) derived the exact distribution of X | Y(5) and then an
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expression for the conditional mean E (X | Y{s)).

From the mixture form in Theorem 1, we can easily obtain expressions
for the conditional means E (X | Yoy =t2, Yoy =t3)), E (Y1) | (X =,
Yig) = t3)) and E (Y(9) | (X =t1,Y(3) = t2)) as follows.

Corollary 3.3. If (X,Y1,Ys)T is exchangeable as in (21), then

(1) E(X|YV(1) :tz,}/(g) :tg) :uoﬁ-%(tg—l—tg—zul),

t3—12.13

.. ¢(t3;H2.13)
(i) B (Y(l) | X =t1,Y() = t3) = pi2.13 — \/mq)(i V”“),

Vo22.13
¢(t2*H3.12)
(ii) B (Y | X =t1,Yq) =t2) = pzaz + \/mil,@(%?i};u)’
V733.12
where
B nr (1 —p) (tr — po) — o (n* — p) (t3 — )
H2.13 = U1 + 5 ,
o(1—n?)
T2 2 9
022.13 = 7 2(1—277 (1—p)—p?),
-1
and
nr (1= p)(tr — po) — o (n* = p) (t2 — )
H3.12 = p1 +

o(1-n?) ’

7_2

75312 = 75 (1-2*(1-p)—p?).

4 Illustration With Visual Acuity Data

Fishman et al. (1993) evaluated 43 patients with Best’s vitelliform mac-
ular dystrophy for age X, visual acuity in left eye Y7 and visual acuity
in right eye Y5. Olkin and Viana (1995) applied the model in (21) to
these data and computed the maximum likelihood estimates (MLEs) of
the parameters follows: the mean and standard deviation of age and the
mean and standard deviation of vision in the eyes ** are respectively
o = 28.833, 11 = 0.424, 6 = 19.182, 7 = 0.386. Also, the correlation p
between vision on the eyes was estimated as p = 0.496 and the MLE of
the correlation between age and either eye is /) = 0.581, then used the


http://jirss.irstat.ir/article-1-174-en.html

Downloaded from jirss.irstat.ir at 4:11 +0430 on Saturday August 19th 2017

Prediction in a Trivariate Normal Distribution via... 53

covariance structure of (X, Y(l),Y(Q))T, along with the estimated first
and second moments of X,Y(;) and Y(g), they compute the best linear
predictor of Y(;) based on X, Y(5) as well as best linear predictor of Y|y
based on X,Y() as

E(Yqy | X =t1,Yg =t3) = —0.21+0.6351t3 + 0.0042¢1,
E(Yg | X =t11,Yy) =1) = 0.28+0.6351(5 +0.0042¢,.

By Corollary 4, we can easily obtain the (estimated) conditional mean
of X given (Y(l),Y(Q)) as

E (X | Yy = t2,Y(9) = t3) = 12.47 + 19.3(ty + t3),
which is exactly the same predictor as obtained by Olkin and Viana(1995).

Further, under the exchangeable model in (21), the best (nonlinear) pre-
dictor Y(;) based on (X, Y(Q)) , and Y9y based on (X, Y(l)), are

o ()
E (Y | X =t1,Ye) =t3) = paaz— mm,
@ (e )

¢<w)
E (Y(Q) | X = tl’Y(l) = t2) = p312+ v0.093 \/32.0?33 12
L-® ( V0.093 )

respectively, where

0.113t1 + 3.04t3 + 0.84

H213 = 12.71 :

0.113¢1 + 3.04¢2 + 0.84
12.71

H3.12 =

If we consider the full model in (18) for these data then the estimated
mean vector and covariance matrix of (X, Y7, Ys)” are [ see Fishman et
al. (1993)]

) 367.996 4.419 4.200
(fix, fi1, o) = (28.833,0.412,0.437)T & = | 4.419 0.135 0.074
4.200 0.074 0.163
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Now, under the full model in (18), using the results in Corollary 2,
the best predictor of X based on (Y(l), Y(Q))T, Y1) based on (X, Y(Q))T
and Y(9) based on (X, Y(l))T can be easily obtained as

E (X | Yq) = t2, Y(9) = t3) = 12.317 + 21.553t5 + 17.577t3,

E (Yo | X = t1,Y(5) = t3)

o (ke
= 0.57 | pas — V00T — 20T

<t3_N§.13>
+0.43 | 11515 — V0.109— 212 7
@<t3*/$2.13>
0.109

B (Y | X =11, ¥y = )

(tzfus.u)
= 0.57 [ pz.12 + V0.109 v0.109
1—P (tQ—Hs.m)
v/0.109

(t27“3.12>
+0.43 | ph 19 +V0.077 VO.077
’ 1—@ <t2_ﬂ3.12>

v0.077
where
213 = 0.044 4 0.010¢; + 0.204¢3,
ps 13 = 0.089 + 0.009¢; + 0.226t3,
and

psi2 = 0.089 4 0.009¢; + 0.226t,,
e = 0.044 4 0.010¢t; + 0.204t,.

5 Concluding Remarks

In this paper, we have derived the exact joint distribution of (X, Y(y),
Y(g))T, when X is a covariate and Y9 = (}/(1)7}/(2))T is the vector
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of order statistics from Y = (Y7, Y3)”, in the case when (X, Y7, Ys)" ~
N3 (p,X). All the results established in this paper can be extended to the
case when (X, Y1, Y2)" ~ EC3(p, 2,h3), a trivariate elliptical distribu-
tion with location parameter p €R3, positive definite dispersion matrix
5.3, and density generator h(®). Work is currently under progress on
these issues, and we hope to report our findings in a future paper.
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